(_/
NTMSCI 10, No. 4, 80-92 (2022) BISKA 80

http://dx.doi.org/10.20852/ntmsci.2022.490

Dynamical analysis and solutions of nonlinear difference
equations of twenty-fourth order

Lama Sh. Aljoufi', M. B. Almatrafi*

lDepartment of Mathematics, College of Science, Jouf University, P.O. Box: 2014, Sakaka, Saudi Arabia
2Department of Mathematics, Faculty of Science, Taibah University, Saudi Arabia

Received: 11 May 2022, Accepted: 8 June 2022
Published online: 5 December 2022.

Abstract: This paper discusses the behaviors and solutions of some rational recursive relations of twenty-fourth order using the
iteration technique and the modulus operator. The stability of the equilibrium points are comprehensively analyzed. We also present
other properties such as periodicity, oscillation and bounded solutions. Some numerical examples are obviously given to ensure the
validity of the theoretical work. These examples are plotted using MATLAB. The proposed techniques can be utilized to be applied on
other nonlinear equations.
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1 Introduction

The evolution of a certain natural phenomena is often described over a course of time using differential equations.
However, many real life problems can be sometimes modeled using discrete time steps which lead to difference
equations. Hence, recursive equations have an effective and powerful role in mathematics. They are successfully utilized
to investigate some applications in engineering, physics, biology, economic and others. For instance, recursive equations
have been well used in modeling some natural phenomena such as the size of a population, the Fibonacci sequence, the
drug in the blood system, the transmission of information, the pricing of a certain commodity, the propagation of annual
plants, and others [1]. In addition, some scholars have used difference equations to find the numerical solutions of some
differential equations. More specifically, discretizing a given differential equation gives a difference equation. For
example, Runge—Kutta scheme is obtained from discretizing a first order differential equation. The development of
technology has motivated the use of recurrence equations as approximations to partial differential equations. It is worth
mentioning that fractional order difference equations are often utilized to investigate some real life phenomena emerging

in nonlinear sciences.

Most properties of recursive expressions have been widely discussed by some researchers. For example, researchers have
explored the stability, periodicity, boundedness and solutions of some recursive equations. We here present some
published works. Alayachi et al. [2] analyzed the local and global attractivity, periodicity and the solutions of a sixth
order difference equation. Some numerical examples have been also presented in [2]. In [3], Sanbo and Elsayed
presented the periodicity, stability and some solutions of a fifth order recursive equation. Almatrafi and Alzubaidi [4]
discussed the dynamical behaviors of an eighth order difference relation and showed some 2D figures for the obtained

results. Moreover, Ahmed et al. [5], found new solutions and investigated the dynamical analysis for some nonlinear
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difference relations of fifteenth order. The authors in [6] obtained novel structures for the solutions of a rational recursive
relation. The local and global stability, boundedness, periodicity and solutions of a second order difference equation
were investigated in [7]. The authors proved that the local asymptotic stability of the equilibrium point implies global
asymptotic stability. In [8], Kara and Yazlik expressed the solutions of a (k +/)-order recursive equation and investigated
the asymptotic stability of the constructed results of the problem when k = 3, and ! = k. Finally, Elsayed [9] analyzed the
qualitative behaviors of a nonlinear recursive equation. More discussions about nonlinear recursive problems can be seen
in refs. [10,11,12,13,14,15,16,17,18,19,20].

The motivation of writing this article arises from the investigation of fifteenth order difference equations given in [5]. We
consider more sophisticated rational difference equations of twenty-fourth order. Therefore, this work aims to analyze
some dynamical properties such as equilibrium points, local and global behaviors, boundedness, and analytic solutions

of the nonlinear recursive equations

X1 = %23 . r=0,1,2,...
1[0 Xr—4i43)
Here, the initial values x_»3, X—22, ..., Xo are arbitrary non-zero real numbers. In this work, we also illustrate some 2D

figures with the help of MATLAB to validate the obtained results.

Definition 1.We consider mod (k,4) = k —4| 7 |, where | A | is the greatest integer less than or equal to the real number
A.

Xr—23
L+ 23 Xr— 7 Xr—11 Xr— 15 Xr—19Xr—23

2 Dynamical analysis of x| =

In this section, we implement specific strategies to investigate the dynamical behaviors of the difference equation

Xr—23
L+ X3 Xr—7 Xr— 11 Xr—15Xr—19Xr—23

Xr+1 = , r=0,1,2,.. (1)

with the initial conditions y_;, 1 =0,1,2,...,23. More specifically, the attractivity and boundedness of the solutions of
Eq. (1) are investigated.

Theorem 1.Assume that {),}?>__,3 is a solution to Eq. (1). Then, for r =0,1,2, ..., we have

r—1 :
L+ (6i4+nc— 1)”1{)
X24r—x = & < ; ) (2)
K KI.IJO 14 (6i+ 1) i
where Hx = H?:Ogmod(lc,4)+4ja Ne = 6— [%] » X—k = &k, Tlx 7é -L,re {172737-~-}a and x=0,1,2,...,23.
Proof The solutions are true at r = 0. Let » > 0 and suppose that the results are true at r — 1, as follows:
T (14 (6 me — 1) e
X24r—24—x = € ( ; ) : (3)
' ) Kg 1+ (61 + M) e

© 2022 BISKA Bilisim Technology



NTMSCI 10, No. 4, 80-92 (2022) / www.ntmsci.com

Using Eq. (1) and Eq. (3) gives

X24r—47
L+ Xo4r—27X24r—31X24r—35X24r—39 X24r—43 X24r—47

14+(6i+mp3—1)po3
€3 H ( 14+(6i+m23) a3

TN (e (e

1+(6i+n4j43 ) Hajr3

1+(6i)e3€7€11€15€19€03
&3 H ( 1+(6i+1)e367€11€15€19€23

X24r—23 =

r— 1+(6i)e3€7€11€15€19€23
1+ e3&7€11 61561063 [T ( T (61+6)6361211 £15€19623

=114 (6i) 8387811815819823
=823H

L+ (6i+ 1)e3e7€11€15€19€23 ’

Furthermore, utilizing Eq. (1) and Eq. (3), we have

X24r—46
L+ Xo4r—26X24r—30X24r—34 X24r—38 X24r—42 X24r—46

14+(6i+mp— 1)z
enlli ( 1+(6i+122) 22

o (1 (61 M2 ) pa
1+1T— <€4j+2Hf=§ ( iaw TE2 )#4”2))

1+(6l+774_,'+2)#4_/+2

X24r—22 =

P r—2 (_1+(6i)&r€6€10€14€18822
22 li—o \ T+ (6i+ Dergser10€ 1481882

r=2 (_14+(6)&r€€10€14€18€20
1 +&&€10€14818802 [ ;25 ( T+ (61+6)&266E10E12E18 €2

. ’I_Il 1+ (6i)&2€5€10€14€18E22
=é&n
1+ (6i4 1) &266€10€14 €182

Also, from Eq. (1) and Eq. (3), we have

X24r—45
L+ Xo4r—25X24r—29X24r—33 X24r—37 X24r—41 X24r—45

1+(6i+Mm1 — 1)t
2 H ( 1+(6i+m21) 21

T o ()

1+ (6i+n4j41 ) tajs1

1+(6i)€) e589€13€17€
e 1= ( (6i)€1 858913817821 )

X24r—21 =

1+(6i+1)€1e589€13€17€21

r—2 ( _14+(6i)€1€5€9€13€17821
1 +e1&seezeren [[i2g (l+(6i+6)818589813£17821

. ﬁ 1+ (6i)e1es89€13€17€21
= €21
1+( 6z+1)818589€13€17€21
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Finally, using Eq. (1) and Eq. (3) gives

X24r—44
L+ Xo4r—24X24r—28 X24r—32 X24r—36 X24r—40 X24r—44

1+(6i+1m20—1) thao
8201_1 ( 1+(6i+m20) 2o

5 772 M
1+ 1T—0 (841Hi0< 1+(6i+n4 ) ta ))

1+(6i)epes€3€12 €16 E
i ( )048121620)

X24r—20 =

14+(6i+1) €0 €483 €12€16€20

_ 1+(6i)€0€4€3€12€16€20
1 4 €0€4€3€12€16€20 Hi:o ( 14-(6i4-6) € €43€12€16€20

. ﬁ 14 (6i)&0€4€3€12€16€20
20 1+ 6l+ )808488812816820 '

We similarly can obtain other relations of Eq. (2).
Theorem 2.Suppose that X_23,X-22, -, Xo € [0,00). Then, every solution of Eq. (1) is bounded.

Proof: Let {x,}>_,; be a solution to Eq. (1). Then, from Eq. (1), one obtains

Xr—23
< Xr_23, Yr>0.
L+ X3 Xr—7Xr—11 Xr—15Xr—19Xr—23 =23

OSXHL] -

Thus, the sequence { 24—}, i = 0,1,...,23 is decreasing and is bounded from above by T = max{¥_23,X-22,..., X0 }-
Theorem 3.Equation (1) has a unique fixed point which is )} = 0.

Proof: Using Eq. (1) gives

which leads to

Hence, ¥’ = 0. This gives that 7 = 0.
Theorem 4.Let X _23,X—22, .-, X0 € [0,0). Then, the fixed point ¥ =0 of Eq. (1) is locally stable.

Proof: Assume that € > 0, and let { Yo }7;__,; be a solution to Eq. (1) with

23
Y x| <e
Jj=0

Now, it is sufficient to show that || < €. Note that

X-23

0<y =
o 1+ X3X-7X-11X-15X—19X—23

< X-23<E.

The proof is done.
Theorem 5.Let ¥_23,%-22,..., Xo € [0,0). Then, the fixed point X = 0 of Eq. (1) is globally asymptotically stable.

Proof: In Theorem 4, we showed that the fixed point ¥ = 0 is locally stable. Let {,}>> _,; be a positive solution to Eq.
(1). Then, it is needed to prove that lim,_,. ), = ¥ = 0. Note that Theorem 2 gives X,+1 < Xr—23, Vr > 0. The sequences
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{X24r—i}y o ,i =0,1,...,23 are decreasing and bounded which means that the sequences {Y4,—i}7"(,i = 0,1,

approach to a limit Z; > 0. Hence,

VA% Iy

Zy3 =

Thisleadsto Zgp =7, = ... = Z»3 = 0.

Xr—23
1= —3Xr—7Xr—11 Xr—15Xr—19Xr—23

3 Dynamical analysis of x| =

This part investigates the qualitative behavior of the recursive equation

Xr—23
L= Xr 3 Xr—7Xr— 11 Xr—15Xr—19Xr—23

Xr+1 =

where the initial conditions y_;, 1 =0,1,2,...,23, are real numbers.

Theorem 6.Assume that {).}7>__, is a solution to Eq. (4). Then, forr=0,1,2, ...

— —1+(6i+77:<—1)!1,<)
Xoar—x = & [ ] , )
e Kio( =1+ (6i+ M)

Here, lx = [T)—0 &mod(x.4)+4j» e = 6= [5], Xk = &, Tt #1,7r€{1,2,3,..}, andk =0,1,2,

Proof: Equation (5) is true for r = 0. We let r > 0 and suppose that the solutions are true at » — 1. Hence,

214 (6i+ M — 1) i
o4 =& .
X24r—24—x leO< 1 (64 10) e )
Utilizing Eq. (4) and Eq. (6) yields

X24r—47
1 — Xo4r—27X24r—31X24r—35X24r—39 X24r—43 X24r—47

1+(6i+13— 1)#23)
€3 H ( —1+(6i+M3) a3
o [ —14+(6i+m4j13—1) s )43
1— S €1 r—2 J J
[0 | &4j+31Tizg —14+(6i+M4j13 ) Haji3

—1+(6i)€3€7€11€15€19€23
8231] <71+ 6i+1)e367€11€15€19€23

X24r—23 =

, r=0,1,2,...

7222: ,...’ZOZ .
1 +Z327211Z15219223 1+ 7762102142182 1 +ZyZ4Z3Z12Z16Z20

—14+(6i)e3€7€11€15€19823

. H — 1+ (6i)e3€7€11€15€19€23
— & .
—1+(6i+1)&387€11€15€19623

1— &3&7€11 61561063 115 ( T+ (6116) 6381811 £15E19803

)

23

“

&)

(6
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Furthermore, from Eq. (4) and Eq. (6), we have

X24r—46
1 — Xo4r—26X24r—30X24r—34 X24r—38 X24r—42 X24r—46

1+ (6i+Mp— 1) Hpy
822H ( —14+(6i+Mm22) U2

5 _o [ —1+(6i+M4j12—1 ) a2
1—H;=o(€4j+2H§o( (e o i ))

—14(6i-+T4j42 ) Hajr2

r=2 [ _—1+(6i)&&6€10€14€18E20
enllizg ( —1+(6i+1)&285€10€14€18€22

X24r—22 =

. r=2 (_—1+(6)&r€6€10€14€1880
1 €286€10€14€18622 Hi:() ( —1+(6i+6)er€6€10€14€18E22

e H —14(6i)&er€6€10€14€18€22
22 —1 —|— 61 + 1) E2E6E10E14E18E02

Moreover, from Eq. (4) and Eq. (6), we have

X24r—45
1 — Xo4r—25X24r—29 X24r—33 X24r—37 X24r—41 X24r—45

r—=2 ( 1+ (6i+m1 = Doy
5230 | M ( ZT+(6i+n21 ) a1

5 o 14 (6441 —1) Hajty
I*Hj:() (34j+1H;=0< 7( — )i

1+ (6i+14j41) Haji1

—1+(6i)€18580€13€1721
&1 H (—1+ (6i+1)e 1 e589€13€17821

X24r—21 =

B r— —1+(6i)€€5€9€13€17821
1 8135898138178211_11':0 (71+(6i+6)818589€13817821

—1+(6i)e1e589€13€17821
=& H ( (6)

-1 Jr 6l + 1) €1E589€13€17621
Finally, Eq. (4) and Eq. (6) lead to

X24r—44
1 — Xo4r—24X24r—28 X24r—32X24r—36 X24r—40 X24r—44

—2 [ —14+(6i+ny0—1
SZOH;=0< (6i+ 120 )I—lz())

X24r—20 =

—1+(6i+120) tao

s T2 M
1-1IT=0 (541 iO( —1+(6i+14 ) ))

r—2 [ _—1+(6i)enes€8€12E16€20
E210) ) Py ( —1-+(6i+1)eges€3€12€16€20

B r—2 [ —1+(6i)€€4€8€12€16820
1 —€ep€4€3€12€16€20 Hi:o (_1+(6i+6)£0£4£g£12816820

. H —1+ (6i)epes€3€12€16E20
20 —1+4(6i+ 1) eneses€12€16€20

Other relations can be similarly done.

Theorem 7.Equation (4) has a unique equilibrium point ) = 0, which is non-hyperbolic.

Proof: Equation (4) leads to

from which we have

x|
\

=N
I

x|
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Hence, 77 =0. As aresult, ¥ = 0. Next, we define a function

X1
h (x1,02,03, %4, X5,X6) = T~ ——— e

on I® where [ is a subset of R such that 0 € I and f(I°) C I. It is obvious that / is continuously differentiable on I°. Thus,

2
hy, (X1,%2,X3,X4,X5,X6) = ! By, (X1,%2,X3,X4,X5,X6) = e it
xp A1, X2, A3 ,X4, X5, X6 79 Ty \X1,A2,A3, X4, X5, X6 2
(1 — x1x0X3X4x5%6) (1 — x1x0X3X4x5%6)
2 2
h ( ) o X1 X2X4X5X6 h ( ) o X" X2X3X5X¢
x3 \X1,X2,X3,X4,X5,X6) = 20 Thxy X1,X2,X3,X4,X5,X6) = 2
(1 —X1XQX3X4)C5X6) (1 —X1XQX3)C4)C5X6)
2 2
h N X1X2X3X4X6 h o X1X2X3X4X5
X5(x]7x27x37x4ax53x6) - 27 x6(x17x27x37x47x57x6) - 2"
(1 —)C1XQ)C3X4)C5)C5) (1 —X1XQ)C3)C4)C5)C6)

Therefore,

We now obtain the linearized equation of Eq. (4) about ¥ = 0, which is given by

XQ+1 = XQ-23; @)

whose characteristic equation is
A¥—1=0.

This means that
Ail=1, i=1,2,...,24.

As aresult, ¥ is a non hyperbolic equilibrium point.

. J _ Xr-23
4 Dynamlcal analySlS Of xr+1 I 1+Xr73xr77XrilIXr—ISXr719Xr723

This section is assigned to show the solutions of the difference problem

Xr—23
=14+ 23 X7 Xr— 11 Xr—15Xr—19Xr—23

Xr+1 = ) r:O>172a'“a (8)

where y_;, 1 =0,1,2,...,23 are real numbers. We also present the periodicity and the oscillation of the solutions.
Theorem 8.Assume that {X,}__,5 is a solution to Eq. (8). Then, for r =0,1,2,..., we have

Ex

Dotk = e ©
T ()™
Here, e = TT—0 Emodpeayraj & = (~ DI g = e, e # 1, and x=0,1,2,...,23.
Proof: Equation (9) is true for r = 0. Let r > 0 and assume that the results are true at r — 1, as follows:
€
X24r—24—x = = (10)

o

(=14 ) 70
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From Eq. (8) and Eq. (10), we have

X24r—47
X24r—23 =
— 1+ X247 27 X24r—31 X24r—35 X24r—39 X24r—43 X24r—47
3
_ (=1+p3)""
e () e (<) e (<1 o) — B
(—1+u7) (—1+us)" (—1+u3)"
_ &3
(—1 +£3e7£11£15£19£23)’_1 (=14 &3&7811€15€19€23)
_ €3
(—1+e387€11€15€19823)"
We also obtain from Eq. (8) and Eq. (10) that
X24r—46
X24r—22 =
— 1+ X24r-26 X24r—30 X24r—34 X24r—38 X24r—42 X24r—46
0)
_ (—14pp) !
—l+&(-1 & ey (—1 [Ee—E RS (| (E— S R
+&(—1+u) Ciipy 1610 (=14 pio) STl (=14 ) .
_ €2
(—1 +£286£10814818822)r71 (=14 &r&6€10€14€18€22)
_ 127)
(—1+&8s€i0€14€1880)"
Furthermore, Eq. (8) and Eq. (10) give
X24r—45
X24r—21 =
— 1+ X04r—25X24r—29 X24r—33 X24r—37 X24r—41 X24r—45
&1
_ (—1+py) !
e () ey (<) ey (— ) 2
(=1+ps)™ (—14m3)" (—1+p21)"™
_ &1
(—1+e18s89e3€17821) " (—1 4 €1€580€13817€21)
. &1
(—1+eeseoei3e7€)"
Finally, we use Eq. (8) and Eq. (10) to have
X24r—44
X24r—20 =
— 1+ X24r 24 X24r—28 X24r—32 X24r—36 X24r—40 X24r—44
&0
_ (=1+H20)""
—1 e (—1 r71£748 —1 r7161728 —1 r=1__ &g
+& (=1+ o) TR (—=1+pus) L (=1+ pue) -
_ &0
(—1+ eoeaes€n€iger) ' (— 1+ E0€ss€12€16E20)

€0
(— 1+ &pes€s€12€16€20)"

One can similarly proved other relations.
Theorem 9.Equation (8) has three equilibrium points 0 and ++/2, which are non-hyperbolic.

Proof: It can be similarly done as the proof of Theorem 7.
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Theorem 10.Equation (8) is periodic of period 24 if and only if L, =2, for k =0, 1, ...,23, which take the following form:

Yoar—x = €c, K=0,1,...,23, and r=0,1,2,...

Proof: The proof is done by using Theorem 8.

Theorem 11.Let &y, €1,...,€3 € (0,1). Then, the solution {Xq }¢__,5 oscillates about the equilibrium point § = 0, with

positive semicycles of length 24, and negative semicycles of length 24.

Proof: Using Theorem 8, we find x1, X2, ..., X24 < 0 and Y25, X26, ---, X48 > 0. Thus, the result follows by induction.

Xr—23
==X 327 2Xr— 11 Xr—15Xr—19Xr—23

S Dynamical analysis of y, | =

This section presents the periodicity, oscillation, and the solutions of the recursive problem

Xr—23
—1 = X 3T Xr— 11 Xr—15Xr—19Xr—23

Xre1 = }":071,2,..., (11)

where ¥_;, 1 =0,1,2,...,23, are real numbers.

Theorem 12.Let {x:}> _,; be a solution to Eq. (11). Then, for r =0,1,2, ..., we have

Ex

Xodr—x = T e (12)
) (=1 — )™
Here, e = TT—0 Emodteay 1y 0 = (—~ DI and g = e, with e # —1, € =0,1,2,...,23.
Proof: The results are true at »r = 0. We let r > 0 and suppose that the solutions are true at r — 1 as follows:
Ex
X24r—24—x = W- (13)
Next, from Eq. (11) and Eq. (13), we obtain
Xo4r—47
X24r-23 =
—1 = X24r—27X24r—31 X24r—35X24r—30 X24r—43 X24r—47
&3
_ (—1-pp3)""
7178 717 r—1 8778 717 r—1 €15 e 717 r—1 &3
3 ( H)" e Hn) e Ho) " s
3

r—1
(—1 —&3&7€11815€19823)" (—1 — £387€11€15€19823)
€23
= =
(—1 —&387€11€15€19€23)
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Moreover, utilizing Eq. (11) and Eq. (13) leads to

X24r—46
X24r—22 =
—1 = X24r-26 X24r—30 X24r—34 X24r—38 X24r—42 X24r—46
€2 1
_ (—1—up)"™
- —1 £ r—1 £ r—1 &
“l-g(-1-wm)"  —L—eo(—1—to)"  —H—eg(—1—wg)  —2—
( ‘lJ, ) (717“6>r 1 ( lJ‘ ) (717‘114) 1 ( ‘lJ, ) (717#22>r 1
_ 27)
= —1
(—1—&r€6€10€14€18822)"  (—1 — E266€10€14€18€22)
. &
=
(—1 — &2&6€10€14€18€22)
We also use Eq. (11) and Eq. (13) to have
_ X24r—45
X24r—21 =
—1 — X04r—25X04r—29 X24r—33 X24r—37 X24r—41 X24r—45
&1

(—1—pp)"!

e (1) P& e (—]—po) ' —813 e (] =l &
81 ( ul) (717”5)r71 89( ﬂ9) (717”13))71 817 ( l’l']7) (717“21)r71

&1
r—1
(—1—e1&580€13€17621)" " (—1 —€18589€13€17€21)
&1
.
(—1—e€18589€13€17821)

Finally, Eq. (11) and Eq. (13) give

X24r—44
X24r—20 =
—1 — X24r—24X24r—28 X24r—32 X24r—36 X24r—40 X24r—44
&0 .
_ (—1—pp0)"™
- —1 £ r—1 € r—1 €
—1—g(—1—uy)” " —2——eg(—1—pug — __ee(—1—14 PR —
( ““ ) (717#4)r 1 ( IJ‘ ) (717'u12>r 1 6( lJ' 6) (717u20)r 1
_ &0
- —1
(=1 —eoeses€12€16820)"  (—1 — €0€4€3€12€16€20)

€20
<.
(—1 —&p&sez€12€16€20)

Similarly, we can show other formulas.
Theorem 13.Equation (11) has a unique equilibrium point ) = 0, which is non-hyperbolic.
Proof: It can be similarly done as the proof of Theorem 7.

Theorem 14.Equation (11) is periodic of period 24 if and only if W = —2, k = 0,1,...,23, which have the form
X24r—k = Ex k=0,1,...,23 and r=0,1,2,...

Proof: It can be easily done by using Theorem 12.

Theorem 15.Let &y, €1, ..., €3 € (0,00). Then, the solution {X,}7__,; oscillates about the equilibrium point ) = 0, with

positive semicycles of length 24, and negative semicycles of length 24.

Proof: Using Theorem 12, we obtain that Y1, X2, ..., X24 <0, and X5, X26, ---, X48 > 0. Using induction achieves the proof.
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6 Numerical investigation

This part is added to guarantee that the constructed results are correct. We present some 2D example under specific initial

conditions.

Example 1.This example presents the behavior of Eq. (1) under the initial conditions }_3 =0.1, ¥_20 =0.5, x—21 =5.3,
X-20=2,%-19=054, x 15 =16, x-17=0.07, x-16 = 0.9, x-15 =0.10, x-14 =3, x-13 =35, x-12 =3, x-11 =4,
X-10 = 5, X9 = 6.8, X-8= 7.8, X-1= 2.8, X-6= 9, X-5= 2.9, X-4= 1.3, X-3= 685 X2= 9.3, X-1= 1.9 and
Xo = 9.8, as shown in Figure 1 (left).

Example 2.Figure 1 (right) illustrates the dynamical behavior of Eq. (4) when }_23 =1, ¥—20 =95, X—21 = 5.3, x—20 =2,
X-19=0.54, 718 =6, x-17=0.07, x-16 =9, X-15=0.10, x—14 = 0.3, x-13=5, x-12 =03, x-11 = 0.4, x_10 =35,
X-9= 687 X-8= 7, X-1= 27 X-6= 957 X-5= 29, X4 = la X-3= 687 X—2= 97 X-1= 1 and X0 = 9.

’EZ | = 6

74"' ] £ 00

B‘H\‘u H{ | 2
ALLLLLLLAANAAATHLAPHIR 1100
O,U Mumm'.w.'.m'.w |

Fig. 1: The left plot presents the behavior of Eq. (1) while the right picture depicts the behavior of Eq. (4).

Example 3.The graph of the Eq. (8) is plotted in Figure 2 (left) under the random values y_>3 = 0.1, x—20 =0.5, x_2; =
0.15, x-20=02, x-19=0.3, x-18 =02, x-17=0.9, x_16 = 0.11, x_15 = 0.6, ¥—14 = 0.51, x_13 = 0.14, x_12 = 0.5,
X-1=02,%-10=0.8, x9=05, x8=0.1,x7=03,x6=07,x5=0.1, x4 =0.88, x_-3 =0.12, y_» = 0.89,
X—1=0.33and yo =0.2.

Example 4.The dynamical behavior of Eq. (11) is shown in Figure 2 (right) when ¥_»3 =0.15, y_20 =0.13, x_2; =0.55,
X—20= 0.22, X—19= 0.33, X—18 = 0.62, X-171= 0.29, X—16 = 0.91, X—15= 0.56, X—14= 0.11, X—-13= 0.44, X-12= 0.257
X—11 =0.02, x_10 =0.08, x—9 =0.85, x-3 =0.01, y_7 =0.03, x_¢ =0.17, x-5 =0.01, x4 = 0.8, x_3 = 0.02,
X—2=0.09, x_1 =0.03 and xp = 0.62.

© 2022 BISKA Bilisim Technology


www.ntmsci.com

91 BIS K A Lama Sh. Aljoufi, M. B. Almatrafi: Dynamical analysis and solutions of nonlinear difference equations...

:%. Mﬂ 'h ‘f ‘ﬂ v »W W | ‘ L W A ‘ ‘ ‘ AL “ AL AL
all T
OTW THTT T : ‘ ‘ ‘ ‘r ‘r ‘r ‘r ‘r

n n

Fig. 2: The left plot illustrates the periodicity of Eq. (8) while the right picture depicts the periodicity of Eq. (11).

7 Conclusion

To sum up, this paper has investigated four main rational difference equations of twenty-fourth order. We have introduced
the solutions of the considered equations using modulus operator. In Theorem 1, we have presented and proved the
solutions of Eq. (1), while Theorem 2 has shown the boundedness of the solutions of Eq. (1). It has been proved that
the fixed point of Eq. (1) is globally stable. Theorem 10 has presented that Eq. (8) is periodic of period 24 if and only if
W = 2. Furthermore, in Theorem 12, we have explored the solutions of Eq. (11) which are periodic of period 24 if and
only if 1, = —2. We have also plotted the periodicity of Eq. (8) and Eq. (11) in Figures 2 (left) and 2 (right), respectively.
Finally, the used approaches can be simply applied for other nonlinear equations.
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