c.—/
NTMSCI 10, No. 4, 107-114 (2022) BISKA 7

http://dx.doi.org/10.20852/ntmsci.2022.492

Generalized symmetric bi-derivations in MV-algebras

Samet Ko¢ and Hasret Yazarli

Department of Mathematics, Faculty of Sciences, Sivas Cumhuriyet University, Sivas, Turkey

Received: 30 May 2022, Accepted: 13 September 2022
Published online: 5 December 2022.

Abstract: In this study, we define the generalized symmetric bi-derivation and its trace on MV -algebras and give its examples. We
investigate some properties of generalized symmetric bi-derivation’s trace. We introduce isotone generalized symmetric bi-derivation
and bi-additive generalized symmetric bi-derivation. We show that if A is a linearly ordered MV -algebra, I" is a bi-additive generalized
symmetric bi-derivation on A related to symmetric bi-derivation D and yis a trace of I, then y=0or yl =1

Keywords: MV-algebra, symmetric bi-derivation, generalized symmetric bi-derivation

1 Introduction

MYV -algebra was introduced by C. C. Chang in 1958 ([3]). He used the concept of MV -algebra for making algebraic
proof of the completeness theorem of infinite valued Lukasiewicz propositional calculus. Since MV-algebra is
generalization of Boolean algebra, it has many applications and many researchers investigated different properties of
MV -algebras. ([2], [4], [5], [7])

The concept of derivation was introduced by Posner in 1957 in ring. After this study, many authors examine properties of
ring by using many kind of derivation such as generalized derivation, symmetric bi-derivation, permuting tri-derivation,
reverse derivation multiplicative derivation, etc. For example, they investigated commutativity of ring by using
derivation. In 1975, Szasz introduced the derivation on lattices. Xin et al. examined properties of derivation on lattices
and gave some characterization of lattices. For example, they gave relation between modular and distributive lattices and
ordered elements of lattices by using derivation. After then, many authors introduced kind of derivation such as ring, in
lattices and examine some properties. Similarly, many kind of derivations moved on different algebraic structures and
their properties were investigated using derivation.

In MV -algebras, the concept of derivation was defined by N. O. Alshehri in 2010. In 2013, H. Yazarli introduced
symmetric bi-derivation on MV -algebras. In this study, we define the generalized symmetric bi-derivation and its trace
on MV -algebras and give its examples. We investigate some properties of generalized symmetric bi-derivation’s trace.
We introduce isotone generalized symmetric bi-derivation and bi-additive generalized symmetric bi-derivation. We show
that if A is a linearly ordered MV-algebra, I" is a bi-additive generalized symmetric bi-derivation on A related to
symmetric bi-derivation D and Y is a trace of I', then ¥ = 0 or yl = 1. Also, we show that if A is a linearly ordered
MYV -algebra, I and I, are bi-additive generalized symmetric bi-derivations on A related to D and D, respectively and
dy, dy are traces of Dy, D1, V1, ¥, are traces of I and I respectively. If y17» = 0 where (1172) (@) = v (2a) for all
acA,thenyy =0o0r7p=0.
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Definition 1. /7] Let us define + a binary operation, ' a unary operation on the set A and 0 be a constant in A. That the
following axioms are satisfied for a,b € A,

(1) (A,+,0) is a commutative monoid,

(2) (al)l =a,

(3)0' +a=0,
(@(d+bY+b:(H+a)+@

then we say that (A,+,,0) is MV -algebra.

Letusdenote 1 =0,a-b= (a/ +b,) ,aVb=a-+ (b~a,>, aNb=a- (b+a/) for all a,b € A. Then we have that (A,-, 1)
is a commutative monoid, (A,V,A,0,1) is a bounded distributive lattice. Let A be an MV -algebra and @ # B C A. We say
that B is subalgebra of A if and only if a +b € B and @’ € B for all a, b € B. Let us define the relation on MV -algebra A as

following can define a partial order < by setting
a<b &aAb=aforeacha,bcA,

then (A, <) is a partially ordered set. If the order relation < on A is total then A is called linearly ordered.

Let A be an MV-algebraand B(A) ={a€A:a+a=a}={a€A:a-a=a}. Then (B(A),+, ,0) is subalgebra of A.
If A is an MV -algebra, then we have the following situations for a,b,c € A,

()a+1=1,

(2)a+a—1

(3)a-d =0,
(4)a+b=0impliesa=5b=0,
(5)a-b=1impliesa=b=1,

(6) a<bimpliesaVc<bVcandaAc<bAc,
(7)a<b1mphesa+c<b+canda c<b-c,
(8)a<beb <d,

9 a+b=bsa-b=a.

Theorem 1. [5] In an MV -algebra A, the following situations are equivalent for a € A,
(i) ac B(A),

(iiyavd =1,
(iil)and =0,
(ivyata=a,
(V)a-a=aq,
(viya+b=aVb, forbecA,
(vii)a-b=aNb, forb € A.

Theorem 2. [3]In an MV -algebra A, the following situations are equivalent for all a,b € A,

(iya<b,
(i) b+d =1,
(i) a-b = 0.

Definition 2. [3]Let A be an MV -algebra and 0 # X C A. If the following situations are satisfied,
(i)0eX,
(ii)a+beX foralla,b e X,
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(iii)aeX andb < aimplybeX,
then X is called an ideal of A.

Proposition 1. [3]In linearly ordered MV -algebra A, ifa+b=a+cand a+c # 1 then b = c.

Definition 3. [/ ]Let d : A — A be a function on MV -algebra A. We say that d is a derivation of A, if it satisfies for a,b € A,
d(a-b)=(d(a)-b)+(a-d(b)).

Definition 4. Let A be an MV -algebra. We say that a mapping D : A x A — A is a symmetric if D (a,b) = D (b,a) holds
foralla,b € A.

Definition 5. In MV -algebra A, a mapping d : A — A defined by d (a) = D (a,a) is called trace of D, where D : A x A — A

is a symmetric mapping.
We denote d (a) = da.

Definition 6. Let D : A X A — A be a symmetric mapping in MV -algebra A. We say that D is a symmetric bi-derivation on
A, if it satisfies the following situation,

D(a-b,c) =(D(a,c)-b)+ (a-D(b,c))
forall a,b,c € A.

Obviously, a symmetric bi-derivation D on A satisfies the relation D (a,b-¢) = (D (a,b) -¢)+(b-D(a,c)) forall a, b, c € A.

Proposition 2. Let A be an MV -algebra, D be a symmetric bi-derivation on A and d be a trace of D. Then, for all x € A,
(i) d0 =0,

(ii)yda-d =a-dd =0,

(iti) da = da+(a-D(a,1)),

(iv)da<a,

(v) If X is an ideal of an MV -algebra, d (X) C X.

2 Generalized symmetric bi-derivation of M V-algebras

Throughout this article, A is an MV -algebra.

Definition 7. Let D : A X A — A be a symmetric bi-derivation and I" : A X A — A be a symmetric mapping. We say that I’

is a generalized symmetric bi-derivation related to D, if it satisfies
I'(a-b,c)=(I(a,c)-b)+(a-D(b,c))

for all a,b,c € A. The mapping 6 : A — A defined by y(a) =TI (a,a) is called the trace of generalized symmetric bi-

derivation I'.
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Example 1. Let A = {0,x,y, 1}. Consider the following tables,

yi1 'y 1 Y 1
11 1 1 1

Then (A,+,’,0) is an MV -algebra. Let us define amap D : A x A — A by,

D(ab) = {y, (a.b) € (), 00 1), (1)}

0, otherwise

Then D is a symmetric bi-derivation of A. Therefore the mapping I" defined by

x, (a,b) € {(x,x), (x,1),(1,x)}

¥ (a;b) € {(»y),(»1),(1,y)}
I'(a,b)=< 0,a=00rb=0

0, (a,b) € {(x,y), (»,x)}

1, (a,b) = (1,1)

is generalized symmetric bi-derivation related to D.

Example 2. Let A = [0,1] be the real unit interval. For a,b € A, if we define a ® b = min{l,a+ b},
a-b = max{0,a+b—1} and ¢ = 1 —a, then (A,&/,0) is an MV-algebra. For all n > 2, n € Z,

1 -2 1
A= {07 PR n—l, 1} is a linearly ordered MV -algebra. Let us take Az = {07 > 1} and define mappings
n— n—

1 1
~° ?be Y
D(ap)=1{ 2" {2}

0, otherwise

and
1, a,be{l}

I (a,b) = % (a,b) € {(;;) , (;1) : (12)} .

0, otherwise

I' is a generalized symmetric bi-derivation with D. But I' is not a symmetric bi-derivation. Because

1 1 1 1 1 1 1

() () ()

Proposition 3. Let I" be a generalized symmetric bi-derivation on A related to symmetric bi-derivation D with its trace d
and 7y be a trace of I'. Then, for all a € A,

(i) =0,

(i) ya~a/ =a-dd =0,
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(iii) ya=ya+ (a-D(a,1)) = (I'(1,a)-a) +da,
(iv) ya < q,
(v) v(X) C X where X is an ideal of A.
Proof. (i) For all a € A,
I'(a,0)=T (a,0-0)=(I"(a,0)-0)+(0-D(a,0))=0+0=0.

Since 7 is the trace of I,

Y0=I(0,0)=I'(0-0,0)=(I"(0,0)-0)+(0-D(0,0))=0+0=0.
(i) For alla € A,

O=F(a,0)=F<a,a-a/> = (F(a,a)-a,)—I—(a-D(a,a/))

and so, ya- d=0anda-D (a,a/) = (0. On the other hand, we obtain

0=T (o,a') -r <a-a',a') _ (r (a,a') ~a’) + (a.D<a’,a’>).

That is, a-dd =0and T (a,al) .d =0forallacA.
(iii) For all a € A,

va=I(a,a)=I(a,a-1)=(I"(a,a)-1)+(a-D(a,1)) = ya+(a-D(a,1))
and
Ya=T (a,a) =T (1-a,a)= (I’ (1,a)-a)+(1-D(a,a)) = (I' (1,a)-a) +da.

(iv) Foralla € A,

1=0 = (ya-al>, - [((m)/ + (a))] = (ya) +a

By Theorem 2, ya < a, a € A.
(v)Ifb € y(X), then y(a) = b for some a € X. From (iv), Y(a) <aand so b € X, since X is an ideal of A. Hence y(X) C X.

! ! 4
Corollary 1. Forall a € A, D (a,a ) < (F (a,a )) .

! !

Proof. For all a € A, we get I' (a,a/) < d froma-T (a,a/) = 0. Since a < (D (a,a/)) I (a,a/) < (D (a,a/)) .

ThereforeD(a,a/) < (F (a,a/)) .

Corollary 2. For all a,b € A, I (a,b) < a and D (al,b> <d.
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Proof.For all a,b € A, since
0=r (a~a/,b) = (F(a,b)wll) + (a-D(al,b))

we get I (a,b) < aand D (a/7b) <d.

Proposition 4. Let I” be a generalized symmetric bi-derivation on A related to symmetric bi-derivation D with its trace d
and 'y be a trace of I'. If a < b for a,b € A, then the following situations hold:

(i) y(a-b’) —0,

(ii) b < d,

(iii) ya-yb = 0.

Proof. (i) Let a < b, for a,b € A. From Theorem 2, we have a - b = 0. Since Y0 =0, we have y (a . bl) =0.
(ii) Leta < b, fora,b € A. Since a-yb <b-yb <b-b =0, wegeta-yb =0andso yb <d.
(iii) Since a < b, we get Ya < b and so ya - yb/ <b- yb/ <b-b =0.Hence va- yb/ =0.

Proposition 5. Let I be a generalized symmetric bi-derivation on A related to symmetric bi-derivation D with its trace d
and 7y be a trace of I'. The the following situations hold:

(i) ya-ya =0,

(ii) yd = (ya)/ if and only if v is the identity on A.

Proof.(i) We know that a < a. From Proposition 4 (iii), we get ya- ya = 0.

(ii) Since a-ya =0fora €A, we geta-ya =a- (ya)/ = 0. Since a < ya and ya < a, we have a = ya. Hence 7 is the
identity on A.

If y is the identity on A, ya' = (ya)/ foralla € A.

Definition 8. Let I be a generalized symmetric bi-derivation on A related to symmetric bi-derivation D with its trace d
and y be a trace of I'. If a < b implies I (a,c) < I (b,c) for a,b,c € A, I' is called an isotone.

If I' is an isotone and a < b then ya < yb for all a,b € A.

Example 3. Let A be an MV-algebra and D be symmetric bi-derivation as in Example 1. Also, D is a generalized
symmetric bi-derivation related to D. In A, b < 1, D (b,1) = b, D(1,1) =0, but 0 < b. From here, D is not isotone.

Example 4. In Example 2, I" is an isotone generalized symmetric bi-derivation related to symmetric bi-derivation D.

Proposition 6. Let I be a generalized symmetric bi-derivation on A related to symmetric bi-derivation D and 7y be a trace
of ' If j/a, = Ya for all a € A, then the following situations hold:

(i) y1 =0,

(ii) ya-ya =0,

(iii) If I is an isotone on A, then y = 0.

Proof. (i) Since ya' =vyaforalla c A, we get yl =y1' =0 =0.
(ii) Foralla € A, ya-ya = Yya-ya =0 from Proposition 5.
(iii) Let I" be an isotone on A. For all a € A, since ya < y1 =0, we get ya = 0. Thus y=0.

Definition 9. Let I' be a generalized symmetric bi-derivation on A related to symmetric bi-derivation D. If I” (a+b,c) =
I'(a,c)+TI (b,c)forall a,b,c € A, T is called bi-additive mapping.
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Theorem 3. Let I be a bi-additive generalized symmetric bi-derivation on A related to symmetric bi-derivation D and y
be a trace of I'. Then y(B(A)) C B(A).

Proof. Let b € y(B(A)). Thus b = y(a) for some a € B(A). Then

b+b=ya+va=TI (a,a)+T (a,a) =T (a+a,a)
=TI (a,a)=>b.
Hence b € B(A). That is, y(B(A)) C B(A).

Theorem 4. Let A be a linearly ordered MV -algebra, I be a bi-additive generalized symmetric bi-derivation on A related
to symmetric bi-derivation D and 7y be a trace of I'. Then y=0or yl = 1.

Proof. Since a+d =1landa+1=1foralla €A,
yl=T(1,1) :r(a+a’,1) :F(a,1)+r(a’,1)
and

Yl=C(1,1)=C(a+1,1)
=TI (a,1)+7l.

If y1 # 1, then we get I (al, 1) = 1. Replacing a by 1, we get Y1 =0. Foralla € A,
0=y1=I(a,1)+yl1=I(a,l)

and
I'(a,1)=T (a,a+1)=7va+TI (a,1)=1va.

Thus ya =0 for all a € A. That is, y = 0.

Theorem 5. Let A be a linearly ordered MV -algebra, I and I be bi-additive generalized symmetric bi-derivations on
A related to Dyand D, respectively and di, dy be traces of D1, Dy, 11, 1 be traces of I7 and I respectively. If 1y, =0
where (Y17) (a) =71 (ra) forall a € A, then yy =0 or 5, = 0.

Proof. Let 17 =0and 75 # 0. Then 151 = 1. For all a € A,
0=(nn)(a)=n(nae) =n(nat(a-D(a1)).
Replacing a by 1, we get
0=n(pl+(1-d1)=1(1+d1)=7nl
From here, for all a € A we get

O=pl=L,1)=0(a+1,1)=L (a,1)+ 11 =1] (a, 1),
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and
OZH (aal) :I—i (a7a+1) :H ([l,(l)—Fl—i (aal) = ha.

That is, 7; = 0. Similarly it can be shown in the proof of the other case.
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