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1 Introduction and Preliminaries

Hall showed that an approximate linear space containing 4 points, three of which are not collinear, can be embedded in a
projective plane in 1943 [3]. In 1963 Bruck gave the relations between the order of a finite projective plane and the orders
of its sub-planes [2]. After the publication of Hirschfeld and Thas’s book General Galois Geometries [4], Thas and
Maldeghem gave embeddings for projective spaces derived from prime-order field. Embeddings were given with the help
of various transformations depending on the order between the projective spaces [1, 2, 9,10, 11].

In Thas and Maldeghem, the classification all embeddings 6 : PG(n,q) — PG(d,q), with d > @, such that 8 maps
the set of points of each line to a set of coplanar points and such that the image of 6 generates PG(d,q) is presented [9].
They give a common characterization of quadric Veroneseans and union of projections. Then they introduce the notation

of a generalized Veronesean embedding by this characterization.

In Akga et.al. (2012), the classification all embeddings 6 : PG(n,K) — PG(d,F), with d > @ and K and F skew
field, such that 8 maps the set PG(d, F'), and such that the image of 8 generates PG(d, F) was given [1].

A 4th order projective plane with 21 points and 21 lines has 5 points on each line. Also, on a non-singular conic in the
same plane, there are 5 points, of which any three are non-collinear [7]. Therefore, the aim of the study is to investigate
the existence of an embedding transformation from the 4th order projective plane to the 4-dimensional projective space
with the help of ovals with 5 points, three of which are non-collinear, in the 4-dimensional projective space, which has
341 points and 341 hyperplanes. Linear embeddings can be defined using the projection transform into 4-dimensional
projective space. The main purpose of this study is to investigate whether it is possible to embed the non-linear lines of

the projective plane with the help of transformations that map the conics of the 4-dimensional projective space.
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1.1 Projective space

Definition 1. ([6]) An (axiomatic) projective plane P is an incidence structure (N,D,o) with N a set of points, D a set of

lines and o an incidence relations, such that the following axioms are satisfied:

(i) every pair of distinct points are incident with a unique common line;
(1) every pair of distinct lines are incident with a unique common point;

(iii) P contains a set of four points with the property that no three of them are incident with a common line.

A closed configuration S of P is a subset of N U D that is closed under taking intersection points of any pair of lines in S

and lines spanned by any pair of distinct points of S. We denote the line in P spanned by the points p and q by (p,q).

Definition 2. ([4]) Let V =V (n+ 1,K) be vector space with n+ 1 dimension on the field K. For an equivalence relation
on the vectors of V.— {0}, X = {x1, x2, ..., xa}, Y = {y1, y2, ..., yu} € V — {0} and ¥Vt € Ky, such that X ~Y &y, =
tx;, i=1, 2, ... n, the equivalence classes on V — {0} are one-dimensional subspaces formed by subtracting the zero
vector from V. The set of these equivalence classes is called the n-dimensional projective space over the field K and it
is indicated by PG(n,K). If the qth order Galois field is taken as the field K, the projective space coordinated with the
elements of this field is of order q. The obtained n-dimensional projective space is denoted by PG(n,q).

Theorem 1. ([4]) Let F be any field. A point-line geometry is a triple (N, D, o) consisting of the points set N, the lines set

D determined algebraically with the elements of the field and the incidence relation o . Obviously,

N ={(x1, x2, x3) : x; € S,3x; £ 0, (x1, x2, x3) = A (x1, x2, x3), A € F\{0}}
D={la1, a2, a3]:a; €S, Ja; #0, [a1, a2, a3] = W [a1, a2, a3], p € F\{0}}
o: (x1, X2, x3) 0lay, az, a3] < ajx; +axx, +az x3 =0.

Definition 3.Any point in N is represented by a triple (x|, x2, x3) where x1, x2, x3 are not all zero. Nonzero multiples of a
triple represent the same point. Similarly, any line in D is represented by a triple |ay, ay, as] where ay, ay, as are not all
0. This point-line geometry (N, D, o) defined by F is a projective planene and is denoted by P,F. Let r and p be a positive
integer and a prime number, respectively. The projective plane of order n = p” over the finite Galois field F = GF (p") of
p" elements by P,F = PG(2,p"), [3].

By expanding the field from a given field, new field are produced as follows:
Let F be any field, and p(x) an irreducible polynomial of degree greater than 1 on this field. On the set

S = {k(x) : k(x) is any polynomial of degree less than non the field F}

addition and multiplication operations are, in the known sense, addition and multiplication operations in polynomials.
Considering elements of the field F,

k(x) Bk (x) = 1(x), k(x) Ok (x) = s(x)

is obtained. For this geometric structure, the Galois field GF(2) = {0, 1} which has characteristic 2 and the (S,®,®)
field, which is isomorphic to the GF(2%) body, with f(t) = t> +¢ + 1 being the irreducible polynomial on this body,
are obtained as follows. The field GF(2) is expanded to the set S with first-order polynomials such that A is the root of
the equation f(A) = A2+ A + 1 and A ¢ GF(2). From the equality A2+ A 4+ 1 = 0, by using 12 = A + 1, the set § =
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{aA+b: a, beF, A* = A +1} is obtained as {0, 1, A, A+ 1}. On this set, if addition and multiplication operations

are defined as
D: (@A +b))®(ar+by) = (a1 +a2)A + (b1 +b2)
©: (@A +b1) O (a2d +b) = (@1A +b1).(a2d +b2), A2 =4 + 1.

Constructed F = (§,®,®) is a field that isomorphic to GF(2?) . Points and lines of the projective plane defined with the
help of the field (S,®,©®) are

={(x1, X, x3) :x; €S, x; £ 0, (x1, x2, x3) = A (x1, X2, x3), L € F\{0}}
={la1, a2, a3]:a; €S, Ja; #0, [a1, az, a3] = U[a1, a2, a3], u € F\{0}}
o:(x1, x2, x3)0[ay, az, a3] < aix; +axxs+az x3 =0.

The point (x1, x2, x3) being on the line [a, a;, a3] is defined by
(x1, x2, x3) @ ay, az, a3] & a1 ©Ox1Pa Ox B azOx3 =0

Structure (N, D, o) defined in this way is a projective plane with 21 points and 21 lines. The point set N of the projective

plane of PG(2,4) is = {Mli=0,1,2,...,20}, where Ny = (0,1,0),Ny = (0,0, 1),N» = (0,1, 1),

= (0, 1, %) ,N4 = (0, 1, z) s=(1,1,1),No= (1,0, 1),N; = (1, ¢, 1),Ng = (1, 12, 0) ,No = (1, 1, 0) ,Nyp =
(1, 1,2) Ny = (1, 1, 1) = (1,1 ),N13 = (1,72, 1) ,Niy = (1,0, 0),N1s = (1, £, 0),Nyg = (1, 1%, 0) ,Ny7 =
(1,0, %), Nig = (1, Ot = (1,12, %), Ny=(1,1,1).

The line set D of the projective plane of PG(2,4) is D = {d;|i=0,1,2,..,20}, where
Dy =[1,0,0],D; =[1,0,1],D, = [0,0, 1],D3 = [1,0,#],D4 = [1,0, ] ,Ds = [1, 1, 0],D6 = [0, 1, 0],D7 =
[1, t, O],Dg = [1, tz, 0} ,Dg = [O, 1, 1],D10 = [1, l‘2, t}, Dy = [1, t, tz], Dy, = [1, 1, 1],D13 = [1, t, l‘],D14 =
(1,2, 2] ,Dys = [1, 12, 1],Dys = [1, 1, 1],Dy7 = [1, 1, 1*] ,Dig = [1, 1, 1],D19 = [0, 1, *] ,Dag = [0, 1, 1]. The
incident relation table is given the following table:

1.2 Quadrics in Projective Plane PG(2,q)

A set of k points in PG(2,q), of which any three are non-collinear, is called a k-arc such that ¢ is a prime number and A
conic in the projective plane PG(2,q) is also a quadric. A conic in the gth order projective plane PG(2,q) is the

geometric locus of points defined as:

2 2 2
{(x0,x1,x2) | @aooxg + ar1x7 + axxs + ao1xox1 + anxoxz + aipxix = 0,a;j,x; € GF(q) }

Since a scalar multiple of any solution of the above equation will also be a solution, the points of the PG(2,q) projective

plane are defined with this set. That is, a projective plane corresponds to a non-degenerate quadric equation, called a conic,
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containing exactly g + 1 points. In a projective plane of order g, an oval is a set of g+ 1 points, of which any three are
non-collinear. In PG(2,q), the classic example of an oval is an irreducible conic. A linear equation and a non-degenerate
quadric equation can have at most two common solutions. Storme ve Maldeghem [8] examined primitive arcs in PG(2,q)
projective plane. Beniamino Segre (1957) has shown that if the characteristic of the field is odd, then all ovals of PG(2,q)
are conics, but in even characteristic there are ovals which are not conics [7]. For any oval in a projective plane over a field
of even characteristic, it can be shown that all of the tangent lines to the oval meet at a single point, called the knot of the

oval . The knot of a conic is called the nucleus of the conic. In PG(2,g) for g even , nucleus of the conic
aoox(z) +anxi +anx; + ag xox1 + dpxoxz + apxixy =0
is the point (aj2, ag2, aor)- For g even, (g + 1) -arc can be uniquely completed to an oval by adding the nucleus.

The main purpose of this study is to investigate the feasibility of embedding the lines of the projective plane with the
help of transformations mapping the cones of the 4-dimensional projective space. For this, first of all, the set of the
points N, the set of the lines D and the structure of being on o of a P = (N,D,0) geometric structure isomorphic to the
PG(2,4) projective plane must be determined. It is well known that for a given field F, there is a projective plane whose
points and lines can be co-ordinated algebraically with the elements of that field (Kaya, [6]).

2 The Embedding of PG(2,4) to PG(4,4)

In this study, we construct a transformation that is defined from the PG(2,4) projective plane to the PG(4,4) projective
space by choosing a non-prime order and maps the set of points of each line of this projective plane to the set of points
of an oval of the 4-dimensional projective space, it will be shown that the image set of the transformation produces
a 4-dimensional projective space. In the previous section, a geometric structure (N,D,o) isomorphic to the projective
plane of the 4th order with 21 points and 21 lines was created. It is aimed to embed this structure in the projective
space. In order for this geometric structure, whose points, lines and structure to be determined, can be embedded in the
PG(4,4) projective space with 341 points and 341 hyperplanes, we consider a set of points N satisfying the conditions
N' C PG(4,4), <N'> = PG(4,4) and a set of planes D with each element being a subset of a conic plane in PG(4,4)
projective space.

Definition 4.Let S = (P,L) and S = (P/, L) be near linear space. The transform f defined from S to S', which one-to-one
maps S to the set of points P to the set of points of S' to P’ and the set of lines of S to L to the set of lines of S', and

preserves the incidence relation, is called an embedding transformation [3).

Here, the existence of an embedding that maps the points N; in the projective plane PG(2,4) to the points N; in the
projective space PG(4,4) and the lines D; in the projective plane PG(2,4) to the planes D; in the projective space PG(4,4)
will be investigated, i =0, 1,....,20. We will use the conic equations to make an embedding from PG(2,4) to PG(4,4). We
investigate whether the projective plane PG(2,4) can be embedded in the projective space PG(4,4) in two cases according
to the nuclei of the two conic equations discussed. In the first case, two conics with the same nuclei will be selected, in
the second case, two conics with different nuclei will be selected.

Theorem 2.The projective plane PG(2,4) cannot be embedded in the projective space PG(4.4) if two cones with the same

nuclei are used from the three conics spanning the projective space PG(4.4).

Proof: Let the nucleus of the conic x% = Xox» in the plane D/1 and the conic x% = xox3 in the plane D; be (0, 1, 0, 0, 0).
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We consider the triangle N(/)7 N;, N; determined by the planes Dg, Dll, Dlsin the projective space PG(4,4). With a as a

parameter, we can determine the following 11 points satisfying the conic equations above and spannig the projective

space PG(4,4). Ny = (0,0,1,0,0) , N; = (0,0,0,1,0), N, = (0,0,0,0,1), Ny = (0,0,a,l,1),

N, = (1,0,0,0,0), N, = (1,1,1,0,0),N, = (1,2,¢,0,1), Ny = (1,1%1,0,0), Ny = (1, 1,0, 1, 0),
1o=(1,£,0,£2,0) and N|, = (1,12,0,1,0).

In this case, the other points of the geometric structure can be obtained as follows:

Considering that three points indicate a plane and the intersection of two planes is a projective point. Let D/12 be the
plane spanned by points N;, Né, N; and D,zo be the plane spanned by points Né, N;, N;o- The intersection point of these
two planes is found as Ni3 = (0, 0, 1, 1, 0) by solving the plane equations. Let DlO be the plane spanned by points
N(/)7 N;, N; and D/10 be the plane spanned by points N;, N;3, N;S. The intersection point of these two planes is found as
N:l = (0,0, 1, 1, 0). We seen that N; =(0,0,1,1,0) = N;3 is obtained as indepedent of the parameter a. This is a

contradiction.

Theorem 3. The PG(2,4) projective plane can be embedded in the PG(4.4) projective space if two cones with the different

nuclei are used from the three conics spanning the projective space PG(4.4).

Proof. Let the nucleus of the conic x% +xgx> = 0 in the plane D,l be M; = (0, 1, 0, 0, 0) and let the nucleus of the conic
bxﬁ ~+ Xxpx3 + nxyx4 = 0 in the plane Dé) be M(; = (0, 0, 0, n, 1) and the equations of the plane D'5 be x| = x4, x, = 0. We
consider the triangle N(/),Ni,N; determined by the planes DE), D/1 and DIS. Coordinates of these points are calculated as
Ny = (0,0,1,0,0), N; =(0,0,0,1,0) and N = (1, 0, 0, 0,0). The points Ny = (0, 0,b, 1 +n, 1),
N; = (0, 0, b, n*,nt) N, = (0, 0, b, 0,n) can be choosen different from Nj,N| on Dj and N = (1, 1,1, 0,0).
Similarly, the points N} = 1, £2,1,0,0), Nj = (0, 0, b, nz,nt) can be choosen different from Ny, N; on D/ and the points
Ny = (0, 1,0,0,1), Nj, = (a, 1,0,0,1) can be choosen different from Ny, N5 on Ds.

Considering that three independent points indicate a plane and the intersection of two different planes is a projective
point, the coordinates of the remaining ten points can be calculated according to the parameters a, b, n in 27 different
cases:
Casel.a=t>,b=1,n=t

Let the conic plane D/12 be spanned by the points Né,Né,N; and denoted <Né,Né,N;>. The conic plane D/zo be spanned
by the points N; , N;>N10~ The intersection point of these two planes is the point Ni3. Every point on D/12 can be written as
a linear sum of points Né = (0,0, 1,12, 1) , Né = (1,1,1,0,0) and N; = (0,1,0,0,1). For any arbitrary point
(¥0,¥1,Y2,Y3,Y4) On Dllz, the plane D/12 satisfies the equations (y» —yo) (1+1) = y3 and (y2 —yo) + (y1 —yo) = y4 Since
every point on D/20 is linear sum of N;, N;, Mo , the plane Drgchosenrime, this plane can be given by the equations

2 (yo+y1+y2) = v3,2 (Yo +y1 +y2) = y4. It is easly seen that the intersection point of these two planes is the point
(1,0,¢,1,1).

The plane D,7 denoted <Ni, Né, Ni3> is spanned by the points N;, Né, N13 and this plane has the equations
2 (y1 +y4) = yo and t?y; +y4 = y,. Similarly, the conic plane D/16 spanned with the points N;7 Né7 N;O and has the
equations y; +tys = yo and 7 (y; +y2) + t2y3 = y4. From the common solution of the equations of D/7 and D/IG, the
intersection point N;6 is found as D/7 ﬁD/16 = <N;, Né, N;3> N <N;, Né, N;0> =(0,1, 1,1, 1).
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The remaining ten points can be calculated as
/ / / / / / / / /
Ny =DsND3 = Nl’N57N9> N <N2’N7’N16> = (t,6,0,1,1),

Nyg=D;ND5 = N;,Né,N;3>ﬁ<N;,Né,N;1>:(1,1,1,0,;2),
Ny, =DyND,, = N07N10»N19>0<N37N5’N16>: (1,22,¢2,1,0)

N;4:D;HD/19: NéaN;7N;9 N N:‘,Né,N;l =(0,1,0,1,1),
Nys=D,yN Dy, = { Ny,Ng, Ny ) N { Ny,Ng, Ny ) = (0,0,1,72,0),
Ny; = D3N Dg = { Ny,Nyo, Ny ) N { Ny, Ng, Ny ) = (1,0,1,12,1),
Nig =Dy NDg = {Ng,Ny1gsNyg ) N { Ny, Ng,Npy ) = (1,0,1,2%,1)
Nyy = DyNDg = { Ny,Ny;,Ny3 ) O { Ny, N5, Ny, ) = (1,12,1,1,0),

respectively.

Let N' = {N/]i =1,0,1,...,20 } be the point set and D’ = {N/|i = 1,0,1,...,20 } be line set of the geometric sturucture
S = (N',D/,0') such that the points of N’ span PG(4.4) and D; is a conic plane. Any two distinct elements N; and N} of
the point set N’ belong to unique member the line D; of the line set D’ of S. Any two distinct elements of the line set D’
have unique common point of the point set N'. S contains a set of four points of N'with the property that no three of
them are incident with a common line of D’. So, The geometric sturucture S = (N’,D’,0') is a projecxtive plane of order
4 such that S generates PG(4,4) and is isomorfic to PG(2,4). In this case, an embedding is obtained by mapping N;
points of the projective plane PG(2,4) to the points N; of S in the projective space PG(4.4) and mapping D; lines of the
projective plane PG(2,4) to the conic planes D;» of S the PG(4.4) projective space.

Case2.a=1,b=1,n=1

In this case, let the conic plane D/12 be spanned by the points Né, Né, N(; and conic plane Dlzo be spanned by the points
Né, N;, N;O. The intersection point of these two planes is the point N{3. For any arbitrary point (yo, y1, ¥2, ¥3, y4) on
Dllz, the plane Dl12 has the equations y4 = y; +y2, ¥3 = 0.. Since every point on D/20 is linear sum of N; N;, Nio, any
arbitrary point (yo,y1,y2,y3,y4) on the plane D/zo satisfies the equations y; = 12 (v, +y3) +1yo and yq = t2y; +y2 +ty0.
It is seen that the intersection point of these two planes is the point N13 =(1,¢0,0, t).

Similarly, the plane D, = (N}, Nj, N ) is defined by the set

{(0,31,52.53,74) [yo = ty2 +2yay1 = 2y2 +y4,y: € GF(2%),i=0,1,...,4 }

and the conic plane D/16 = <N:U Né, M3> is the set

{(y07 Y1, Y2, Y3, )’4) |y4 =Y2+y1Yo =y1,)i € GF(22)7l:0717a4}

From the common solution of the equations of D/7 and D/lﬁ, the intersection point N ;6 is not found.

An embedding cannot be obtained because no projective point other than the found points satisfying these equations can
be found.

Case3.a=1,b=1,n=t

Whena =1, b =1, n=t, the points N; 4 and N;l have the coordinate (tz, t, 0, 1, t). An embedding cannot be obtained
because these points coincide.
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Cased.a=1,b=1,n=1>

In this case, since the points N3 = (?,1,0,1,1) and N, = (%, 1,0, 1, 1) coincide, so an embedding cannot be
obtained.

Case5.a=1,b=t,n=1

From calculations, N;3 = (tz, t, 0,1, t) = N; 3 is obtained, so an embedding cannot be obtained.

Case6.a=1,b=t, n=t

The coordinate of the point Ni6 is obtained as (0, 0, 0, 0, 0). Since there cannot be a point in projective space with these
coordinates, an embedding cannot be obtained fora =1, b=t, n=t¢.

Case7.a=1,b=t n=1t>

In this case, since the points N3 = (2,1,0,1,1) and N, = (2, 1,0, 1, 1) coincide, so an embedding cannot be
obtained.

Case8.a=1,b=t* n=1

Similarly, since Ni6 = (1, 1, 12, 0, t2) = N; 3, an embedding cannot be obtained.

Case9.a=1,b=t n=1t>

In this case, since the points N{3 =(1,1,1,0,0) and Né = (1, 1, 1, 0, 0) coincide, so an embedding cannot be
obtained.

Case 10.a=1,b=1* n=1>

The coordinate of the point Ni6 is obtained as (0, 0, 0, 0, 0). Since there cannot be a point in projective space with these
coordinates, an embedding cannot be obtained fora =1, b = t2, n=rt2

Casell.a=t,b=1,n=1

In this case, since the points N;6 =(,1,0,1, 1) and N;O = (1, 1,0, 1, 1) coincide, so an embedding cannot be
obtained.

Case I12.a=t,b=1,n=t

In this case, since the points N;l =(0,1,0,0, 1) and Né = (0, 1, 0, 0, 1) coincide, so an embedding cannot be
obtained.

Case 13.a=t, b=1,n=1*

In this case, since the points Ni3 =(0,0,1,¢ 1)and Né =(0, 0, 1, ¢, 1) coincide, so an embedding cannot be obtained.
Case 4. a=t,b=t,n=1

In this case, since the points Nyg = (1,72,1,0,1) and N3 = (1,72, 1, 0, t) coincide, so an embedding cannot be
obtained.

Casel15.a=t,b=t,n=t

The coordinate of the point N;z is obtained as (0, 0, 0, 0, 0). Since there cannot be a point in projective space with these
coordinates, an embedding cannot be obtained fora =t, b=t, n=t .

Case 16.a=t,b=t, n=1>

In this case, since the points N;3 = (O, 0, 1,1, tz) and Né = (0, 0, 1,1, t2) coincide, so an embedding cannot be
obtained.

Case17.a=t, b=t* n=1

In this case, since the points Ni +=1(0,0,1,0,t)and Ni =(0, 0, 1, 0, ¢) coincide, so an embedding cannot be obtained.
Case 18. a=t,b=1> n=t

In this case, since the points N;Q = (17 t, 12,0, O) and Né = (1, t, 1%, 0, 0) coincide, so an embedding cannot be
obtained.

Case 19.a=t, b=1t* n=1>

In this case, since the points N;3 = (07 0,1, 12, t) and Né = (0, 0,1, 12, t) coincide, so an embedding cannot be
obtained.
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Case20.a=1*,b=1,n=1

When the method of determining the coordinates of the points we applied in Case 1 above is applied, the coordinate of
the point N;S is obtained as (0, 1, 0, 0, 1). Since this point coincide with the point N(;, an embedding cannot be obtained
fora=t>, b=1,n=1. Case
2l.a=t*,b=1,n=1+>

In this case, since the points N;l =(0,1,0,0, 1) and N; = (0, 1, 0, 0, 1) coincide, so an embedding cannot be
obtained.

Case22.a=1t> b=t n=1

In this case, since the points N3 = (1,7%,¢,0,0) and N, = (1,72, 1,0, 0) coincide, so an embedding cannot be
obtained.

Case23.a=t> b=t, n=t

In this case, since the points N;l =(0,0,1,0,1) and NQ = (0,0, 1, 0, 1) coincide, so an embedding cannot be
obtained.

Case24.a=1>, b=t, n=1>

In this case, since the points N3 = (0,0, 1, 1, %) and N, = (0,0, 1, 1, £2) coincide, so an embedding cannot be
obtained.

Case25.a=1*,b=t>n=1

In this case, since the points N;4 =(0,0, 1, 0, 7) and N:1 = (0, 0, 1, 0, 7) coincide, so an embedding cannot be obtained.
Case26.a=1t> b=t> n=t

In this case, since the points Nis =(0,0,1,1,7) and N; = (0, 0, 1, 1, 1) coincide, so an embedding cannot be obtained.
Case27.a=1>, b=1* n=1t>

In this case, since the points N;S = (O, 0, 1, 12, t) and N; = (0, 0, 1, 1%, t) coincide, so an embedding cannot be
obtained.

3 Conclusion

The projective plane PG(2,4) of order 4 with 21 points and 21 lines is aimed to embed the projective space PG(4,4) with
341 points and 341 hyperplanes. We consider the point set N satisfying the conditions N C PG(4,4), <N/> = PG(4,4)

and the line set D’ with each element being a conic plane in the projective space PG(4,4).

The presence of embedding that maps the 21 line of the PG(2,4) projective plane to the 21 conic plane of the PG(4, 4)
projective space was investigated. It has been shown that the projective plane PG(2,4) cannot be embedded in the
projective space PG(4.4) if two cones with the same nuclei are used from the three conics spanning the projective space
PG(4.4). In the case of using two cones with different nuclei from the three cones spanning the projective space
PG(4.4), an embedding occurs in the projective space PG(4.4) of the projective space PG(2,4) only for the case
a=1>,b=1, n=t, and embedding does not occur for the other 26 cases have shown.

This study will be an important resource for the studies to be done for embedding higher order projective planes in same
order projective spaces.
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