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1 Introduction

The most important inequality in the theory of convex functions is Hermite-Hadamard’s inequality in below [3,4]. If ξ is
a convex function on [δ ,β ], then

ξ

(
δ +β

2

)
≤ 1

β −δ

β∫
δ

ξ (χ)dχ ≤ ξ (δ )+ξ (β )

2
. (1)

If ξ is concave on [δ ,β ], then the inequality (1) is reversed. It is worth noting that Hadamard’s inequality can be seen
as a refinement of the concept of convexity. In [2], Fejér gave weighted versions, the so-called Hermite Hadamard-Fejér
inequality as the following:

Theorem 1.ξ : [δ ,β ]→ R, be a convex function, the the inequality

ξ

(
δ +β

2

) β∫
δ

w(χ)dχ ≤ 1
β −δ

β∫
δ

ξ (χ)w(χ)dχ ≤ ξ (δ )+ξ (β )

2

β∫
δ

w(χ)dχ (2)

holds, where w : [δ ,β ]→ R is nonnegative, integrable, and symmetric about χ = δ+β

2 . When it is taken w(χ) = 1 to (2),
(1) is obtained.

Definition 1.Let ξ ∈ L1[δ ,β ]. The Riemann-Liouville integrals Jα

δ+ξ and Jα

β−ξ of order α > 0 are defined by

Jα

δ+ξ (χ) =
1

Γ (α)

χ∫
δ

(χ − ι)α−1
ξ (ι)dι , χ > δ , Jα

β−ξ (χ) = 1
Γ (α)

β∫
χ

(ι −χ)α−1ξ (ι)dι , χ < β
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respectively. Here Γ (α) is the Gamma function defined by Γ (α) =
∞∫
0

e−ι ια−1dι and J0
δ+ξ (χ) = J0

β−ξ (χ) = ξ (χ) (see [9,

page 69] and [16, page 4]). The beta function and incomplete beta function defined as follows:

B(u,v) =
Γ (u)Γ (v)
Γ (u+ v)

=
∫ 1

0
ι

u−1 (1− ι)v−1 dι , u,v > 0,

Bw (u,v) =
∫ w

0
ι

u−1 (1− ι)v−1 dι u,v > 0 and 0 ≤ w ≤ 1.

In [10], Sarikaya et al. found out the Hermite-Hadamard inequalities in fractional integral as following:

Theorem 2.Let ξ : [a,b]→ R be a positive function with 0 ≤ δ < β and ξ ∈ L1[δ ,β ]. If ξ is a convex function on [δ ,β ],
then the following inequalities for fractional integrals hold:

ξ

(
δ +β

2

)
≤ Γ (α +1)

2(β −δ )α

[
Jα

δ+ξ (β )+ Jα

β−ξ (δ )
]
≤ ξ (δ )+ξ (β )

2
(3)

with α > 0.

In [5], İşcan proved the following fractional Hermite-Hadamard-Fejér type inequality:

Theorem 3.Let ξ : [δ ,β ]→R be a convex function with δ < β and ξ ∈ L[δ ,β ]. If ω : [δ ,β ]→ R is nonnegative, integrable
and symmetric to δ+β

2 , then the following inequality for fractional integrals holds:

ξ

(
δ +β

2

)[
Jα

δ+ω(β )+ Jα

β−ω(δ )
]
≤
[
Jα

δ+ (ξ ω)(β )+ Jα

β− (ξ ω)(δ )
]
≤ ξ (δ )+ξ (β )

2

[
Jα

δ+ω(β )+ Jα

β−ω(δ )
]

(4)

with α > 0.

In [6,7,8], M Kunt et al. have seen that (3) inequality is the natural result of the (2) with respect to ω(x) = (β − x)α−1 +
(x−δ )α−1 in (2). A question that it is wondered that an inequality is the best from (3) inequality and is not the result of
the (2) is brought to mind. In [8], Kunt et al. gave the answer of this question with the following theorem:

Theorem 4.[8] Let δ ,β ∈ R with δ < β and ξ : [δ ,β ] → R be a convex function. If ξ ∈ L [δ ,β ], then the following
inequality for fractional integral holds:

ξ

(
αδ+β

α+1

)
+ξ

(
δ+αβ

α+1

)
2

≤ Γ (α +1)
2(β −δ )α

[
Jα

δ+ξ (β )+ Jα

β−ξ (δ )
]
≤ ξ (δ )+ξ (β )

2

with α > 0.

In [1], Abdeljawad gave the definition of left and right conformable fractional integrals of any order α > 0 as follows:

Definition 2.Let α ∈ (ε,ε +1] and set θ = α − ε then the left conformable fractional integral starting at δ if order α is
defined by

Iδ
α f (ι) =

1
ε!

∫
ι

δ

(ι −χ)ε (χ −δ )θ−1
ξ (χ)dχ, ι > δ

Analogously, the right conformable fractional integral is defined by

β Iα ξ (ι) =
1
ε!

∫
β

ι

(χ − ι)ε (β −χ)θ−1
ξ (χ)dχ, ι < β

Notice that if α = ε +1 then θ = α − ε = ε +1− ε = 1 where ε = 0,1,2, ... and hence Iδ
α ξ (ι) = Iδ

ε+1ξ (ι).

On recently years, conformable fractional integral is studied by author on the different of field. Also, in [11,12], Set et
al. obtained both Hermite Hadamard and Hermite Hadamard Fejér type inequalities via conformable fractional integral as
follow.
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Theorem 5.Let ξ : [δ ,β ]→R be a function with 0 ≤ δ < β and ξ ∈ L1[δ ;β ]. If ξ is a convex function on [δ ,β ], then the
following inequalities for conformable fractional integrals hold:

ξ

(
δ +β

2

)
≤ Γ (α +1)

2(β −δ )αΓ (α −n)

[
Iδ
α f (β )+β Iα ξ (δ )

]
≤ ξ (δ )+ξ (β )

2
(5)

with α ∈ (ε,ε +1].

Here,

Theorem 6.Let ξ : [δ ,β ]→R be a convex function with δ < β and f ∈ L[δ ,β ]. If ω : [δ ,β ]→ R is nonnegative, integrable
and symmetric to δ+β

2 , then the following inequality for fractional integrals holds:

ξ

(
δ +β

2

)[
Iδ
α ω(β ) + β Iα ω(δ )

]
≤
[

Iδ
α (ξ ω)(β ) + β Iα (ξ ω)(δ )

]
(6)

≤ ξ (δ )+ξ (β )

2
[

Iδ
α ω(β ) + β Iα ω(δ )

]
with α > 0.

In [15], Turhan et al. have found out that (5) and (6) inequalities are the result of (2) respect to w(χ) = (β − χ)ε(χ −
δ )α−ε−1 +(x−δ )ε(β − χ)α−ε−1 and w(χ) = (β − χ)ε(χ −δ )α−ε−1 +(χ −δ )ε(β − χ)α−ε−1g(χ). And also Turhan et
al. have revealed the following new inequality that is not the result of (2).

Theorem 7.Let δ ,β ∈R with δ < β and ξ : [δ ,β ]→R be a convex function. If ξ ∈ L [δ ,β ], then the following inequality
for fractional integral holds:

ξ

(
(ε+1)δ+(α−ε)β

α+1

)
+ξ

(
(α−ε)δ+(ε+1)β

α+1

)
2

≤ Γ (α +1)
2(β −δ )α

Γ (α − ε)

[
Iδ
α ξ (β ) + β Iα ξ (δ )

]
≤ ξ (δ )+ξ (β )

2
(7)

with α > 0.

In Literature, there are the many of Hermite Hadamard Fejér type inequalities. Hermite Hadamard type inequalities
obtained via the Riemann- Liouvile fractional integral, conformable fractional integral and another several type fractional
integrals are obtained with the help of the inequality (2). Aim of this paper, it is found out a new Hermite Hadamard
Fejér type inequality that can be reduced to Hermite Hadamard inequalities for all fractional integrals (such as Riemann-
Liouville and conformable fractional integrals).

2 Main Results

Theorem 8.Let δ < β and ξ : [δ ,β ] → R be convex function. If ω : [δ ,β ] → R is nonnegative, integrable, then the
following inequalities hold

ξ

β −

β∫
δ

(
χ∫
δ

ω(s)ds
)

dχ

β∫
δ

ω(s)ds


β∫

δ

ω(χ)dχ ≤
β∫

δ

ξ (χ)ω(χ)dχ ≤ ξ (β )

β −δ

β∫
δ

(χ −δ )ω(χ)dχ +
ξ (δ )

β −δ

β∫
δ

(β −χ)ω(χ)dχ (8)

and

ξ

δ +

β∫
δ

(
β∫
χ

ω(s)ds

)
dχ

β∫
δ

ω(s)ds


β∫

δ

ω(χ)dχ ≤
β∫

δ

ξ (χ)ω(χ)dχ ≤ ξ (β )

β −δ

β∫
δ

(χ−δ )ω(χ)dχ+
ξ (δ )

β −δ

β∫
δ

(β −χ)ω(χ)dχ. (9)
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Proof.If ξ is convex, ∀u ∈ (γ,β ), choose m ∈ [ξ ′
−(u),ξ

′
+(u)] and h(χ) is a line of support for ξ at u, we get

h(χ) = ξ (u)+m(χ −u)≤ ξ (χ). (10)

Since ω(χ) is to be nonnegative function, if the inequality (10) is multiplied by the function ω(χ) and is taken integration
to [δ ,β ], then we get

β∫
δ

h(χ)ω(χ)dχ = ξ (u)

β∫
δ

ω(χ)dχ +ξ
′(u)

β∫
δ

(χ −u)ω(χ)dχ ≤
β∫

δ

ξ (χ)ω(χ)dχ.

On the last inequality, the integral is calculated as follow:

β∫
δ

(χ −u)ω(χ)dχ = (χ −u)

χ∫
δ

ω(u)du

∣∣∣∣∣∣
β

δ

−
β∫

δ

 χ∫
δ

ω(s)ds

dχ = (β −u)

β∫
δ

ω(s)ds−
β∫

δ

 χ∫
δ

ω(s)ds

dχ. (11)

If it is taken u in (11) as follow

u = β −

β∫
δ

(
χ∫
δ

ω(s)ds
)

dχ

β∫
δ

ω(s)ds

,

we get
β∫

δ

(χ −u)ω(χ)dχ = 0.

From (10) inequality, we get

ξ

β −

β∫
δ

(
χ∫
δ

ω(s)ds
)

dχ

β∫
δ

ω(s)ds


β∫

δ

ω(χ)dχ ≤
β∫

δ

ξ (χ)ω(χ)dχ. (12)

If you pay attention,

0 ≤

β∫
δ

(
χ∫
δ

ω(s)ds
)

dχ

β∫
δ

ω(s)ds

≤
β∫

δ

1dχ = b−a, δ ≤ β −

β∫
δ

(
χ∫
δ

ω(s)ds
)

dχ

β∫
δ

ω(s)ds

≤ β

Also,

β∫
δ

(χ −u)ω(χ)dχ = (χ −u)

χ∫
β

ω(s)ds

∣∣∣∣∣∣
β

δ

−
β∫

δ

 χ∫
β

ω(s)ds

dχ (13)

= −(δ −u)
δ∫

β

ω(s)ds+

β∫
δ

 β∫
χ

ω(s)ds

dχ

= (δ −u)

β∫
δ

ω(s)ds+

β∫
δ

 β∫
χ

ω(s)ds

dχ.
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It is taken

u = δ +

β∫
δ

(
β∫
χ

ω(s)ds

)
dχ

β∫
δ

ω(s)ds

in (13), it is obtained
β∫

δ

(χ −u)ω(χ)dχ = 0

and from inequality (10), we get

ξ

δ +

β∫
δ

(
β∫
χ

ω(s)ds

)
dχ

β∫
δ

ω(s)ds


β∫

δ

ω(χ)dχ ≤
β∫

δ

ξ (χ)ω(χ)dχ (14)

If you pay attention

0 ≤

β∫
δ

(
β∫
χ

(s)ds

)
dχ

β∫
δ

ω(s)ds

≤ β −δ

δ ≤ δ +

β∫
δ

(
β∫
χ

ω(s)ds

)
dχ

β∫
δ

ω(s)ds

≤ β .

On the other hand, If ξ is convex function for u ∈ (δ ,β ) and ∀χ ∈ [δ ,β ] as follow:

ξ (χ)≤ ξ (β )
χ −δ

β −δ
+ξ (δ )

β −χ

β −δ
. (15)

Since ω(χ) is to be nonnegative function, if the inequality (15) is multiplied by ω(χ) function and is taken integration to
[δ ,β ], then we get

β∫
δ

ξ (x)ω(χ)dχ ≤ ξ (β )

β −δ

β∫
δ

(χ −δ )ω(χ)dχ +
ξ (δ )

β −δ

β∫
δ

(β −χ)ω(χ)dχ (16)

If we keep in view of (12), (14) and (16), we get (8) and (9) inequalities. In the other words,

1
2

ξ

β −

β∫
δ

(
χ∫
δ

ω(s)ds
)

dχ

β∫
δ

ω(s)ds


β∫

δ

ω(χ)dχ +ξ

δ +

β∫
δ

(
β∫
χ

ω(s)ds

)
dχ

β∫
δ

ω(s)ds


β∫

δ

ω(χ)dχ


β∫

δ

ω(χ)dχ (17)

≤
β∫

δ

ξ (x)ω(χ)dχ ≤ ξ (β )

β −δ

β∫
δ

(χ −δ )ω(χ)dχ +
ξ (δ )

β −δ

β∫
δ

(β −χ)ω(χ)dχ

© 2023 BISKA Bilisim Technology
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or

max

ξ

β −

β∫
δ

(
χ∫
δ

ω(s)ds
)

dχ

β∫
δ

ω(s)ds

 ,ξ

δ +

β∫
δ

(
β∫
χ

ω(s)ds

)
dχ

β∫
δ

ω(s)ds




β∫
δ

ω(χ)dχ (18)

≤
β∫

δ

ξ (χ)ω(χ)dχ ≤ ξ (β )

β −δ

β∫
δ

(χ −δ )ω(χ)dχ +
ξ (δ )

β −δ

β∫
δ

(β −χ)ω(χ)dχ.

Corollary 1.Let ξ : [δ ,β ] → R be convex function with δ < β . If ω : [δ ,β ] → R is nonnegative, integrable, then for
λ ∈ [0,1] the following inequalities hold

ξ

λ

β −

β∫
δ

(
χ∫
δ

ω(s)ds
)

dχ

β∫
δ

ω(s)ds

+(1−λ )

δ +

β∫
δ

(
β∫
χ

ω(s)ds

)
dχ

β∫
δ

ω(s)ds




≤
β∫

δ

ξ (x)ω(χ)dχ ≤ ξ (β )

β −δ

β∫
δ

(x−δ )ω(χ)dχ +
ξ (δ )

β −δ

β∫
δ

(β −χ)ω(χ)dχ (19)

Proof.By multiplying the (8) inequality with λ and the (9) with (1−λ ), and by using with ξ convex function, the proof
ends.

Proposition 1.Let ω(χ) function is the symetric with regard to χ = δ+β

2 in under the conditions of the Theorem 8. It is
obtained

f

β −

β∫
δ

(
χ∫
δ

ω(s)ds
)

dχ

β∫
δ

ω(s)ds


β∫

δ

ω(χ)dχ ≤
β∫

δ

ξ (χ)ω(χ)dχ ≤ ξ (δ )+ξ (β )

2

β∫
δ

ω(χ)dχ, (20)

ξ

δ +

β∫
δ

(
β∫
χ

ω(s)ds

)
dχ

β∫
δ

ω(s)ds


β∫

δ

ω(χ)dχ ≤
β∫

δ

ξ (χ)ω(χ)dχ ≤ ξ (δ )+ξ (β )

2

β∫
δ

ω(χ)dχ. (21)

Proof.Firstly we going to apply ω(χ) = ω(δ +β −χ) (such as ω(x) is the symetric respect to δ+β

2 ) on the left side of (8)
inequality. For this, it is obtained

β −

β∫
δ

(
χ∫
δ

ω(s)ds
)

dχ

β∫
δ

ω(s)ds

−δ −

β∫
δ

(
β∫
χ

ω(s)ds

)
dχ

β∫
δ

ω(s)ds

= β −δ −


β∫
δ

(
χ∫
δ

ω(s)ds
)

dχ +
β∫
δ

(
β∫
χ

ω(s)ds

)
dχ

β∫
δ

ω(s)ds



= β −δ −

β∫
δ

(
β∫
δ

ω(s)ds

)
dχ

β∫
δ

ω(s)ds

= β −δ −
(β −δ )

β∫
δ

ω(s)ds

β∫
δ

ω(s)ds

= 0.
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This shows that

ξ

β −

β∫
δ

(
χ∫
δ

ω(s)ds
)

dχ

β∫
δ

ω(s)ds

= ξ

δ +

β∫
δ

(
β∫
χ

ω(s)ds

)
dχ

β∫
δ

ω(s)ds

 . (22)

On the other hand, if we use the changed value with χ = δ +β −u on the right side of (8) inequality, we get

ξ (β )

β −δ

β∫
δ

(χ −δ )ω(χ)dχ +
ξ (δ )

β −δ

β∫
δ

(β −χ)ω(χ)dχ =
ξ (β )

β −δ

β∫
δ

(β −χ)ω(χ)dχ +
ξ (δ )

β −δ

β∫
δ

(χ −δ )ω(χ)dχ. (23)

Thus, (8) inequality is as follows by using (22) and (23) equalities:

ξ

δ +

β∫
δ

(
β∫
χ

ω(s)ds

)
dχ

β∫
δ

ω(s)ds

≤
β∫

δ

ξ (χ)ω(χ)dχ ≤ ξ (β )

β −δ

β∫
δ

(β −χ)ω(χ)dχ +
ξ (δ )

β −δ

β∫
δ

(χ −δ )ω(χ)dχ. (24)

If we gather (24) and (9) and then multiply with 1
2 , we get (21) inequality. Similarly, (20) inequality can be obtained

inequality.

Corollary 2. 1.If we take ω(χ) = 1 to (8) and (9), we get

ξ

(
δ +β

2

)
≤ 1

β −δ

β∫
δ

ξ (χ)dχ ≤ ξ (δ )+ξ (β )

2

2.If we take ω(χ) = (β −χ)α−1 and ω(χ) = (χ −δ )α−1 to (8) respectly ,we get (see [6, Theorem 2.1])

ξ

(
αδ +β

α +1

)
≤ Γ (α +1)

(β −δ )α
Jα

δ+ξ (β )≤ αξ (δ )+ξ (β )

α +1
, (25)

ξ

(
δ +αβ

α +1

)
≤ Γ (α +1)

(β −δ )α
Jα

β−ξ (δ )≤ ξ (δ )+αξ (β )

α +1
, (26)

3.If we take ω(χ) = (β −χ)α−1 or ω(χ) = (χ −δ )α−1 to (9) respectly, ,we get (see [7, Theorem 2.1])

ξ

(
δ +αβ

α +1

)
≤ Γ (α +1)

(β −δ )α
Jα

δ+ξ (β )≤ αξ (δ )+ξ (β )

α +1
, (27)

ξ

(
αδ +β

α +1

)
≤ Γ (α +1)

(β −δ )α
Jα

β−ξ (δ )≤ ξ (δ )+αξ (β )

α +1
, (28)

4.If we take ω(χ) = (χ −δ )α−1 +(β −χ)α−1 to (8) and (9), we get

ξ

(
δ +β

2

)
≤ Γ (α +1)

2(β −δ )α

[
Jα

β−ξ (δ )+ Jα

δ+ξ (β )
]
≤ ξ (δ )+ξ (β )

2

5.If we take ω(χ) = (β −χ)ε(χ −δ )α−ε−1 +(χ −δ )ε(β −χ)α−ε−1 to (8) and (9), we get [11, Theorem 2.1]

© 2023 BISKA Bilisim Technology
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Proof.It is taken g(χ) = (β − χ)ε(χ −δ )α−ε−1 +(χ −δ )ε(β − χ)α−ε−1 with α = ε +1 for ε = 0,1,2 · · · on the left
of inequality (8) and then by change of the order of integration, we have

ξ

β −

β∫
δ

(
χ∫
δ

(
(β − s)ε(s−δ )α−ε−1

+(s−δ )ε(β − s)α−ε−1

)
ds
)

dχ(
β∫
δ

(
(β − s)ε(s−δ )α−ε−1

+(s−δ )ε(β − s)α−ε−1

)
ds

)

 β∫

δ

(
(β − s)ε(s−δ )α−ε−1

+(s−δ )ε(β − s)α−ε−1

)
ds



= ξ

β −

β∫
δ

(
β∫
s

(
(β − s)ε(s−δ )α−ε−1

+(s−δ )ε(β − s)α−ε−1

)
dχ

)
ds(

β∫
δ

(
(β − s)ε(s−δ )α−ε−1

+(s−δ )ε(β − s)α−ε−1

)
ds

)

 β∫

δ

(
(β − s)ε(s−δ )α−ε−1

+(s−δ )ε(β − s)α−ε−1

)
ds



= ξ

β −

β∫
δ

(β − s)ε+1(s−δ )α−ε−1ds+
β∫
δ

(s−δ )ε(β − s)α−ε ds

β∫
δ

(β − s)ε(s−δ )α−ε−1ds+
β∫
δ

(s−δ )ε(β − s)α−ε−1ds


 β∫

δ

(
(β − s)ε(s−δ )α−ε−1

+(s−δ )ε(β − s)α−ε−1

)
ds



= ξ

β −
(β −δ )

[
1∫
0

tε+1(1− ι)α−ε−1dι +
1∫
0

ιε(1− ι)α−ε dι

]
2

1∫
0

ιε(1− ι)α−ε−1dι

2(β −δ )α

1∫
0

tε(1− ι)α−ε−1dι . (29)

If we continue on the other side of (8) inequality,

β∫
δ

(β −χ)ε(χ −δ )α−ε−1
ξ (χ)dχ +

β∫
δ

(χ −δ )ε(β −χ)α−ε−1
ξ (χ)dχ

≤ ξ (β )

β −δ

 β∫
δ

(β −χ)ε(χ −δ )α−ε dχ +

β∫
δ

(χ −δ )ε+1(β −χ)α−ε−1dχ


+

ξ (δ )

β −δ

 β∫
δ

(β −χ)ε+1(χ −δ )α−ε−1dχ +

β∫
δ

(χ −δ )ε(β −χ)α−ε dχ


= (β −δ )α [ξ (δ )+ξ (β )]

1∫
0

ι
ε(1− ι)α−ε−1dι . (30)

By using Beta function and combine with (29) and (30), the proof is completed.

6.If we take ω(χ) = (β −χ)ε(χ −δ )α−ε−1 to (8), we have [13, Theorem 2.1]
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Proof.It is taken ω(χ) = (β −χ)ε(χ −δ )α−ε−1 with α = ε +1 for ε = 0,1,2 · · · on the left of inequality (8) and then
by change of the order of integration, we have

ξ

β −

β∫
δ

(
χ∫
δ

(β − s)ε(s−δ )α−ε−1ds
)

dχ

β∫
δ

(β − s)ε(s−δ )α−ε−1ds


 β∫

δ

(β − s)ε(s−δ )α−ε−1ds



= ξ

β −

β∫
δ

(
β∫
s
(β − s)ε(s−δ )α−ε−1dχ

)
ds

β∫
δ

(β − s)ε(s−δ )α−ε−1ds


 β∫

δ

(β − s)ε(s−δ )α−ε−1ds



= ξ

β −
(β −δ )

1∫
0

ιε+1(1− ι)α−ε−1dι

1∫
0

ιε(1− ι)α−ε−1dι


 1∫

0

ι
ε(1− ι)α−ε−1dι


= ξ

(
(β −δ )B(ε +2,α − ε)

B(ε +1,α − ε)

)
B(ε +1,α − ε)

= ξ

(
(α − ε)β +(ε +1)δ

α +1

)
B(ε +1,α − ε). (31)

If we continue on the other side of (8) inequality,

β∫
δ

(β −χ)ε(χ −δ )α−ε−1
ξ (χ)dχ

≤ ξ (β )

β −δ

β∫
δ

(β −δ )ε(χ −δ )α−ε dχ +
ξ (δ )

β −δ

β∫
δ

(β −δ )ε+1(χ −δ )α−ε−1dχ

= (β −δ )α

ξ (β )

1∫
0

ι
ε(1− ι)α−ε dι +ξ (δ )

1∫
0

ι
ε+1(1− ι)α−ε−1dι


= (β −δ )α [ξ (β )B(ε +1,α − ε +1)+ξ (δ )B(ε +2,α − ε)] . (32)

After we assemble the inequalities of (31) and (32), the proof is completed.

7.If we take ω(χ) = (β −χ)ε(χ −δ )α−ε−1 to (9), we obtain [14, Theorem 2.1]

Proof.When it is writen by ω(χ) = (β − χ)ε(χ − δ )α−ε−1, α ∈ (ε,ε + 1], ε = 0,1,2, ..., on (9) and continued with
the same way in the proof of (6) , this proof is completed.

Remark. 1.If we have gathered two side of (25)-(26) or (27)-(28) inequalities and then have multiplied with 1
2 , we get [8,

Theorem 6].
2.If we have gathered two side of the inequalities of (6)-(7) in Corollary 2 and then have multiplied with 1

2 , we get [15,
Theorem 6].
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