NTMSCI 11, No. 4, 44-49 (2023) BISKA #

http://dx.doi.org/10.20852/ntmsci.2023.512

Decomposition Solution of a Mathematical Model for
Capillary Formation

Serdal Pamuk

Department of Mathematics, University of Kocaeli, Umuttepe Campus, Kocaeli, Turkey

Received: 6 December 2022, Accepted: 12 November2023
Published online: 20 November 2023.

Abstract: We compare the numerically calculated solution of a mathematical model for capillary formation in tumor angiogenesis
with the one that is obtained by Adomian’s decompostion method. This methods requires no additional assumptions and linearization.
Numerical comparison indicates that there is a close agreement between the two solutions.
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1 Introduction

In this paper, we consider the Endothelial Cell (EC) equation
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originally presented in [10]. Here 1 = 1(x,7) is the concentration of EC, Dy, is the EC diffusion coefficient in the capillary,
and 7 is the so called transition probability function. This function has the effect of biasing the random walk of endothelial
cells. In this case, it is known that [7,8] the walk is influenced by the proteolytic enzyme (c) it produces in response to the
angiogenic factor that has made its way to the cell receptors and by the fibronectin (f) in the basement lamina, i.e., we
write

7(x) = 7(e(x), f(x))- @)

A simple transition probability which reflects the influence of enzyme and fibronectin on the motion of endothelial cells

is 7(c(x), f(x)) = 11 (c(x)) 2 (f(x)) where

a clx N X 2
n(c(x)):(a;icﬁxi) ’fﬂf(x”:(ZM) | .

Here the a;,b; are constants such that 0 < a; << 1 < ap and by > 1 >> by > 0, and 7y;,7» are positive constants. We
impose zero flux boundary conditions for the cells in the capillary:

a 7” = at x —
oz ) 0 x=0 "

Initially we assume that there is a constant amount of EC along the capillary, i.e, we take

n(x,0) =1 > 0. 5)
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It is easy to see that
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since 7(c, f) = 11 (c) T2 (f). If we set
7i(c) 5 (f)
Q)=+, W) =24, 7
€= ¥O=2F ™
Egs.(1) and (4) become
an d
ar —Dna [nx—nS(X)] 3)
and
ny—NSx)=0, atx=0,1 ®
respectively, where
S(x)=Q(c)ex + P (f) f (10)
In fact, Eq.(8) can be written as
0
a—? = Dy | Mo — S(x) — 08" ()| (11)
2 The Decomposition Method
In this section we consider Eq.(11) in an operator form
L (m) =Dy | L)~ SCILS(m) - S ). (12
with the initial and boundary conditions, where the notations L, = %, L, = % and Ly, = 5722 symbolize the linear

differential operators. We assume the integration inverse operator L,~! exist, and it is defined as L,~! = [{(.)du.
Therefore, we can write the solution [1-4]

n(x,t) = 1(x,0)+DyL, " {Lxx(n)S(x)Lx(n)S’(x)n} (13)
One can write the solution in series form [1] as
nx,1) =Y Mlx,1). (14)
n=0
To find the solution, one solves the recursive relations

Mo = n(x,0),  Mat :DnL;l Lee(Mn) = S(x)Le(NM) =S’ (X)M |, n>0. (15)
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Let ¢, (x,) be the partial sum
n
On(x,0) =Y Me(x,1) , n>0, (16)
k=0

so that the desired solution of Eq.(8) will be

n(x,1) = lggo¢n(x,t). (17
3 Application
In Eq.(3) we take
clx) =AX"(1-x)", 0<x<1, (18)

for enzyme where A and n are positive constants. This simple form is chosen to form a unimodal enzyme distrubition as
in [9] & [11]. Since proteolytic enzyme acts as a catalyst for fibronectin degradation we approximate the fibronectin by
the function

f)=1-Bx"(1-x)", 0<x<I, (19)
where B is positive constant.
The sensitivity parameters a;,b;,% in (3) were chosen for illustrative purposes. We therefore take
a1 =0.1,a0=2,b; =10,b, =0.1,71 = 1,1p = 1. We also take A = 28 x 107, n = 16,B = 0.22 x 10%andny = 1. In [9] &

[10] we estimated the scaled diffusion coefficient Dy = 0.00025.

For this choices of ¢(x) and f(x), the function S(x) in (10) becomes

x) = (az —ay) (x (ba—b1) e
S (a1 +c(x))(az +c(x)) () + (by +f(x))(b2+f(x))f( ) (20)

Therefore, from (15) we have

Mo(x,1) =1, (21)
N1 (x,1) = =Dy S (x)t, (22)
M(x,t) =Dy {—S’”(x) +S(x)S" (x) + 8 (x)Z] ;—2‘ (23)
N3(x,t) =D, [—S(x)v +25(x)S" (x) + 38" (x)S"" (x) — ..
S(x)%8" (x) — 28(x)S(x)'S” (x) + ...(8" (x))* — (S/(x))ﬂ ;
and so on. Therefore, the series solution will be approximated by
N(x,2) = no(x, 1) + N1 (x,2) + N2 (x,8) + N3 (x, ) + -+ . (24)
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Fig. 1: EC atr = 0.6.

4 Conclusion and results

Figure 1 shows the comparison between the numerical (obtained by the method of lines [9]) and decomposition solutions
of Eq.(1) at t = 0.6 while Figure 2 shows the comparison at t = 0.9.

It is clear from the two figures that there is a very close agreement between the numerically calculated solution and the
one obtained by the Adomian’s decomposition method. A very good approximation to the numerical solution can be
achieved by adding new terms to the decomposition series although it is kind of tedious to compute these terms in this

case.

In conclusion, the decomposition method provides very accurate approximate solutions to linear and nonlinear problems
[5,6]. It also does not require large computer memory, and avoids biologically unrealistic assumptions.
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Fig. 2: EC atr = 0.9.
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