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Abstract: The Lane-Emden equations have been used to model some phenomena in astrophysics, such as mathematical physics and
stellar structure theory. In addition, the Lane-Emden equation is a central equation in the theory of stellar structures. In this paper, we
introduce the Lane-Emden differential equations. A special second order Lane-Emden differential equation is solved by He’s variational
iteration, adomian decomposition method, homotopy analysis method, homotopy perturbation method, and finite difference method
respectively. The results obtained are compared with each other and it is analyzed which method gives more reliable results and is more
useful than the others.
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1 Introduction

In recent years, many scientists have worked on the solution of second-order nonlinear differential equations problems in
applied sciences. One of such equation is the Lane-Emden type equations. The Lane-Emden type equations, first published
by Jonathan Homer Lane in 1870 [1] and studied by Emden [2]. The general form of the Lane-Emden equations with initial
conditions is as follows:

k
¥ (x) + ;y’(x) +fxy) =gx), kx>0,keR (1)

y(0)=a, y(0)=0 2)

where g(x,y) is a nonlinear function depending on the variables x and y. The analytical solution of the problem (1)-(2) is
known to be in the neighborhood of the singular point x = 0.
Inthe case of k =2, f(x,y) =»", g(x)=0, a=1 the problem (1)-(2) becomes the following form

2
Vi) + 2 (@) " =0, 3)
y(0) = 1,y'(0) =0 4)
Equation (3) can be rewritten as
1 d 2 dy
By O e n— 5
xzdx(x dx)+y ©)

Equation (5) is also known as the Lane-Emden equation. In astrophysics, this equation is also called Poisson’s equation
[3]. A number of techniques and methods have been used to solve the Lane-Emden equations. Some of them are He’s
variational iteration method [4-5], adomian decomposition method [6], homotopy analysis method [7-8], homotopy
perturbation method [9-10], finite difference methods [11-12], and other studies.
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In this paper, a special type of Lane-Emden equation is solved by different methods and comparisons of the methods are
presented. The following special type of Lane-Emden equations

2
Y (@) + 2 (@) +y =0, (©)

with boundary conditions are given by
¥(0)=1,Y(0)=0 (7

is solved by different methods and comparisons are made.

The exact solution of the equations (6)-(7) is [13]
[ 3
= 8
y(x) 3422 @)

Some numerical values from the exact solution are in the following table:

Table 1 Numerical values of (8)

X Exact Solution
0.1 0.99833
0.2 0.99339
0.3 0.98532
04 0.97435
0.5 0.96077

Now the same differential equation will be solved by different methods and then results of these methods are compared.

1.1 The Solution with He’s Variational Method

The correction function for equation (6) is defined as

[ )4 2y
Y1 (%) = yn(x) + / A6, 5)[ys" (5) + Z's(8) +575(5))ds ©)
0
where Lagrange multiplier is
Alx,s) = S(sx_x) (10)

Since the first approximation function must satisfy the initial conditions of the problem, we can take yo(x) = 1.
Then we have

yl(x)zl—? (11)
x2 x4
=1-—4+= 6 12
y2(x) G +24+0(x ), (12)
2 ot 50

- 8 1
y3(x) Y 432+0(x ), (13)

2 4 5 6 35 8
ya)=1— 2 2 2T g0y, (14)

6 24 432 10368

By continuing in this way, the function y,(x) is obtained as

(x)_l_iz+i_g+ﬁ_7xlo+
I = T T4 T 432 T 10368 6912

15)

© 2023 BISKA Bilisim Technology



NTMSCI 11, No. 4, 82-91 (2023) / www.ntmsci.com

-
BISKA

84

It can be seen that this series corresponds to the Taylor expansion of the exact solution of function (8) around zero.
Approximate values for different numbers of terms taken from the series are shown in the following table

Table 2 Numerical values of equation (3) for He’s VIM

X 1 )2 Y3 Y4
0.1 09983 0.9983 0.99833 0.99833
0.2 0.9983 0.9934 0.99339 0.99339
0.3 0985 098533 0.98532 0.98532
04 09733 09744 0.97435 0.97435
0.5 0.9583 0.96093 0.96075 0.96077
1.2 The Solution with Adomian Decomposition Method
L is a linear operator and L™! is a inverse operator defined by
d d
L) =x2=(x*=)(.
() =222 (20
X X
Lil(.):/ xfz/ x%(.) dxdx.
0 0
We have
Ly=-y,
y(x) =y(0) =Ly
Adomian formulas are as follows . .
Y u=1-L"Y A,
n=0 n=0
Yn+1 :LilAna
X X
Yntl = —/ x72(/ x?A;dx)dx, i=0,1,2,....
0 0

The Adomian polynomials for f(x,y) = y° are thus given by

Ap=1,
2
X
Al - ga
35x4
Ay =
2 72
6
Ay =%
432
35x8
Ay —
4 144
There fore the first five solutions are obtained by
yo=1,
1= 6’

(16)

7)

(18)
(19)

(20)

21

(22)

(23)

(24)

(25)

(26)

27)

(28)

(29)
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Y2 =75 (30
549

SVET X GD
3548

_ 32

V4 10368’ (32)

Hence, the approximate solution of y(x) obtained using the y; (i =0,1,2,...) is given by

y=yotyi+y2+y3+ys+...

x2  x* 5% 35,8
R S A ST L . 33
Y 6 T24 432 10368 " (33)

It can be seen that this series corresponds to the Taylor expansion of the exact solution of function (8) around zero.
Approximate values for different numbers of terms taken from the series are shown in the table that follows.

Table 3 Numerical values of equation (3) for ADM
x 1 y2 »3 y4

0.1 09983 0.9983 0.99833 0.99833

0.2 09933 0.9934 0.99339 0.99339

0.3 0985 098533 0.98532 0.98532

04 09733 09744 097435 0.97435

0.5 09583 0.96093 0.96075 0.96077

1.3 The Solution with Homotopy Perturbation Method

Substituting the nonlinear differential equation in He’s formula gives
H(v,p) = (1=p)[L(v) = L(yo)] +plA(y) = f(r)] =0 (34)

2 2 2
Hv,p)=1-p)p"+ ;v’ -y = ;yol] +pp" + ;v’ —v]=0. (35)

Taking p = 0,1 in equation (35) we obtain

2 2
H(,0) ="+ =V —y" — Zy0] (36)
X x
2
Hv,1)=V'+=V v =o0. 37
X
Assuming the solution is in the form of power series, we have
v =1+ pvi + pPva+ p v+ 0(p*), (38)
V=w'+pvi’ +pP +pvi +0(pY), (39)
V// — V0//+pV1//+p2V2//+p3V3N+0(P4)- (40)

Substitute Equation (38), (39), (40) into equation (34)

2 2 2 5
(Vo//+pv1”+pzvz"+p3V3"+---)+;(Vo/+PV1/+P2V2/+P3V3/)—yoﬁ—;yo/-i-l’[yo”-*- ;yo/]—&-p(\)o-#pw +pv2+pvs)]=0.
41)
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For po,
n 2 !/ " 2 !
Vo' +—vo —yo ——yo =0 (42)
X X
V()(O) = 1, V()/(O) =0.
Then we have
vo(x) = 1[10]. 43)
For py,
" 2 I " 2 l 5
vim v yor 4 v 7 =0 (44)
Vi (0) = 0, V]/(O) =0.
We apply Taylor series to obtain the solution for vy (x),
" 2 l 5
vit4+-vi +1°=0, 45)
X
—1 1
v = 5 x Exvl", (46)
-1, 1
v = T(x) — 3w ", 47)
/!
0
() = 5(0) 4/ O+ @)
Then, we have
1
vi(x) = fgxz[m] (49)
For p,
2
v+ “vo' 4 5wy ot =0 (50)
%) (0) = O, vz/(O) =0.
We apply Taylor series to obtain the solution for v, (x),
" 2 ! " 4
V2" v " Svive” =0, D
1,5 1
VZN — §(8x3)/ _ ng ///7 (52)
1,5 1
mo_ 22 3\ L (4)
w = () = o, (53)
/!
0
() =y(0) +y (0)x + 2 2(, Je g (54)
Then we have
“
v(x) = ﬁ[IO]. (55)
For p3,
2 5-4
\13”—|—;\13/—%5\/2\1()44-71/12\103 =0 (56)

2
V3 (0) = 0, V3,(0) =0.
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We apply Taylor series to obtain the solution for v3(x),

2 5-4
V3” + ;V3/ + 5V2V04 + Tvlzv()3 =0,

, 1.5 54 ., 1 ,

V3 :—5(1*20—1—77% —EXVj, ,
1 52 5.4 1
n_ S~ TN A
=y (gg T Y g
1 5% 5.4 1
mo_ LT a4 1 )
'3 A TR s AR
1"
0
y@%:ﬂm%w%®x+£%lﬁ+am
Then, we obtain
@ ="
X) = .
"3 432

By continuing in this way, the function y is obtained as

YAV =vo+pvi + p*va+ pvs+0(ph).

For
y = limv,
p—1
we get
y=vo+pvi+p*va+pivs+0(p*)
R s
Y= T e T g T am

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

It can be seen that this series corresponds to the Taylor expansion of the (8) exact solution function around zero.
Approximate values for different numbers of terms taken from the series are shown in the table that follows.

Table 4 Numerical values of equation (3) for HPM

2

3

X P P p

0.1 0.9983 0.9983 0.99833
0.2 0.9933 0.9934 0.99339
0.3  0.985 0.98533 0.98532
04 0.9733 0.9744 0.97435
0.5 0.9583 0.96093 0.96075

1.4 The Solution with Homotopy Analysis Method
Integration constants
2
Lo(:4)] = 9" () +~9'(x)

and e
L—+a]=0, ali=12)

where L is a linear operator. We define the nonlinear operator as

N[p(x;9)] = 0" (x;q) + %¢’(X)+¢5~

(67)

(68)

(69)
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Then, we construct the zeroth-order deformation equation
(1=q)L[9(x:q) — yo(x)] = ghH (X)N[9 (x;q)] (70)
and
O(x;9) = ¢(x;0) =yo(x), ¢(x;1) =y(x). (71)
The exact solution of the (8) is
y(x) =y0(x)+ Y ym(x) (72)
m=l1
Then we have m th-order deformation equation
Ym (x> = XmYm—1 (x) + ELilRm (?m—l (x)>7 (73)
where )
Ri(30(x)) = y0" + ~y0' + 307 (74)
= " 2 / 4
Ry (¥1(x)) =y +;y1 +5y1y0 (75)
- w2y 4 y12 3
R3(2(x)) = y2 +;y2 +5y2y0 +205y0 ) (76)
- o 2, 4 3 y13 3
Ry(¥3(x)) =y3" + JV3 +55350" +20v2y150° + 607507, (77)
are obtained when m = 1,2,3, ...
If we substitute these expressions in (73), we get as follows
hx?
= e (78)
- et
= — — 4+ — 7
w2 =g +h(+5p) (79)
2 o bt 2 ohx? Rt REx* 5RO
= — 4 h(— 4 — e 80
vi= g the ) e =t o T s ) (80)
For i = —1, we get,
y=yo+yi+y2+y3+ys+...
2 4 6 8
X X 5x 35x
=]l -4 ——"— 4+ —— ... 81
Y 6 24 32 10368 T (81)

It can be seen that this series corresponds to the Taylor expansion of the (8) exact solution function around zero.
Approximate values for different numbers of terms taken from the series are shown in the table that follows.
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Table 5 Numerical values of equation (3) for HAM

x h=-1 h=1 h=-0.5
0.1 09983 1.02507 0.99844
02 09933 1.10114 0.993796
0.3 0.9853  1.2308 0.986167
04 09743 1.41847 0.975719
0.5 0.9607 1.67055 0.962672

1.5 The Solution with Finite Difference Method

If centered finite difference approximations are applied to the derivatives of y' and y” , and the errors are neglected we
have

xi—h) —=2y(x;))+y(x;+h 2 y(xir1) —y(x;—
y(xi—h) y}fzz) y (i )+;y( z+1)2hy(1 D 4y’ =0 82)
L
where o
= Enlls x;=0+ih i=1,...,n. (83)
Substituting equation (83) into equation (82), we have
—2wy 4 2wah?wi® =0 (84)
(l—g)wl —2wz+(1—|—g)W3 +hwy’ =0 (85)
h h 2 s
(l—g)w2—2W3+(l+g)W4+h w3” =0 (86)
h h 3
(lx)W"IZW"Jr(ler)\/; +h2w,% = 0. 87)
n n

Thus n systems of nonlinear equations are obtained. If this system is solved by Newton’s method, the following numerical
solution are obtained.

Table 6 Numerical values of equation (3) for FDM

x n=20 n=>50 n =100
0.1 1.000 0.9983 0.9986
0.2 0.9966 0.9947 0.9940
0.3 0.9900 0.987 0.9862
0.4 0.9804 0.9767 0.9755
0.5 0.9679 0.9635 0.9621

2 Conclusion

In this paper, when we compare the solutions of are one of the special type of Lane-Emden (Poisson) equation by
He-Variational iteration, homotopy perturbation, homotopy analysis, adomian decomposition method and finite
difference methods, we can derive the following conclusions. It is seen that closer results can be obtained by calculating
higher-order approximations for all methods used.

The Adomian decomposition method can be easily applied to differential equations. The approximate solutions are
almost the same as the analytical solutions of nonlinear equations. For different types of Lane-Emden equations,
Adomian polynomials can be found separately and approximate solutions can be obtained.
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The homotopy analysis method can be easily applied to nonlinear differential equations. The approximate solutions are
almost identical to the analytical solutions of Lane-Emden (Poisson) equation. Close results can be obtained by writing
in the approximations by the homotopy analysis method.

Convergence in the homotopy perturbation method depends on the initial approximation being chosen well enough. In
addition, convergence also depends on the homotopy path. It is seen that when , close results are obtained. Also, the
computational burden is higher in this method compared to others.

The cost of the finite difference method is also higher than the others. It can achieve close results when we choose a large
value. Since the computations are on high value, computer assistance may be required.

He’s variational iteration can converge to an approximate solution after only a few iterations. The convergence of the
solutions is related to the good determination of the initial approximation and the Lagrange multiplier. Compared to the
other given methods, the He variational iteration method seems to give close results to the exact one with fewer
computations than the other solutions. The computational cost may vary depending on the chosen function. The initial
approximation for different types of Lane-Emden equations is found by changing the Lagrange multiplier.

Calculations were performed with the help of Mathematica and MATLAB programs. In the light of the results obtained,
it is seen that the methods can be applied to nonlinear Lane-Emden problems.
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