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Abstract
In this paper, the authors implemented one dimensional Laplace transform to evaluate certain integrals, series and solve non homogeneous fractional PDEs. Illustrative examples are also provided. The results reveal that the integral transforms are very effective and convenient.
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1     Introduction and Notations

In recent years, it has turned out that many phenomena in fluid mechanics, physics, biology, Engineering and other areas of sciences can be successfully modeled by the use of fractional derivatives. That is because of the fact that, a realistic modeling of a physical phenomenon having dependence not only at the time instant, but also the previous time history can be successfully achieved by using fractional calculus. Fractional differential equations arise in unification of diffusion and wave propagation phenomenon. The time fractional heat equation, which is a mathematical model of a wide range of important physical phenomena, is a partial differential equation obtained from the classical heat equation by replacing the first time derivative by a fractional derivative of order  In the last part of this paper we consider the time fractional wave equation (time fractional in the -Caputo sense).
In this work, we consider methods and results for the partial fractional diffusion equations which arise in applications. Several methods have been introduced to solve fractional differential equations, the popular Laplace transform method , [ 1 ] ,[ 2 ] , [ 3 ] ,[ 5 ] the Fourier transform method [ 6 ], the iteration method and operational method [ 6 ]. 

Definition.1.1. Laplace transform of the function  is defined as follows




If , then  is given by





where  is analytic in the region .

Example.1.2. Evaluate Laplace transform of the parabolic cylindrical function


Solution. By definition we have


changing the order of integrals we get



the inner integral is Laplace transform of the function , so we can write the final result as following


Which can be written in the form


which can be evaluated by using partial method of integrating.


Definition.1.3. The left Caputo fractional derivative of order ( ) is defined as





Lemma.1.4. Let  be Laplace transform of the function  of exponential order with respect to ,then we have



In which 
Proof. We can write



where , on the other hand from Laplace transform table we know that


and also using the fact that (see [4])



in which . From relations (1.4), (1.5) and (1.6) we arrive at



in which and fractional derivation is considered in the Caputo sense. The final result will be obtained as below


Which can be re written in the form


Definition.1.5. Laguerre differential equation is defined as


which can be solved by using Laplace transform .Let us assume that


taking Laplace transform of Laguerre differential equation we obtain








Lemma.1.6. (Schouten-Vanderpol) Consider a function  which has the Laplace transform  which is analytic in the half plane . If  is also analytic for , then the inverse of  is as follows



Special case: 


Proof: See [6].
Lemma.1.7. Let X be an absolutely continuous random variable assuming non – negative




values,  its density and  its Laplace transform ( in such case  (  







and   for real  ).The knowledge of  on the non – negative real line allows us to obtain some real moments of    through fractional integral and derivative of the - th order of . Many other expected values may be found from  or .
 The following relations hold true


Proof : 1- By definition we have


which is equivalent to


2- We have


changing the order of integrals we get


3- Regarding the definition of Laplace transform we know that


changing the order of integrals and again using definition of Laplace transform the result will be obtained as following


4- By definition we have


changing the order of integrals we get


 Example.1.8. Evaluate the following integral



Solution. Let , then regarding table of Laplace transform (see [8]) we have




one can prove that the function is a probability density function because



now by using first part of the previous lemma for , we can write



which can be evaluated by making a change of variable as below




Definition.1.9. The Fourier transform of the function  is defined as following


provided that the integral exists. The inverse of Fourier transform is




Definition.1.10. The finite Fourier sine transform of  in  is defined by





 where is an integer. The function  is then called the inverse finite Fourier sine transform of and is given by




 Similarly the finite Fourier cosine transform of  in  is defined by
 


 



where  is an integer. The function  is then called the inverse finite Fourier cosine transform of  and is given by




Lemma 1.11.The following relation holds true


Proof. We know the generating function of Legendre polynomials as below



substituting in the above relationship we will have 


one can rewrite the above relationship as below



on the other hand using definition 1.5 we know that and


therefore if we take inverse Laplace transform of both sides of the above equation, we will have


2   One dimensional Laplace transform of certain special functions




The Bessel functions of the second kind, denoted by  or  are solutions of the Bessel differential equation that have a singularity at the origin . These are called Neumann or Weber functions as well. The Bessel functions are also valid for complex arguments , and an important special case is that of a purely imaginary argument. In this case, the solutions to the Bessel equation are called the modified Bessel functions (or occasionally the hyperbolic Bessel functions) of the first and second kind, and are defined by any of these equivalent alternatives




in which is Hankel function, and are Bessel functions of the first and second kind.
Lemma.2.1. The following relationship holds true



Proof. By the integral representation of modified Bessel function , we have


This leads to


By changing the order of integrals we have


It leads us to the following relationship



At this point, let us introduce a change of variables , we get




finally by using the fact that  and some easy calculations one gets
Example.2.2.  Show that



Solution. It suffices to let  in lemma 2.1 to get the result.

Lemma.2.3. Assume , then we have the following integral representation



in special case , we have


Proof. See [5].
Lemma.2.4. The following relationship holds true


Proof. From lemma 2.3, we have


This leads to


Changing the order of integrals we get


Consequently we get the following relationship



by a change of variables , we have



finally by using the fact that  and some easy calculations we have

by some manipulations we get finally





Now let and to get the relationship ,it is provided that


and consequently it means that




Lemma.2.5. ( Bobylev-Cercignani) Let F(p) be an analytic function having no singularities in the cut plane . Assume that  and the limiting value 


exist for almost all





(i)  for and for ,uniformly in any sector 


(ii) there exists  such that for every  





where a(r) does not depend on  and  for any . Then, in the notation of the problem, 


Proof. See [6].



Example.2.6. Using the previous lemma let  , one can check that  satisfies the conditions of lemma. Hence ,we may easily find the inverse of  by using the formula


substituting in the above formula leads to



making a change of variable  and using table of integrals, we have


3   Main results
The dynamic behavior of an overhead power wire which is connected to elecric locomotives by the panthograph can be simulated by a fractional wave partial differential equation which contains a term that shows the instant forces pushed towards the wire in certain moments. 
Problem.3.1. Consider the following fractional PDE which describes the vibrations of an overhead wire under the power of an electric locomotive as a pantograph


under the following initial and  boundary conditions


Solution. We solve this fractional PDE by using joint Laplace-Fourier finite sine transform. Taking Laplace transform of (6.1) with respect to t we have


now taking finite Fourier sine transform of the above relationship with respect to x we get


one can rewrite the above equation as below


By using lemma 1.6 we have


from (6.5), (6.6) and convolution theorem for Laplace transform we have


taking inverse finite Fourier sine transform, the result will be


Problem.3.2. Let us consider the following non homogenous time fractional PDE 

Solution. ( Joint Laplace - Fourier transform ) Taking Laplace transform with respect to t of (6.7)
 we have	




in which . Now taking Fourier transform with respect to we have


or 


and consequently








in which . Now invert with respect to  respectively. By using Schouten-Vander pol theorem we know that



also we know that


which can be rewritten as below




Now invert the above relation ( 6.10 ) with respect to . By using the definition of inverse Fourier transform we can write



which can be evaluated and simplified after change of integrals as following


or,


Finally, we get





In case of  one has simply 





Where                      .
4   Conclusion
The paper is devoted to study applications of one dimensional Laplace transforms in details. 
One dimensional Laplace transform provides a powerful method for analyzing linear systems.   Certain time fractional wave equations with boundary conditions is solved. The method could lead to a promising approach for many applications in applied sciences.

5  Acknowledgments

 The authors would like to thank the referees for their constructive comments and helps.

References
[1] A.Aghili, H.Zeinali, Integral transform method for solving Volterra Singular integral equations and non homogenous time Fractional PDEs. Gen.Math.Notes, Vol.14, No.1, January 2013, pp.6-20.
[2] A.Aghili, H.Zeinali, Integral transform methods for solving fractional PDEs and evaluation of certain integrals and series. Intern journal of physics and mathematical sciences, Vol.2(4),2012.
[3] V.A. Ditkin. and Prudnikov,A.P.: Operational Calculus In Two Variables and Its Application ,Pergamon Press, New York,1962.
[4]  W.W.Bell, Special functions for scientists and engineers, D.Van Nostrand company LTD, Canada, 1968.
[5] D.G.Duffy, Transform methods for solving partial differential equations, Chapman and Hall/CRC NewYork,2004.
[6] H.J.Glaeske, A.P.Prudnikov, K.A.Skornik, Operational calculus and related topics, Chapman and Hall/CRC,  USA, 2006.
[7]  I. Podlubny, Fractional differential equations, Academic Press, San Diego, CA,1999.
[8]  A.. D. Polyanin, A. V. Manzhirov, Handbook of integral equations, Chapman and Hall/CRC, USA, 2008.
image2.wmf
()

ft


oleObject48.bin

oleObject49.bin

oleObject50.bin

image46.wmf
a


oleObject51.bin

oleObject52.bin

oleObject53.bin

image47.wmf
'

()

Fs


oleObject54.bin

image48.wmf
11

00

00

1

00

()

11

00

1()

1()(),01

(1)

1()

2()(),01

(1)

1()

3()(),01

(1)

(1)()

4()(),0

(1)

nn

nn

Fs

EXtftdtds

s

Fsds

EXtftdt

s

Fs

EXtftdtds

s

Fs

EXtftdtds

s

aa

a

aa

a

aa

a

aa

a

a

a

a

a

a

a

a

a

¥¥

--

+¥+¥

¥¥

+

¥¥

+-+-

-==<<

G-

¢

-

-==<<

G-

-

-==<<

G-

-

-==<

G-

òò

òò

òò

òò

1.

a

<


oleObject2.bin

oleObject55.bin

image49.wmf
00000

1()11

{()}(){},

(1)(1)(1)

stst

Fs

dsseftdtdsftsedsdt

s

aa

a

aaa

¥¥¥¥¥

----

==

G-G-G-

òòòòò


oleObject56.bin

image50.wmf
11

00

1()

()().

(1)

Fs

dstftdtEX

s

aa

a

a

¥¥

--

==

G-

òò


oleObject57.bin

image51.wmf
00000

1()11

{()}{()},

(1)(1)(1)

stst

Fsdsd

seftdtdssteftdtds

sds

aa

a

aaa

+¥¥¥¥¥

----

¢

--

==

G-G-G-

òòòòò


oleObject58.bin

image52.wmf
00

1()

()().

(1)

Fsds

tftdtEX

s

aa

a

a

+¥¥

¢

-

==

G-

òò


oleObject59.bin

image53.wmf
(1)

1

000

1()

({()()}),

(1)(1)

st

Fs

dsstftedtds

s

a

a

aa

d

aa

¥¥¥

-+-

+

-

=-

G-G-

òòò


image3.wmf
0

{();}():().(1.1)

st

LfttseftdtFs

¥

-

®==

ò


oleObject60.bin

image54.wmf
1

1

000

00

1()

(()())

(1)(1)

()()()().

(1)

st

Fs

dstftesdsdt

s

tftdttftdtEX

a

a

aaa

aa

d

aa

a

a

a

¥¥¥

---

+

¥¥

æö

-

=-

ç÷

G-G-

èø

=-G-==

G-

òòò

òò


oleObject61.bin

image55.wmf
()

000

00

1()1

()

(1)(1)

1

(1)(),

(1)

nn

st

n

nnst

Fs

dsseftdtds

ss

steftdtds

a

a

a

aa

a

¥¥¥

--

¥¥

--

æö

¶

=

ç÷

G-G-¶

èø

æö

=-

ç÷

G-

èø

òòò

òò


oleObject62.bin

image56.wmf
()

1

0000

1()(1)

()(1)()(1)().

(1)(1)

nn

nstnnn

Fs

dstftsedsdttftdtEX

s

aaa

a

aa

¥¥¥¥

--+-

æö

-

==-=-

ç÷

G-G-

èø

òòòò


oleObject63.bin

image57.wmf
22

/2

0

().

2

s

e

erfcsds

s

s

s

¥

-

ò


oleObject64.bin

image58.wmf
22

/2

()()

2

s

Fseerfcs

s

s

-

=


oleObject3.bin

oleObject65.bin

image59.wmf
2222

/2/2

2

()(){();},

2

st

FseerfcsLftets

ss

s

sp

--

===®


oleObject66.bin

image60.wmf
()

ft


oleObject67.bin

image61.wmf
2222

/2/2

00

222

()0,()(2)1,

2

tt

fteftdtedt

ss

p

s

spspsp

¥¥

--

=>===

òò


oleObject68.bin

image62.wmf
0.5

a

=


oleObject69.bin

image63.wmf
2

22

2

/2

2

00

21

(),

2

t

s

e

erfcsdsedt

st

s

s

s

s

¥¥

-

-

=

òò


image4.wmf
{()}()

LftFs

=


oleObject70.bin

image64.wmf
2

tu

=


oleObject71.bin

image65.wmf
2

22

2

7

/2

4

2

00

2125

()().

4

2

t

s

e

erfcsdsedt

st

s

s

s

s

s

¥¥

-

-

==G

òò


oleObject72.bin

image66.wmf
()

fx


oleObject73.bin

image67.wmf
1

(){();}(),

2

ix

FFfxxfxedx

a

aa

p

+¥

-

-¥

=®=

ò


oleObject74.bin

image68.wmf
1

1

{();}().

2

ix

FFxFed

a

aaaa

p

+¥

-

-¥

®=

ò


oleObject4.bin

oleObject75.bin

oleObject76.bin

image69.wmf
0

xL

<<


oleObject77.bin

image70.wmf
0

2

()()sin,

L

s

nx

Fnfxdx

LL

p

=

ò


oleObject78.bin

image71.wmf
n


oleObject79.bin

oleObject80.bin

image72.wmf
()

s

Fn


image5.wmf
1

{()}

LFs

-


oleObject81.bin

image73.wmf
1

()()sin.

s

n

nx

fxFn

L

p

¥

=

=

å


oleObject82.bin

oleObject83.bin

oleObject84.bin

image74.wmf
0

2

()()cos,

L

c

nx

Fnfxdx

LL

p

=

ò


oleObject85.bin

oleObject86.bin

oleObject87.bin

image75.wmf
()

c

Fn


oleObject5.bin

oleObject88.bin

image76.wmf
1

1

()(0)()cos.

2

cc

n

nx

fxFFn

L

p

¥

=

=+

å


oleObject89.bin

image77.wmf
2

0

0

1

()()().

21

2(1)

t

nn

n

etx

LtPxJ

x

x

¥

=

+

=

-

-

å


oleObject90.bin

image78.wmf
2

0

1

(),

12

n

n

n

tPx

txt

¥

=

=

-+

å


oleObject91.bin

image79.wmf
1

1

t

p

=-


oleObject92.bin

image80.wmf
22

0

2

11

(1)(),

11

2(1)(1)

12(1)(1)

n

n

n

p

Px

p

pxppp

x

pp

¥

=

-==

--+-

--+-

å


image6.wmf
1

()(),(1.2)

2

ci

st

ci

fteFsds

i

p

+¥

-¥

=

ò


oleObject93.bin

image81.wmf
0

2

1111

(1)(),

2(1)11

()

24(1)

n

n

n

Px

pp

xx

p

x

¥

=

-=×

-+

-+

-

å


oleObject94.bin

image82.wmf
11

{();}(1)

n

n

LLtp

pp

=-


oleObject95.bin

image83.wmf
2

0

2

11

{();},

21

11

()

24(1)

t

xe

LJtp

x

x

p

x

-

+

=

-

+

-+

-


oleObject96.bin

oleObject97.bin

image84.wmf
()

Yx

a


oleObject98.bin

oleObject6.bin

image85.wmf
()

Nx

a


oleObject99.bin

image86.wmf
0

x

=


oleObject100.bin

image87.wmf
x


oleObject101.bin

image88.wmf
1(1)

()(),()(),(2.1)

2

IxiJixKxiHix

aa

aaaa

p

-+

==


oleObject102.bin

image89.wmf
(1)

()()()

HxJxiYx

aaa

=+


oleObject103.bin

image7.wmf
()

Fs


image90.wmf
(),()

JxYx

aa


oleObject104.bin

image91.wmf
1

0

22

cos

{();}.(2.2)

s

LKxxs

s

b

b

b

-

æö

ç÷

èø

®=

-


oleObject105.bin

image92.wmf
0

()

Kx

b


oleObject106.bin

image93.wmf
0

0

()cos(sinh).(2.3)

Kxxd

bbqq

+¥

=

ò


oleObject107.bin

image94.wmf
0

00

{()}cos(sinh).(2.4)

sx

LKxxdedx

bbqq

+¥+¥

-

æö

=

ç÷

èø

òò


oleObject108.bin

oleObject7.bin

image95.wmf
22

000

cos(sinh).(2.5)

(sinh)

sx

s

xedxdd

s

bqqq

bq

+¥+¥+¥

-

æö

==

ç÷

+

èø

òòò


oleObject109.bin

image96.wmf
22

22

0

2

,(2.6)

cosh(1tanh)

d

s

s

s

q

b

qq

+¥

=

-

+

ò


oleObject110.bin

image97.wmf
22

tanh

s

u

s

b

q

-

=


oleObject111.bin

image98.wmf
22

1

22

0

tantanh

,(2.7)

s

s

s

b

q

b

+¥

-

æö

-

ç÷

ç÷

èø

=

-


oleObject112.bin

image99.wmf
2

2

1

tanh1

cosh

q

q

=-


oleObject113.bin

image8.wmf
Re()

sc

>


image100.wmf
2222

11

1

2

0

222222

0

1

tan1tan

cos

cosh

{()}.

ss

s

ss

LKx

sss

bb

q

b

b

bbb

+¥

--

-

æöæö

--

æö

-

ç÷ç÷

ç÷

ç÷ç÷

èøèøèø

===

---


oleObject114.bin

image101.wmf
0

0

().(2.8)

2

Kxdx

p

b

b

¥

=

ò


oleObject115.bin

image102.wmf
0

p

=


oleObject116.bin

image103.wmf
Re()1,0

vx

<>


oleObject117.bin

image104.wmf
0

21

()cos(cosh)cosh(),(2.9)

2

v

Nxxtvvtdt

p

p

¥

=--

ò


oleObject118.bin

oleObject8.bin

image105.wmf
0

v

=


oleObject119.bin

image106.wmf
0

0

2

()cos(cosh).(2.10)

Nxxtdt

p

¥

=-

ò


oleObject120.bin

image107.wmf
(

)

2

0

2

ln1

2

{()}.(2.11)

1

ss

LNx

s

p

±+

=-

+


oleObject121.bin

image108.wmf
0

0

2

()cos(cosh).

Nxxtdt

p

¥

=-

ò


oleObject122.bin

image109.wmf
0

00

2

{();}cos(cosh).

sx

LNxxsxtdtedx

p

¥¥

-

æö

®=-

ç÷

èø

òò


oleObject123.bin

image9.wmf
2

2

(1)

0

exp()

4

()exp().

()4

p

P

z

x

Dzxxzdx

p

+¥

-+

-

=--

G-

ò


image110.wmf
22

000

22

cos(cosh).(2.12)

cosh

sx

s

xtedxdtdt

st

pp

+¥+¥+¥

-

æö

=-=-

ç÷

+

èø

òòò


oleObject124.bin

image111.wmf
2

22

0

2

2

,(2.13)

1

sinh(coth1)

dt

s

stt

s

p

+¥

=-

+

-

ò


oleObject125.bin

image112.wmf
2

1

coth

s

ut

s

+

=


oleObject126.bin

image113.wmf
2

1

0

2

0

1

cothcoth

2

{();},(2.14)

1

s

t

s

LNxxs

s

p

+¥

-

æö

+

ç÷

ç÷

èø

®=-

+


oleObject127.bin

image114.wmf
2

2

1

coth1

sinh

t

t

=+


oleObject128.bin

oleObject9.bin

image115.wmf
222

1111

2

0

222

0

1111

coth1cothcothcoth

sinh

222

{()},

111

sss

stss

LNx

sss

ppp

+¥

----

æöæöæö

+++

+-¥

ç÷ç÷ç÷

ç÷ç÷ç÷

èøèøèø

=-=-=-

+++


oleObject129.bin

image116.wmf
(

)

1

0

2

sinh

2

{()}.(2.15)

1

s

LNx

s

p

-

=-

+


oleObject130.bin

image117.wmf
1

sinh

sz

-

=


oleObject131.bin

image118.wmf
z

ey

=


oleObject132.bin

image119.wmf
2

210

yxy

--=


oleObject133.bin

image10.wmf
2

2

(1)

00

exp()

4

{();}exp(),

()4

szp

P

z

x

LDzzsexxzdxdz

p

¥+¥

--+

æö

-

ç÷

®=--

ç÷

G-

ç÷

ç÷

èø

òò


image120.wmf
2

1,

yxx

=±+


oleObject134.bin

image121.wmf
(

)

2

0

2

ln1

2

{()}.

1

ss

LNx

s

p

±+

=-

+


oleObject135.bin

image122.wmf
\

CR

-


oleObject136.bin

image123.wmf
()()

FpFp

=


oleObject137.bin

image124.wmf
()lim(),()()

i

FtFteFtFt

f

fp

-

±±+-

®

==


oleObject138.bin

oleObject10.bin

image125.wmf
()(1)

Fpo

=


oleObject139.bin

image126.wmf
p

®¥


oleObject140.bin

image127.wmf
1

()()

Fpop

-

=


oleObject141.bin

image128.wmf
0

p

®


oleObject142.bin

image129.wmf
arg,0;

p

phph

<->>


oleObject143.bin

image11.wmf
2

2

(1)

4

()

4

00

{();},

()

x

z

p

zsx

P

xe

LDzzsedzdx

p

-

¥¥

-+

-+-

ìü

ïï

®=

íý

G-

ïï

îþ

òò


image130.wmf
0

e

>


oleObject144.bin

image131.wmf
,

pefp

-<£


oleObject145.bin

image132.wmf
1

()

(),()(),

1

i

i

Fre

LRFrear

r

f

f

±

±

+

Î£

+


oleObject146.bin

image133.wmf
f


oleObject147.bin

image134.wmf
1

()()

r

areLR

d

-

+

Î


oleObject148.bin

oleObject11.bin

image135.wmf
0

d

>


oleObject149.bin

image136.wmf
1

0

1

()[()]Im[()].

t

ftLFsFed

h

hh

p

¥

---

==

ò


oleObject150.bin

image137.wmf
()

s

Fsse

-

=


oleObject151.bin

image138.wmf
()

Fs


oleObject152.bin

image139.wmf
()

Fs


oleObject153.bin

image12.wmf
2

4

z

e

-


image140.wmf
1

0

1

{();}()Im[lim()],

it

LFstftFeed

fh

fp

hh

p

¥

---

®

==

ò


oleObject154.bin

image141.wmf
1

0

1

{;}cos,

st

Lseted

h

hhh

p

¥

---

=

ò


oleObject155.bin

image142.wmf
4

u

h

=


oleObject156.bin

image143.wmf
1

14

4

5

0

8

{;}cos2(21).

(2)

stu

t

Lsetuuedute

t

p

p

¥

-

---

==-

ò


oleObject157.bin

image144.wmf
22

2

22

(),0,0,0.51,(6.1)

uuax

ctxLt

txVV

a

a

da

r

¶¶

=+-<<><<

¶¶


oleObject158.bin

oleObject12.bin

image145.wmf
(,0)(,0)0,0

.(6.2)

(0,)(,)0,0

t

uxuxxL

utuLtt

==<<

ì

í

==>

î


oleObject159.bin

image146.wmf
2

22

2

(,)

(,),(6.3)

p

x

V

Uxpa

pUxpce

xV

a

r

-

¶

=+

¶


oleObject160.bin

image147.wmf
222

22

222222

2

(,)(,)[1(1)],(6.4)

()

p

L

n

V

nanV

pUnpcUnpe

LVVnpL

a

pp

rp

-

ìü

=-+--

íý

+

îþ


oleObject161.bin

image148.wmf
222222

222

22

2

(,)[1(1)].(6.5)

()()

p

L

n

V

nVa

Unpe

Vncn

Lpp

LL

a

p

pp

r

-

=--

++


oleObject162.bin

image149.wmf
1

222222222

22222

0

222

1111

{;}{},(6.6)

2

t

ii

Lpted

cncncn

i

pee

LLL

h

aaapaap

h

ppp

p

hh

¥

--

-

®=-

+++

ò


oleObject163.bin

image13.wmf
2

2

()

(1)

4

0

{();}().

()

x

sx

p

P

LDzzsxeerfcsxdx

p

p

¥

+-

-+

®=+

G-

ò


image150.wmf
1

0

222222

2222

0

22

{(,);}sin(())[1(1)()]

11

{},

n

ii

aVnL

LUnppttHt

LiLV

edd

cncn

ee

LL

xh

aapaap

p

xx

rp

hx

pp

hh

¥

-

¥

-

-

®=-----´

-

++

ò

ò


oleObject164.bin

image151.wmf
2

1

0

222222

2222

0

22

2

(,)sinsin(())[1()]

11

{}.

n

ii

ainxVnL

uxttHt

LLLV

edd

cncn

ee

LL

xh

aapaap

pp

xx

rp

hx

pp

hh

¥

¥

=

¥

-

-

=-----´

-

++

å

ò

ò


oleObject165.bin

image152.wmf
0

(),,0,01,(6.7)

(,0).

t

uu

uhdxRt

tx

ux

a

a

lmxxa

k

¶¶

=++Î><£

¶¶

=

ò


oleObject166.bin

image153.wmf
1

()

(,)(,)(,),

UHs

sUxssxsUxs

xs

aa

klm

-

¶

-=++

¶


oleObject167.bin

image154.wmf
(,){(,);}

UxsLuxtts

=®


oleObject168.bin

oleObject13.bin

image155.wmf
x


oleObject169.bin

image156.wmf
1

()

ˆˆˆ

(,)2()(,)(,)2(),

Hs

sUwsswiwUwsUwsw

s

aa

kpdlmpd

-

-=++


oleObject170.bin

image157.wmf
1

()

ˆ

(,)2(){}2(){},(6.8)

(())(())

Hss

Uwsww

ssiwsiw

a

aa

pdkpd

mlml

-

=+

-+-+


oleObject171.bin

image158.wmf
1

()111

ˆ

(,)2(){.}2(){.},(6.9)

(())()

Hs

Uwsww

ssiwssiw

aaa

pdkpd

mlml

-

=+

-+-+


oleObject172.bin

image159.wmf
1

()1

ˆ

(,)2(){)()},(6.10)

()

Hs

Uwsw

sssiw

aa

k

pd

ml

-

=+

-+


oleObject173.bin

image14.wmf
2

2

2

()

(1)

4

00

2

{();},

()

ts

x

sx

tp

P

LDzzsexedxdt

p

¥-

+-

--+

®=

G-

òò


image160.wmf
ˆ

(,){(,);}

UwsFUxsxw

=®


oleObject174.bin

image161.wmf
ˆ

(,)

Uws


oleObject175.bin

image162.wmf
,

sw


oleObject176.bin

image163.wmf
1()cos

00

11

{;}()(sin((sin))),

()

iwt

Lstteeedd

siw

a

mlbhthapa

a

capthhb

mlp

¥¥

-+--

®==

-+

òò


oleObject177.bin

image164.wmf
1

1

0

()

{}()()

(1)

t

Hs

Lhdt

sst

aa

kk

xxf

a

-

-

+=+=

G-

ò


oleObject178.bin

oleObject14.bin

image165.wmf
1

1

0

()1

{().();}()()

()

t

Hs

Lsttd

sssiw

aa

k

fscss

ml

-

-

+®=-

-+

ò


oleObject179.bin

image166.wmf
1()()cos

1

000

()11

{()();}()((sin((sin))))

()

t

iwt

Hs

Lsteeeddd

sssiw

a

mlbshthapa

aa

k

fsapthhbs

mlp

¥¥

-+---

-

+®=

-+

òòò


oleObject180.bin

image167.wmf
w


oleObject181.bin

image168.wmf
()()cos

000

1

(,)(){()((sin((sin))))}

t

ixwiwt

uxteweeeddddw

a

mlbshthapa

dfsapthhbs

p

+¥¥¥

-+---

-¥

=

òòòò


oleObject182.bin

image169.wmf
()cos

000

1

(,)()((()(sin((sin)))))

t

iwixwt

uxteeweeddwdd

a

mblbshthapa

fsdapthhbs

p

¥+¥¥

----

-¥

=

òòòò


oleObject183.bin

image15.wmf
a


image170.wmf
()cos()

000

1

(,)()((sin((sin))(())))

t

tixw

uxteeeewdwddd

a

mbshthapalb

fsapthdhbs

p

¥¥+¥

----

-¥

=

òòòò


oleObject184.bin

image171.wmf
()cos

000

1

(,)()((sin((sin))))

t

t

uxteeeddd

a

mbshthapa

fsapthhbs

p

¥¥

---

=

òòò


oleObject185.bin

image172.wmf
0.5

a

=


oleObject186.bin

image173.wmf
()

000

1

(,)()((sin())).

t

t

uxteeddd

mbsh

fsthhbs

p

¥¥

--

=

òòò


oleObject187.bin

image174.wmf
0

()()

hd

s

k

fsxx

ps

=+

ò


oleObject188.bin

oleObject15.bin

image16.wmf
1

nn

a

-£<


oleObject16.bin

image17.wmf
()

1

0

1()

().

()()

t

n

C

t

n

f

Dftd

nt

a

a

t

t

at

-+

=

G--

ò


oleObject17.bin

oleObject18.bin

image18.wmf
()

ft


oleObject19.bin

image19.wmf
t


oleObject20.bin

image20.wmf
(

)

1

1

1

00

11

{();}(2)()

()()

{();0}().(1.3)

t

d

LFstxJxfxdx

ss

t

Lgtst

a

a

t

t

att

d

¥

-

-

æö

-

®=+

ç÷

G-

èø

+=

òò


oleObject21.bin

image21.wmf
01.

a

<<


oleObject22.bin

image22.wmf
1

1111

()(),(1.4)

FsF

ssss

a

a

-

æö

=

ç÷

èø


oleObject23.bin

image23.wmf
011

ab

<-=<


oleObject24.bin

image24.wmf
1

0

0

11

(){();}(2)(),(1.5)

gtLFstJtxfxdx

ss

¥

-

=®=

ò


oleObject25.bin

image25.wmf
1

{();}()(0),(1.6)

C

LDfttssFssf

bbb

-

®=-


oleObject26.bin

image26.wmf
01

b

<<


oleObject27.bin

image27.wmf
(

)

111

(1)

11

{();}{{()}(0)(0)}

(){();0}(),

C

LFstLsLgtgg

ss

DgtLgtst

a

a

a

d

---

-

®=-+=

=+=


oleObject28.bin

image28.wmf
0

0

()(2)()

gtJtxfxdx

¥

=

ò


oleObject29.bin

image29.wmf
(

)

1

1

0

111()

{();}{();0}().

()()

t

g

LFstdLgtst

sst

aa

t

td

at

-

-

¢

®=+=

G-

ò


oleObject30.bin

image30.wmf
(

)

1

1

1

00

11

{();}(2)()

()()

{();0}().

t

d

LFstxJxfxdx

ss

t

Lgtst

a

a

t

t

att

d

¥

-

-

æö

-

®=+

ç÷

G-

èø

+=

òò


oleObject31.bin

image31.wmf
(1)0;(0)!,

xyxynyyn

¢¢¢

+-+==


oleObject32.bin

image32.wmf
{()}{()}(),

n

LyxLLxFs

==


oleObject33.bin

image33.wmf
11

()(1){()}.

n

n

FsLLx

ss

=-=


oleObject34.bin

image34.wmf
()

ft


oleObject35.bin

image35.wmf
()

Fs


oleObject36.bin

image36.wmf
Re()

sc

>


image1.wmf
,01.

aa

<£


oleObject37.bin

image37.wmf
()

qs


oleObject38.bin

oleObject39.bin

image38.wmf
(())

Fqs


oleObject40.bin

image39.wmf
1()

0

1

{(());}().

2

ci

qsts

ci

LFqsstfeedsd

i

t

tt

p

¥+¥

--

-¥

éù

®=

êú

ëû

òò


oleObject41.bin

image40.wmf
();

qss

=


oleObject42.bin

oleObject1.bin

image41.wmf
3

1

0

1

{();}()exp().

4

2

LFsstfd

t

tt

t

ttt

p

¥

-

®=-

ò


oleObject43.bin

image42.wmf
()

ft


oleObject44.bin

oleObject45.bin

image43.wmf
(0)1

F

=


oleObject46.bin

image44.wmf
()0

Fs

>


oleObject47.bin

image45.wmf
'

()0

Fs

<


