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Abstract: In this paper, we study a tube surfaces, consisted spline curve is null. Furthermore, we have investigated Weingarten
conditions of this surface using the the mean curvatre H, the Gaussian curvature K and the second Gaussian curvature Kjj,
respectively.
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1 Introduction

A surface S in either R? or E f is called a Weingarten surface if there exists a non-trivial functional relation Q(K,H) =0
with respect to its Gaussian curvature K and its mean curvature H. The existence of a non-trivial functional relation
Q(K,H) =0 on the surface S parametrized by ®(u,v) is equivalent to the vanishing of the corresponding Jacobian
determinant, namely

Jd(K,H)

Ay

Several geometers have studied on Weingarten surfaces and obtained many interesting results. For study of these
surfaces, in 1994 W. Kiihnel and in 1999 G. Stamou, investigated ruled Weingarten surface in a Euclidean 3-space E>.
Also, in 1997 C. Baikoussis and Th. Koufogiorgos studied helicoidal (H, Kj;)-Weingarten surfaces. in 1999 F. Dillen and
W. Kiihnel, in 2005 F. Dillen and W.Sodsiri gave a classification of ruled Weingarten surface in a Minkowski 3-space E 13
In 2009 J. Suk Ro and D. Won Yoon studied tubular Weingarten and linear Weingaren surface in three dimension
Euclidean space E3.

In this paper we study a tube surface with null curve in a three dimension Minkowski space.

2 Preliminaries

Let R? = {(x,y,2) : x,y,z € R} be a 3-dimension space, and let X = (x1,x2,x3) and ¥ = (y1,y2,y3) be two vectors in R3.
The Lorentz scalar product of X and Y is defined by

(X,Y) =x1y1 +x2y2 — X3y3 2.1
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E} = (R3,(X,Y)) is called Minkowski 3-space. Since the metric is indefinite, x € E; has three causal characters: these
are spacelike vector, null (lightlike) vector or timelike vector if (x,x) > 0 or x = 0,(x,x) = 0 and x # 0, (x,x) <O,
respectively. For x € E;, the norm of the vector x is given by ||x|| = \/W . Therefore, x is a unit vector if (x,x) = +1.
Similarly, an arbitrary curve o = o(s) C E13 can locally be spacelike, timelike or null (lightlike) curve, if all of its
velocity vectors o (s) are respectively spacelike, timelike or null (lightlike) i.e., (@/(s),a’(s)) > 0, {a/(s),a/(s)) < 0,
(o' (s),0/(s)) = 0. So, o(s) is a unit speed curve if (a(s), &’(s)) = 1, where s is the arc-length parameter of o. Any
two vectors X, Y € E; are called orthogonal if (X,Y) = 0 (O’Neill, 1983).

The vector product of two vectors X = (x1,x2,x3), ¥ = (y1,y2,y3) belong to E3, is defined as

X NY = (X3y2 — X2¥3,X1Y3 — X3Y1,X1Y2 — X2)1).

We also recall that the pseudosphere of radius 1 and center at the origin is the hyperquadric in Ef’ defined by
S2(1)={v € E} : (vv) = 1} (O’ Neill, 1983).

Let @ = a(u) : (a,b) — E; be a spacelike unit speed curve with a timelike binormal B, where u is the arc length
T’ TAT
parameter of ¢. Considering that ||T|| = 1, B= —— and N = —————, we obtain the orthonormal frame field

I 1T AT
{T (), N(u), B(u)}.

Consider M is a timelike tube surface parametrized by ¥ : j x R — Ef Then, the position vector of ¥ can be written in
the following form
Y(u,v) = a(u)+ r(N(u)coshv+ B(u) sinhv) (2.2)

where ,N,B: j - E 13 and r: j — R. We call o a base curve and a pair of two vectors N, B a director frame of the timelike

tube surface ¥. We must have
1% (u,v) — ax(u)||* = 7

The last equation expresses analytically the geometric fact that ¥(u,v) lies on a Lorentzian sphere S%(u) of radius r
centered at o(u) (Abdel-Aziz and Saad, 2011).

Theorem 2.1. Let ¥ be a timelike tube surface in Minkowski 3-space E 13 defined in (2.2) satisfying the Jacobi condition
QK,H) =0 (2.3)

for the Gaussian curvature K and the mean curvature H of ¥. Then, ¥ is a Weingarten surface (Abdel-Aziz and Saad,
2011).

Theorem 2.2. Let ¥ be a timelike tube surface with non-degenerate second fundamental form in Minkowski 3-space £ f

satisfying the Jacobi equation
Q(K;,K)=0 2.4)

for the second Gaussian curvature Kj; and the Gaussian curvature K. Then, the surface ¥ is a Weingarten surface (Abdel-
Aziz and Saad, 2011).
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3 Tubular weingarten surface with a null curve

A parametric equation of a ¥ tube surface with C(¢) : (a,b) — E3 null curve is given by
W(1,0) =C(t)+ON(t) + 6°B(t) (3.1

where T, N, B vectors are null, spacelike and null vectors respectively. The orthonormal frame is {7 (¢),N(¢),B(t)} and
we have the following conditions

(T, T) = (B,B) =0

(N,N) = (T,B) =1

(N,B) = (N, T) =0

k(r) and 7(¢) are curvature and torsion respectively and we can give differential formulas for this system as below

T't)=N
N'(t)=1T —B
B'(t)=—1N

therefore, differentiation of the tube surface ¥ can be calculate as follows,

¥ = (1410)T(t)+ (—t6%)N(t) + (—0) B(r)

Wy = N(t)+26B(t)

¥ x Wy = (—2703+0) T(t)+ (20 +2702) N(t) + (—1 —10) B(t)
W AWy || = 87204 + 12103 — 210244602 20

we find the the unit normal vector field of the tube surface ¥ express by

. YNy 1

E(u) = TEATG] ~ 7 (—270°+6) T (1) + (20 +276%) N(t) + (—1 — 6) B(r)

where A = /87204 + 12703 — 2762 + 4602 — 20. furthermore components of the first fundamental form of ¥ are

= (¥, %) =-20(1+10)+1%0*
(¥, %) =162 +26
(Wo, o) = 1

E
F
G

Components of the second fundamental form of ¥ are

P=(¥,0) = %[(1 +276 —1'6?) (26 +2162)
+(1+76—120%) (—1—10) + (16%) (—276° + 0)]
Q= (¥y,0) = % [t(—=1-16)+(—270) (26 +2762) + (276° — 6)]

W = (Wg,0) = % [—476° 426
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The Gaussian curvature K, second Gaussian curvature Kj; and the mean curvature H are given by

k=W =0 11 308 8207 + (126 + 8o+ 20¢) 69
7ﬁ77[_ 7208 + 872707 + (127% + 877 +207%)
+ (—4727 +367° — 872 —4717') 6°
+ (—47' — 477 + 1677 — 147 — 67° — 87*) 0*
+ (=672 4277 — 167° +47) 03 4 (67> + 27"+ t* +5) 62
+ (203 +27) 0+ 1%/ (0 (142762 +(1+2)0))
and EW -2FQ+GP 1
_ — — 306 2 3\pn4 2 3
H_W ——1[417 0° + (—41° +87°)0% + (241 —217')6
(=27 + 171 +41% - 373)0% 4 (—71* + 61+ 17)0
—4t+2+7]/(14216% + (1 +2)0).
Also, we get

—%[(6413(#)2 +647t47")013 + (—327%7" — 64(7')31> — 160737'7") 012
+(—2807° — 641/ t27" 4+ 1" 737 — 32037 — 20877 7" 424076 +-96(7')* 1" 72
+12873(7')? — 25674 (1')2 — 48737" — 64(7') T+ 12874 1” — 192(7)?12) 0!
+(96(7')*1 —3207* 1" + 48737 —96(1')3 12 + 167* 1" — 2407° 7 + 807> 1"
+288747'7" + 1607 121" +96(7') 211" + 647 7" 1% + 64(7')* 1> — 80737
+96(7')? 73 + 160731 + 16075 + 744147 — 3207%(7')? — 487°7'7") 010
+(5647% + 19275 + 128731 +2087(7')? — 376(7')?1% — 544747 + 18521°
+64(7)? — 19277 424075 (7')? — 35274(7')? — 28873 ()% + 128(7')3 12
—96(7")3t+ 51273 7" — 2887/ 127" — 327" 737 — 96(7')? 1" 7> — 48(7) > tr”
—1677" 12 + 167 7" + 327 t7" + 288747 + 224747 — 16737 — 1607° 7"
—200737" +407%1" +120707" + 48721 0° + (2167* + 60727 + 319677
—1432737" —2887(7')? — 600(7')? 7% + 488747 — 29676 — 16(7)* + 120767
—1072737 +5127%(7')? — 75273(¢')2 — 48(7')3 13 + 16(7')3 12 + 48(7')* 73
+16(7')37% + 48731 — 32737/t +- 2087/ 127" — 2407* 1’ v — 96(7) 211"
—647' 7" 12 — 2567’ t7" — 327117 — 4807* 1" — 24141 + 184737 + 296771
+504737" — 7277 — 8721 — 88127 — 48(7')?7") 08 + (—37073 + 18767
—184727" — 18075 +1360737" — 96(7')> — 487(7')> — 180(7')? 1> — 2808741’
+12727% +32(7')? — 57877 — 9677 (/)% + 320777 + 1287%(7')? + 76873 (7')?
—64(7')%12 +367% — 48873 1/7" + 487/ 721" + 87" 131 4+ 24(7') 2112
+48(7')21t" 4167772 +1527' 77" — 327/ 77" 4-2081* 1" — 20874 1"
—327037" +4137" — 684137 + 352721 — 481%7" + 56721 + 4417

+87'7" —5617" — 167'7")07 + (23677’ + 52873 + 39674 + 1970727’
1418877 — 2376737 +-967% +5321(7')? +716(1')?1% +4727*7" — 14687°
—8(7')% + 8477 — 58707 + 624771 — 22414 (1')? + 32473 (7')? + 24(7)3 72
+2587° +8(7)* — 577 + 4157 — 92737 + 28747’ — 7473 (7')? — 507" + 487/ 721"
-6ttt + 871t — 8717 + 56737 + 16771 — 203" — 2091 + 114727
+127%27" — 12(7)? +48t1” — 547't" — 10t7")0* + (—3177' — 467+ 4167>
—2267 —2347" — 8587* +2127%7 + 1587° — 80731’ — 97(7')> + 107(7')?
—28(7')21? — 226741 +221° — 677 + 7777 + 14(7')2 + 2073 (7')? — 107"

K=
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71213 ' — 121 ‘L'T”+14T4 7 6T4 " 5 T 1213 ”+8‘L’2 ”+12’L’2 1"
+17tt" —477")03 4 (181(7)?> — 411" — 274" — 6737 + 4(')?12 — 107°
—447% — 57" — 673" +4(7')?12 — 107° — 4412 — 57" — 25273 +- 3740 - 4737

—48(7')3 1+ 48137t — 2167127 + 60147’ " + 247217 + 167712
+1127't7" +327'77" + 68747 + 12747 — 192737 — 12877 + 6073 7"
420721 — 504727 + 20727 +48(7')? 1" + 6417" + 10877 4-3677") 06
+(640t7" + 18712 426473 +48517* — 1150727 — 13967° 4 384737

+134(7)? +2167(17')? — 28(7')?12 + 159074 7' — 2911° — 32(7')? + 1207’
+1273(7')? = 136777 — 3414(7')? — 160r3( N2 4+32(7')3t— 378 — 307"
207" + 1207377 + 567/ 27" — 12(7')% 11" — 41'7"' 1> — 567" 77" + 81/t
_90,.’:4 //+6OT4 ///_’_241:3 ///+2TS ,l+156T3 //+78T2 //+6T6TU 567277///
—2067t” — 4’7" +2877" +167'7")05 + (—76877' — 11472 422397 — 1077’
76727:4+161 7 —9627 + 1154737 —20(7)% — 3387(7')? — 28(7)% — 137747/

+1874 4+273(7)? — 142037 + 47037 + 5417 — 11727" + 687 +487° — 17727
—67'727")0% + (— 31" + ()% — 8727/ + 107*7 — 47 +- 8 + 67 — 473 +287*

2727 — 1" 4 3(7')? — 472 + 287 — 272" — 11" + 3(7')? —412)0 +- 6737
+473 - 217 +41)] /[ (=87%)0% + (9727)07 + (207* + 817" + 127%)0¢ + (—4727
+367% — 872 —477)0 (—417’ + 167> — 81* — 141 — 47’ — 67°)0* + (47— 677
—1673 +277)0% + (5 — 672 +27 +14)02 + (27° +27)0 4 712)2).

We have investigated the Weingarten condition for the Gaussian curvature, Mean curvature and the second Gaussian
curvature by taking 7 = 1, under this condition we can give the following theorems.

Theorem 3.1. Let ¥ be a tube surface in Minkowski 3-space £ 13 defined in (3.1) satisfying the Jacobi condition
Q(K,H)=0
for the Gaussian curvature K and the mean curvature H of ¥. Then, ¥ is a Weingarten surface.

Proof. Let ¥ be a tube surface in E 13 parametrized by (3.1) and satisfying Jacobi condition. Then, we have,

dKJH JKJH

differentiating K and H with respect to ¢,

JdK
S [-16737'0° + (871" + 87%(7')? — 247°7) 03
+(1672 ”+60*c "+167(7)2 4+ 127%1)07

(

+(1521 20— 472 ()2 +-8(7')? — 413t — 4127 817" +2417)0°
(
(

B—

+(1247%7 — 1677 — 87%1" — 817" — 2477 — 127°7 — 87(7))?) 0
+(3277 — 411" — 147 — 47" — 64137 — 24727 —4(7')? +2727")0*
(1277 + 3747 + 417" — v’ — 54727)03 + (8737 — 1217 +21")6?
(27 +77%7')0 +277] /((t6 + 1)(1 + 2762 + (1 +2)6)8),
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and
oH 1
= = —Z[8¢3r/e7+ 1272705 4 (—4127' +-167°7')0° + (877 + 48727 —27%7") 6%
(4817 — 6737 — 411" +4127)0° + (127" — 16727 + 177 + 817’ —21")6?
(277" — 1477 +47)0 + 7" —47) /[(t0 + 1) (14276 + (1 +2)6],

differentiating K and H with respect to 0,

g—g = 1[-807%0'0+ (—967° —481* + 64137')0° + (167> + 1207° + 1287%7' +40737') 68
+(967% — 16737 + 64727 + 167 +807° + 3041+ + 6417') 67
+(22473 +877 +1967* — 1672 — 44727 — 167° — 12737')9°
+ (41> — 24727 —447* — 56T+ 1527° — 167° — 4077 — 167')6°
+(—407* — 447 — 127" + 2727 — 447 + 407% - 270 — 1217) 6%
+(—207% + 87+ 417’ —327° — 81%)03 4 (— 1073 — ¥ — 47+ 27 +5-87%)6?
(=27 —412)0 — 7%]/(8%(1 +216° + (1 +2)6)?),

and
‘3—1;[ = —%[32#‘97 + (4073 +2074) 0% + (327* + 87%) 0 (—4727 42414 4 8473 — 247%)6*

(4727 +807% + 8073 —877')03 + (341 — 877’ — 21 — 47’ — 617 —417')0
—4+ 12127 —372]/[1 +276° + (7 +2)6]>.

From the above equations (3.2) is satisfied, and then, the surface ¥ is a Weingarten surface.

Theorem 3.2. Let ¥ be a tube surface with non-degenerate second fundamental form in Minkowski 3-space E13
satisfying the Jacobi condition
Q(K;1,K)=0 (3.3)

for the second Gaussian curvature K;; and the Gaussian curvature K. Then, the surface ¥ is a Weingarten surface.

Proof. For the proof, we can use the similar way with the theorem 3.1. When we take the partial derivative of the
Gaussian curvature K and the second Gaussian curvature Kj;, we can find the following equation

9K Ky oK IKy _ 3.4)

Then, ¥ is a Weingarten tube surface.
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