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Abstract: In the present investigation an upper bound of second Hankel determinant |a2a4 —a32| for the functions belonging to

the class S (a; A B) s studied.
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1 Introduction

Let A be the class of analytic functions of the form
f(z)=z+2akzk (1.2)
k=2
in the unit disc E =z <1}.

By S, we denote the class of functions f (z)e A and univalent in E.

U denotes the class of Schwarzian functions

which are analytic in the unit disc E={2:z|<1} and satisfying the conditions w(0) =0 and |w(z) <1.

For two functions f and g which are analytic in E, f is said to be subordinate to g (symbolically f < g) if there exists
a Schwarz function w(z)eU , suchthat f(z)=g(w(z)).

S; (a; A, B) denote the subclass of functions f(z)e A and satisfying the condition

2'(z2) 2(#'(2) 1+

(1-a) f(z)-f(-2) (f (2)- (—z)), 1+Bz

~1<B<A<10<a<lzeE. (1.2)

The following observations are obvious:

(i) S; (;1,-1)=S; (), the class of & —starlike functions with respect to symmetric points.
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(i) S (0;1,-1)=S;, the class of starlike functions with respect to symmetric points introduced by Sakaguchi
[11].
(iii) S; (1,1,-1) =K, , the class of convex functions with respect to symmetric points introduced by Das and Singh
[1].
(iv) S; (0; A,B)=S. (A B), the subclass of starlike functions with respect to symmetric points introduced

and studied by Goel and Mehrok [2].

(v) S; (1 A,B)=K, (A B), the subclass of convex functions with respect to symmetric points.

In 1976, Noonan and Thomas [9] stated the qth Hankel determinant of f (z) for q>1 and n>1 as

n n+1 n+q-1
a
n+1
H, (n) =
a‘n+q—1 an+2q—2

For our discussion in this paper, we consider the Hankel determinant in the case of g =2andn=2, known as second
Hankel determinant:

a &

2%,

=|a2a4—a32|,

and obtain an upper bound to the functional H, (2) for f (z)eS; (a; A B). Earlier Janteng et al.([3],[4],[5]), Mehrok

and Singh [8], Singh ([12],[13]) and many others have obtained sharp upper bounds of H, (2) for different classes of
analytic functions.

2 Preliminary Results

Let P be the family of all functions p analytic in E for which Re(p(z))>0and
p(z)=1+p,z+p,2% +...

for zeE.

Lemma2.1.[10] If pep,then |p |<2(k=123,..).

Lemma 2.2. [6,7] If pep, then

2p, = pf +(4-pf)x

4py=pl +2p, (4—p7)x—p, (4-p7 )X +2(4- pf)(l—|x|2)z,
for some x and z satisfying |x|<1,|z|<1 and p, €[0,2].

3 Main Result

Theorem 3.1. If f €S} (a; A B), then



(A-B)

Y
ce. -] < 4(1+22)

Proof. If f (z)eS; (a; A B), then there exists a Schwarz function w(z) eU such that

27t '(z)

2(2'(2)

’

(1-a) (o)1 (_Z)+a

where

1+ Az
1+Bz

¢(2)
=1+Bz+B,z° +B,z* +...
Define the function p,(z) by

p1(2)=iVWV8

Since w(z) is a Schwarz function, we see that Re(pl (z))>0 and p, (0) =1. Define the function h(z) by

h(2)—(1-a)—22 D),

!

(f(2)-f(-2))

=1+c¢z+C, 2> +¢,2% +...

2(zf'(z)

’

)

=p(w(z)),

f(z)-f(-2)

a

(f(2)-f(-2))

In view of the equations (3.2), (3.4) and (3.5), we have

-1 2 3
h(z):q)[pl(z) qu{ Cz+C,2% +C,7° +...

p (2)+1
—p| tea4l c —i 24t
?1297%3|% 73 2

2 2

B B ¢’) B,?
:1+1TC12+{—1{C2 —ij+2—cl

Thus,

B,c

[CS —CC, +—

4

2

3

G

2
b = ;b2=—(02—%}“— and by =

Using (3.3) and (3.5) in (3.6), we obtain

4

)
20

B
2

2+cz+¢,2° +¢,2° +]

C
4

3
C; —C.C, +—j+

[Cs —GG,

1+(A-B)z-B(A-B)z* +B*(A-B)z° +...

3

G

+_

:)

B,C,
2

—=1+bz+b,2* +b,2% +...

2
(-4

B,c
A

}

2

G

2

8

=18
}

3

8BS

8
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(3.3)

(3.4)

3.5)

(3.6)
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. (A-B)a
? 4(l+a)
=%[Zcz—(8+l)cf], . @37

(AB) 8(1+a)(1+2a)c,

a, = 54 (1 @) (1 20) (139 +2{(1+5a) A—[ (1+5a)+4(1+ &) (1+2a) | B-4(1+a) (1+ 2a )} ¢,

+(B+1){[2(1+a)(1+2a) +(1+5a) | B—(1+5a) A+ 2(1+a)(1+2a)| ¢]

(3.7) yields,

a8, —al = (‘é‘(s)) {aLe, (4c,)+Me? (2¢,) - N — 4R (4c? )}

(3.8)

where C(a)=256(1+a) (1+2a)" (1+3a),
L=(l+a)(1+2a),

M =(1+2a)(1+50) A+|8(L+a)’ (1+3a) - (1+2¢)(1+5a) -4 (1+a) 1+ 2a)’ | B

+[8(1+a) (1+30)-4(1+a)(1+2a)' |,

(1+20)(1+5a) A+[ 4(1+ @)’ (1+3a) -2(1+ &) (1+2a) - (1+2a)(1+50) |B
N =(B+1)
+[4(1+a) (1+3a)-2(1+a) (1+20) |

and

R =(1+3a)(l+a)’ .
Using Lemma 2.1 and Lemma 2.2 in (3.8), we obtain
~{(1+2) (1+5a) AB+ [ 4(1+ @)’ (1+3a)-2(1+ @) (1+ 2a)’ ~(1+2a)(L+5a) |B*|c!
{ 2

|aa ) 2|_(A—B)2 +{(1+2a)(1+5a) A+ 1+a) (1+3a)-(1+2a)(1+5a) -4 (L+a)(1+2a)’ }B}cl(4 cf)x
,3, —85| = C(a)

-2{8(L+a) (1+30)-[2(1+a) (L+3a)-(L+a)(L+20) [t (4-cf )X

H(Lra)(1+2a) o (4-¢])(1- ] )2

Assume that ¢, =c and ce [0, 2], using triangular inequality and |z| <1, we have
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{2(4—c2 )[8(1+ o:)2 (1+3a)—(2(1+ a)2 (1+3a)-(1+a)(1+ 2a)2)c2}—4(1+ a)(1+ 20{)2 c(4—c2 )} 5

A-BY +‘(1+2a)( +50) A [(1+a)2(1+3a)—(1+2a)(1+5a)—4(1+a)(1+2a)2}B‘(4—C2)025

la,a, -af <
(o) +‘(1+2a)(1+5a)A +[4(1+a) (1+30)-2(1+ @) (1+20)" - (1+2a) (1+5a) | B[’
+4(1+a)(1+2a) c(4-c?)
:(AC_(:))Z F(5), where §=|x/<1 and

F(5) { (4-c7)[B(1+a) (1+3a)-(2 (1+a)2(1+3a)—(1+a)(1+2a)2)cz}—4(1+a)(1+2a)2C(4—c2)}52
+|(1+20)(1+5) A+ [8(1+ a)f (1+30) - (1+20) (1+50) -4 (L+a) L+ 2a)’ [B](4-c7)c?
‘(1+2a)(1+5a)AB [4(+a) (1+30)-2(1+a)(1+2a) - (1+2a)(1+52) |B? c’

2

+A(1+a)(1+2a) c(4—c )

is an increasing function. Therefore Max.F (5)=F(1).

Consequently

2 <(A_B)2
|a2a4_a3|_ C(a) G(C)' (3.9

where

So G(c)=S(a)c* +T (a)c? +64(L+a)’ (1+3)

where
(1+20) (1+50) AB-+ [ 4(L+ ) (1+30) ~2(1+ @) (L+ 20" ~ (1+201) (1+5) | B2
$(a) = {~|(1+2) (1+50) A+[B(L+a) (L+3a) - (L+ 2) (1+5a) -4(L+a) (1+2a)' |8
+2[2(1+a) (1+3a) - (L) (1+2a) |
and
. 4|1+ 20) 1+ 5a) A+ [B(L+a)’ (L+3a)~(L+2) (1+50) -4 (L+ ) (1+2a)’ | 8]

-8 4(1+ )" (1+3a) - (L+a) (1+22) |
Now G'(c)=4S(&)c®+2T (a)c and G"(c)=12S(a)c’ +2T (a).
G'(c)=0 gives
c[25(a)c* +T (a)]=0.
G’(c) isnegativeat c=0.

So MaxG(c)=G(1).
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Hence from (3.9), we obtain (3.1).

The result is sharp for ¢, =0, ¢,=2 and ¢, =0

For A=1 and B=-1 in Theorem 3.1, we obtain the following result:

Corollary 3.1.1. If f (z)eS; («), then

a8, -8 < —— 22 )

For =0, A=1 and B=-1, Theorem 3.1 gives the following result due to Janteng et al.[5].

Corollary 3.1.2. If f(z)eS;, then

|a,a, —af|<1.

For =1, A=1andB=-1, Theorem 3.1 gives the following result due to Janteng et al.[5].

Corollary 3.1.3. If f (z) e K, then

e, e <.

Putting a =0 in Theorem 3.1, we obtain the following result:

Corollary 3.1.4. If f (z)eS; (A B), then

A-BY’
el 42BN

Putting a =1 in Theorem 3.1, we obtain the following result:

Corollary 3.1.5. If f (z)eK, (A B), then

(A- B)
-« 222
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