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1 Introduction

The weak contraction condition in Hilbert Space was introduced by Alber and Gurerre - Delabriere ([23]). Later Rhoades
([4]) has shown that the result of Alber and Gurerre - Delabriere ([23]) in Hilbert Spaces is also true in a complete metric
space. Rhoades ([4]) established the fixed point theorem in a complete metric space by using the following contractive

condition:

A weakly contractive mapping T : X — X which satisfies the condition

d(Tx7Ty) Sd(xvy)i(p(d(%y))v (1)

where x,y € X and @ : [0,00) — [0,0) is a continuous ad nondecreasing function such that ¢(z) = 0 if and only if 7 = 0.

Remark 1. In this above result if ¢(r) = (1 — k)t where k € (0,1) then we obtain the condition (1.1) of Banach

contraction condition.

In 1963, S. Gahler ([16], [18])introduced the notion of 2-metric space which is generalization of metric spaces. Dhage in
his Ph.D. thesis [1992] introduce a new class of generalized metrics called D-metrics. But topological structure of
D-metric spaces was incorrect. In 2006, Mustafa and Sims ([21])introduced a new notion of generalized metric space
called G-metric spaces. Mustafa studied many fixed point results for a self mapping in G-metric spaces, one can see in
([101, [8], [6]). In 2006, Bhaskar and Lakshmikantham ([19]) established coupled fixed point results for mixed monotone

operators in partially ordered metric spaces. Afterwards, Lakshmikantham and Ciric ([20]) had established coupled
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coincidence and coupled fixed point theorems for two mappings F and g where F has the mixed g-monotone property.
Recently, Samet and vetro ([1]) extend the concept of coupled fixed point to higher dimensions by introducing the notion
of fixed point of n-order (or n-tupled fixed point, where n is natural number greater than or equal to 2) and proved some
n-tupled fixed point results in complete metric spaces. Imdad and Soliman ([11]) inspired by this and he introduced the
concepts of n-tupled coincidence point and proved even tupled coincidence point theorems for nonlinear ¢-contraction
satisfying mixed g-monotone property. Mishra et al. ([28]-[30]) have discussed interesting results on fixed point
theorems in partial metric spaces and other spaces with different type of contraction conditions. Some importance and
applications of these type of fixed point theorems are discussed in ([24]-[27]).

2 Preliminaries

Throughout, this paper (X, =) denotes a partially ordered set with the partial order <. Now we recall some definitions

and results:

Definition 2.1. ([22]) Let X be a non-empty set and R™ the set of non-negative real number. If the real valued function
G: X x X x X — R" satisfies the following properties:

1.G(x,y,2) =0,ifx=y=7z;

2.0 < G(x,x,y), forall x, y € X with x # y;

3.G(x,x,y) < G(x,y,2), foll X, y, z € X with z # y;

4.G(x,y,z) = G(x,z,y) = G(y,z,x) = ..., symmetric in all three variables;

5.G(x,y,z) < G(x,a,a)+ G(a,y,z) forall x, y, z , a € X (rectangular inequality).

Then the function G is called a G-metric on X and the pair (X, G) is called a G-metric space.

Definition 2.2. ([22]) Let (X, G) be a G-metric space and let {x, } be a sequence of points of X. A point x € X is said to

be the limit of the sequence {x; } if lim,; 00 G(X, Xy, %) = 0 and one say that the sequence {x,} is G-convergent to x.

Thus, if {x,} — x in a G-metric space (X,G), then for any € > 0, there exists a positive integer N such that
G(x,Xp,xp) < €, for all n,m > N.

It was shown in ([22]) that the G-metric induces a Hausdorff topology and the convergence described in the above

definition is relative to this topology. The topology being Hausdroff, a sequence can converge at most to one point.

Definition 2.3. ([22]) Let (X, G) be a G-metric space. A sequence {x,} in X called G — Cauchy if for every € > 0, there
is a positive integer N such that G(x,,xm,x;) < &, for all n,m,l > N, that is , if G(xp, X,x;) — 0, as n,m,l — co.

Lemma 2.4. ([22]) Let (X, G) be a G-metric space, then the following are equivalent;

1.{x,} is G-convergent to x;
2.G(xy,%p,x) = 0, a3 1 — o0}
3.G(xp,x,x) — 0, as n — oo;

4.G (X, Xm,x) — 0, as n, m — oo.

Lemma 2.5. ([21]) Let (X, G) be a G-metric space, then the following are equivalent;
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1.The sequence {x,} is G-Cauchy;
2.For every € > 0, there exists a positive integer N such that G(x,, X, X,) < €, foralln,m > N;

Combining Lemma 2.4 and 2.5 we have the following result.

Lemma 2.6. ([6]) Let (X,G) be a G-metric space then {x,} is a G-Cauchy sequence if and only if for every € > 0, there

exists a positive integer N such that G(x,, X, x,) < €, forallm >n > N.

Definition 2.7. ([22]) A G-metric space (X, G) is called symmetric if G(x,y,y) = G(y,x,x) for all x,y € X.

Definition 2.8. ([22]) A G-metric space (X, G) is said to be G-complete (or complete G-metric space) if every G-Cauchy

sequence in (X, G) is convergent in X.

Definition 2.9. ([22]) Let X be a nonempty set. Then (X, G, <) is called an ordered G-metric space if;
1. (X, G) is metric space.
2. (X, =) is a partially ordered set.

Definition 2.10. ([9]) Let (X, <) is a partially ordered set. Then x,y € X are called comparable if x <y or y < x holds.

Definition 2.11. ([9]) Let (X,G) be a G-metric space. A mapping F : XX — X is said to continuous if for any two

sequence {x,} and {y,} G-convering to x and y respectively, {F (x,,y,)} is G- convergent to F (x,y).

In this paper, we use the new definitions of n-tupled coincidence point given by Imdad ([11]) and n-tupled fixed point
given by Samet and Vetro([1]). Throughout the paper, we consider n to be even integer. Now we recall some basic

concepts and definition:

Definition 2.12. ([11]) An element (x' XX x") is called n n-tupled fixed point of the mapping F : X" — X if

Definition 2.13. ([11]) Let (X, <) is a partially ordered set and F : X" — X be a mapping. The mapping F is said to have

the mixed monotone property if F' is non-decreasing in its odd position arguments and non-increasing in its even position

arguments, that is, if

1. for all xgl),xgl) eX, xgl) = xgl) = F()c<11),)c(2>,)c(3)7 Loxiy < F(xgl),x(z),xc),. ,x(m)
2. for all xgz),xgz) €X, x(lz) =< x§2> = F(xm,)cgz),x“)7 oy < F()c(l),)cgz),x@)7 xm)y
3. for all x53)7x£3) €X, x?) = xf) = F()c<1),)c(2),)cg3)7 ... ,x(”>) = F(x(1)7x(2)7x§3), ,x(">)

4. for all xf),xgn) €X, x(ln) =< xgn) = F(xM,x2 xO) . ,xém) < F(x1 x?) x3) ,x§">).
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Definition 2.14. ([11]) Let (X, <) is a partially ordered set and F : X" — X and g : X — X be two mapping. Then the

mapping F is said to have the g-mixed monotone property if F is g-nondecreasing in its odd position arguments and

g-nonincreasing in its even position arguments, that is, if,

1. for all xﬁ”,xg) eXx, gxgl) = gxg]) = F(xgl),x(z),x(S),...,x<”)) = F(xgl),x(z),xc),. ,x(m)
2. for all x§2)7x§2) €X, gxgz) =< gxgz) = F(x<1),x§2),x(3), Loy < F()c(l),)cgz),x@)7 xm)y
3. for all x<13),x§3) eX, gx(13) = g)cg3> = F(x“),x(z),xf), Loy < F(x(1)7x(2)7x§3), ,x(m)

4. for all x<13>,x§"> €X, gxgn) =< gxg") = F(xM,x2 xO) . ,xgm) < F(xM x®

Definition 2.15. ([11]) An element (x', x*>,x3......... x") is called an n-tupled coincidence point of the mapping F : X" — X

andg: X —» X if

Definition 2.16. ([11]) An element (x!,x? x*......... x") is called an n-tupled fixed point of the mapping F : X" — X and

g: X —Xif

F 2D xn=2) a1y g — (),

Definition 2.17. Let (R,d) be a partially ordered metric space under natural setting and let F : R" — R be mapping

defined by F(x() x?) .. x") = w, for any x(),x() .. x(") € R while g : R — R is defined as g(x) = 5.

Then (0,0,0,...,0) is an n-tupled coincidence point of F and g.

Definition 2.18. Let F : X" — X and g : X — X be two mapping. Then F is said be g-compatible if

Limy owG(g(F () 352, X)) F(gxly) gxi?) ... exi)), F(gxiy) gxe) ... gx)) =0
lim G(g(F(52 . x) x0) F(gxld) g extn)), Fgxid) ... exi) gxit))) =0

Lim e G((F (i xby) . xb ) F (g gxly) . gxbi ™) Fgx) exly) .. gxbi ™)) = 0.
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where xfnl ), xﬁnz),..., ,(,ZL ) are the sequences in X such that

ity soF () 30 3y 2)) = Lt sogy) = 31

limmﬁooF(x,(,%),xS), .. ,xg,?),x,(nl)) = limmﬁng,(nz) =x®

lim,,HmF(x(*%), . ,xf,f>,x,(,11),x,(,12)) = limmﬂmgxs,?) =x0

limm_,ooF(x,(,:l), ... 7x,<,f_2>,x£f_1)) = limm%mgxf,?) = x("),
for some x(1), x@ xB) .. x(") € X are satisfied.

The main aim of this paper is to introduce compatiblity for n-tuples and prove n-tupled coincidence point results for pair
if compatible maps as well as n-tupled fixed points results in partially ordered complete G-metric spaces satisfying
weakly-contractive type condition enjoying mixed monotone property. Basically our theorems generalizes the Banach

and Kannan contraction condition, respectively.

3 Main Results

Theorem 3.1. Let (X, G, <) be partially ordered complete G-metric space. Let F : X" — X and g : X — X be two mappings
such that ' has mixed g-monotone property on X and satisfies the following conditions:

G(F('x(l)’x(2>7'x(3>7 "‘7x(n))7F(y(1)7y(2)’y(3>7 "‘Vy(n))7F(Z(l>7Z(2)7Z(3>7 "'7Z(n)))

< {G(gx(l)7gy(l)7gz(l)) =+ ... + G(gx(”>7gy(n)7gz<n>) } B ¢{ G(gx(l)’gy“)’gz(l)) _|_ —— G(gx<n>7gy(ﬂ)7gz(n))

n n

L@

for all  x0x@ 5B 40 1) @ B im0 0 ) 0 e X with g2 < gl < gxl),
82 = gy = gxl? ., gz = gy = ox(™) where gy(D) £ gz(1), gy(®) £ g2 . gy o£ g2 and ¢ : [0,00) — [0, c0) is
lower semi-continuous with @(¢) = 0 if and only if # = 0 and ¢(z) > 0 for all 7 € (0,00). We assume the following
hypothesis:

1. F(X") C g(X), g(X) is complete, g is continuous and F is g-compatible.

2. F is continuous or

3. (a) if a non-decreasing sequence {x,, } — x, then gx,, < gx, for all m > 0.
(b) if a non-increasing sequence {y,,} — y, then gy < gy,,, for all m > 0.

and if there are x(()l) ,x(()z) ,x(()3), ...,xém € X such that gxél) =< F(xél),xéz) ,x(()3), ...,x(()")), gx(()z) = F(x(()z),x(()3)
,...7xé"),xél)), g)c(3> =< F(x((]3),...,x(()n>,xél>,x§)2)),...,gx(()n) = F(xé")7x81),...,xén_2),x(()n_1)). Then F and g have n-tupled

coincidence point in X.
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Proof. Let )c(()l),)c§)2>,)c(3)7 ... ,x(()n) € X such that

(2 (3 n
gxg)l) = F(x(() ),x(() ),x(() ),...,x(() ))
gxé)2> = F(xéz),xé3), e ,x(()")7x(()l))
gxé3) =< F(x(()3), e ,xé"),xél)7x(()2)) 3)
gxé") = F(xgl),xél), ... 7)c(()yhl)) when n is even.
Since F(X") C g(X), We define, x%l) ,xgz) ,x§3), . ,xgn) € X such that
n (2 .3 n 1
F(xé) ),xé ),x(o ),...,x(() >) :gxg )
2 3 n 1 2
F(xé) )7xé ),...,xé ),x(() )) :g)c(1 )
3 n (1) (2 3
F(xf)),...,x(()),x(()),x(())):gxg) 4)
F(x(()n),x(()l), . 7x(()an),x(()"f])) = gxgn)
Continuing the above procedure, we can construct m sequences {x,(nl)}, {x,(,%)}, {x,(f )}, ...and {xﬁ,ﬁ’ >} in X such that
Fby) x5 x5y = gx,(nlil
Fa) ) ) = gl
F(x,(f),-..,xf(,f)yx,(i)7xr(;12))=gxgll (5)
F(xf,:’),xf,p7 ......... 7x£,?_2),x,(,?_1)) :gxxll
We are going to divide the proof into several steps:
Step 1. We shall prove that for all m > 0,
1 1 2 2 3 3 n n
gxin’ X gxL 18T gA 118k = gLy gh 8 (6)
By using (3.2) and (3.3),we have
gx(ol) = F(x(()l),x(()2>,x(()3>, . ,x(()”)) = g)cg1>
gxéz) > F(x(()z),x(()3>7 .. ,x(()”),x(()l)) = gxgz)
gx(()s) = F()c(<)3)7 e 7x(()"),x(()l),x(()z)) = gx§3) (7

gx(()") = F(x(()n),xél), .. 7)cé"*z)gc(()"*l)) = gxgn).
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So, (3.5) holds for m = 0. In the same way, using mixed monotone property of F' we define,
) (2 .3 1
F(xg ),xg ),xg ),...7x(1")) :gx<2 )
2) (3 1 2
F(x(l ),xE ),...,xgn),xg )) :gxé )
3 ) (2 3
F(x(l),...,x(l'q),x(l),xg)):gxé) 8)

F( (n) (1) (n—2) ("*1)) (n)

X)X Xy X = gx,
Then
gxgl) = F(x(ll),xgz),x?),...,xgn)) - F(x(()l),xgz),xgs),...,xgn)) - F(x(()l),x(()z),xgs),...,x1
- F(x(()l),xéz),x(()3), ...,x(()")) = gx(11>.
gxgz) = F()c(lz),)c(ls),xgz”7 ...,xgn),xg)) =< F(x(lz),xgs),x§4), ...,xgn),xéw) =< F(xiz)
N NN N N U NG )
Similarly,

gxg) >~ gx?),gxg‘) = gx(l4), ...,gxgn) = gx(l").

Suppose that (3.5) holds for some m > 0, as F has the g-mixed monotone property, we have from (3.4) that In the same

way, using g-mixed monotone property of F' we define,

ng,:J)rl = F(x,(,11>,x,<,12>,x,<,13),...,x£,'f)) < F(x,gl],xf,%),xf,f),...gc%l))

=< F(xﬁil,xgil,xf,f),...,x%‘))

Y TR BN RN BN

m+1"m+1"m+12 """ "m+1
:gx;(nl}rr
gl = F ) x)scooxi)xi)) = F L b)) 20))
iF(xgil,xﬁil,...,x%l),xﬁ,}))
2 3 n 1
tF(x,(nJ)rl,x;ll,...,xfnil,xﬁn))
2 3 n 1
iF(xfnl-hxinl-l’""xinj-l’xinil)
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N )
= gX, 1

Thus by mathematical induction we conclude that (3.5) holds for all m > 0. Therefore,

gx(()l) = gx(ll) = gxé1> <...= gxﬁ,,) = gxfnll =..
gx(()z) b gxiz) b gxg2> ... gx( ) > gx< ) ..
gxé3) = gxf) < gx(23) <...=X gxg,,) < gxﬁnll <.. 9)
gy =g o) =gy = el
This completes the proof of our claim.
Step 2. Now we shall show that
limy e {Ggxi gx1) | gx' ) )+ Glgxta),gx o) gxt) ) + ... +G(gxﬁf)7gXEﬂl,gxxL)} =0. (10)

From the (3.4), we have

Al :G(gxs,,l),gxg}rl,ngnIil) :G(F(x<l>1,x<211,...,x(nzl),F(xﬁ,}),xE,%),...,xg,?)) F(xgnl), S,,>, ,x%[)))

m— m m
< (e 1) 18 g o+ Glexy ) g ”,gxﬁ,?">)+6<gx5311,gxﬁ,?)ﬁgxf;”)} _
- n

Glexly) gt gain )+ Glaxn ) el gtV Gl | ealt) enlt))

o{—" "

A% = G(gu gx g% y) = G (oo oxfy o )P i) ), F (e )

m—1° m—1>"m—1

< (Otesl v o)) Gl ! )+ Gl

n

¢{G(gxg) .7gx,(nz) )+ +G(g f,,) 17gx1(5') o) +G(g ,(,:)1 e, gx;(n')}

n

Similarly, we can including write

A = Gl ) = GO ) D) ) i), PO )

< Gex™ | ex oxi)+Glex ) | exty) oxit )+ G (ex ) gxlt Y gali V)
<{ . b -
¢{G(gxg)|g%(n)gxﬁn)>+0( L) gxw,gxfnl)ﬂ +G(g fnl)gxg 1)7gx5r771))}

- .

Let for all, m > 0, adding the above inequality, we obtain

5m+1 = G(gXSrll)vgxgnlj_l ,gxy(nlj-l) + G(gxs%)vgx;fj_lagx;(;j-l) +.+ G(gxl(rl:)vgxs,ﬂ_lagxxll)

Smi1 < {G(x™ | axit ety + Ggx!) | axit) ext) 4.+ Ggx" ) gV gl Uy —
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no{ Gex | e oxi)+G(ar) | exly) oxit )+ +G(gx ) gali ™Y gali V) }

n

Om
Om+1 §5m*”¢{7} (11)
Omi1 < O (by the property of ¢-function)

Therefore the sequence {J,,} is a monotone decreasing sequence of non-negative real numbers. Hence there exist § > 0

such that lim,, .0, = 8. Assume 8 > 0. Then from (3.10) again, taking limit m — oo, we get
Limy oo Op1 < limy_s00Op — n¢{limm9m67’"}
=8 <8-np{s},

which is a contradiction. hence
limyy—y00Om = 0. (12)

. 1 1 1 2 2 2 n n n
= lzmmAm{G(gXEn),gx,(nL,gx,(nil) + G(gxw,gx;ll X )t Glgxy) x| ex™ )} =o.

Hence 1 1 1
llmm*)oo{G(gxI(n ) I gx)(nj»l ? gxinjrl ) } = 0

. 2 2 2
llmm%w{G(gxr(n>’gx£n—)¢—17gx£n-)kl)} =0 (13)

limy e {G(gxy, ex™) | ex™ )} =0,

This prove our claim.

Step 3. Next we have to show that {gxﬁnl )}, {gxﬁ,% )}, {gx,(,f )}, ...and {gxﬁ,’f )} are Cauchy sequence. If possible, let at least
one of {g)c,(n1 )}, e {gxf,:’ )} be not a Cauchy sequence. Then there exist an € > 0 and sequence of natural numbers
{n(k)} and {I(k)} for which n(k) > I(k) > k, and such that for all k > 1, either Hence
1 1 1
G(gxl((lg,gxfl(l){),gxi(]){)) > € or
2 2 2
G(gx[((]())7gx}(1(l)c)7gx£l(/)()) Z € or

G(gxl(?,zygxfjf,){ygxi'},){)) >¢ or (14)

G|y &x\0y 8xin) > €.
Then forall k > 1,
1 1 1 2 2 2 n n n
8k = G(gxg(,()ygx;(,)c),ng,&)) + G(gxl((lz)agxi,(i)agxi&)) +...F G(gxg(,fyg)C,(l(,)(),gXS,(,){)) > €. (15)
Now, corresponding to (k) we can choose n(k) to be the smallest positive integer for which (3.14) holds. Then

1 .1 (1) @ .. (2 (n)  (n) (n)
G(gxl(k)’gxn(k)fl’gxn(kfl)) + G(gxl(k)’gxn(k)fl’gxn(k)fl) oot G(gxl(k)’gxn(k)fl’gxn(k)fl) <E. (16)
Further, from (3.14) and (3.15), for all kK > 1, we have

1 1 1 2 1 1 n n n
ES g = G(gx,((,f),gxfl(,i),gxf,(,)()) + G(gxl((lz),gxi(,)(>,gx£l<l)()) +ot G(gx§(2)>gX£(,)(),gXS,(,)(>)~
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By triangle inequality, we have

S G(gxg(lk))7gx£ll(])c,1)7gx,(11(])c),1 ) + G(gxil(/)c),l 7gx( ())agx,(q(])c)) + G(gx(( ))agx< (])( l)agxfi])() ])+

CRNCRNC) SN W-1 () )
G800y 15y 8hacty) + -+ G 85,0y 1830 1) +Glex(y) 8085,
Mo NONNCRNG) W w0
< G0 g1y Fngty 1) T GO0y Xty 1%t 1) - Gl 8%0) - 158% 1) +Angey
+Aﬁ(k)_1+...+A;’<k)7l

1 2
<EFA 1 T A1 T T A1

Taking limit k — oo, we have
limp 008k = €. (17

For all £ > 1, we obtain,

(1) (1) (1) _ (1 (2 (n) (m (2 n)
G(gxl(k)Jrl’gxn(k+1)’gxn(k)+1) _G(F(xl(k)’xl(k)""’xl(k))’F(xn(k)7xn(k))""’xn(k))7
(n 1 (1) @ 2 (2 (m)  (n) _ (n)
1 2 G(85) 10y 8% 10y &%) FG(8X ()58, 1) 8%, 1) ) -G (&%) ) o8, 1) 8%y 1))
F(x’(l(l){yxn(l){))"“’xnfz]l))) < {0 ) 1)tk ) 0RO Oy
G(gx((l)) ’gxﬁll(l){) gx( )))+G(gxl((2k>),gxfw)(),gx(%)))-ﬁ- +G(gx(( >) gx(()>vgx£,r(l/)())
¢{ " }
2 2) 2) _ (2) (m) (1) 2) n) 1)
G(gxl(k)Jrl7gxn(k+1)7gxn(k)+l) = G(F(xl(k)""’xl(k)’xl(k))’F(xn(k)7'"’xn(k))’xn(k))’
2 2 2 n n n 1 1 1
F(x(%])() ¥ r(;])() ¥ 1(])()) < {G(gxg(k)) 7gx£,(/)()7gx£,(/)())+-~-+G(gx§(k>) 7gx£,(/)()7gx£,(/>())+6(gx1<(/2) ﬁgxfl(])‘,)»gxi(j)()) }_
(k) " n(k) *n — n
2 2 2 n n n 1 1 1
¢{ G(gxl((/\?) »gxi(/)()7gx£,(1)())+~-~+G<gx1((/3) ,gxi(i),gxfl(l)()JrG(gxf(k)),gxi(l)(),gxi(l)()) }
n

Similarly, we have

G(gxl(n) (n) (n) ):G(F(x(”) x(l) (nfl))yF(x(n) 1(])())7”.7x(n71))’

(k)+1°8%n(k+1) 8%n(k) +1 106)X1(k)7 -+ X1 (k) (k) *n n(k)
W 0 M 0 (1) (1) (1) (1)
(m (1) (n-1) G8%106) 8%t 8%n(t) O S0t 8 ¥nity S nitg) T+ O 8%5) ") ¥ )
FGU) A ). sty < (CB Sl b oy ) Sain) )y

G(gx gx((i),gx(()))JrG(gx((lk)) gxfl(j)()agx,(,(j)())+ +G(gx(( 5 ) gx,(:(llgl)vgxi’(l;)l))

¢o{

1.
Now adding above inequalities, we get

(1) (1) (1) (2) (2) (2) (n) (n) (n)
G(gxl(k)Jrl’gxn(k)H’gxn(k)H)JrG(gxl(k)H’gxn(k)+1’gxn(k)+1)+"‘JrG(gxl(k)Hvgxn(kﬂ)agxn(k)ﬂ)

(1 0 (1) @ .2 .2 (m) ) ()
< }’l{ G(gxl(k)agxn(k)«gxn<k))+G(8Xl(k) 8%n(k) sgxn(k))+~-~+G(gXl<k) 8% (k) ’gxn(k)) } .
- n
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no{ G<§X§<12> =g"y(lti) ’gxp(ll(z)c) HG(ng((Zk)) ’gxfjl)c) ’gxﬁz(i))J““*G(gx;Fk)) 7gx£.r(ll)<) ’gxﬁ?’)k)) ).
Again, for all kK > 1 and by using the triangle inequality, we have
_ mn . (1) @ .2 0 (n) . (n) ()
8k = G(gxl(k),gxn(k),gxn(k)) + G(gx1<k),gxn(k) 7gx,,(k)) +ot G(gxl(k),gxn<k),gx,1(k))
GO C)) (1) 1) L (1) @ .2 )
< G(gxl(k)7gxl(k)+1 18X 1(k)+1 )+ G(gxl(k)Jrl ’gxn(k)’gxn(k)) + G(gxl(k)’gxl(k)H 2 8X1(k)+1 )
) @ .0 () (n) (n) (n) (n) _ (n)
G841 8% (k) 8%(h)) + -+ T G(8% 1) 8%y 1) 115 8% 41) + G831 115 8%y 8¥ot)
1 (1) (1) (1) (1) (1) (1) m .1
< G(xl(k) 8X1(k)+1 ’gxl(k)+l) + G(gxl(k)Jrl 8Xn(k)+1° gxn(k)Jrl) + G(gxn(k)Jrl 18X (k) gxn(k))
()  (n) (n) (n) (n) (n) (n) () (n)
e G820 8% ) 10 8311y 1) T+ G803y 1> 8%gay 15 8%n(ay 1) T G8X1(3 4158312 8% (r))-
Taking limit k — oo, we have
. . 1 1 1 n n n
€ = limy ;o8 < llmk*)m(G(gxg(/z)+17gx£l(/)(+1)7gx£l(/)()+1) +...F G(gx§(2)+17gx£l([)()+17gx£l(/)()+1))‘ (18)
Now again,
1 (1) (1) ) ) @) (n) (n) (n)
G@%wﬂvg%®+v9ﬂmﬂ)+G@%@ngﬁwwwg%®+ﬂ+'“+G@%@ng%®+w9ﬂmﬂ)S
(1) n (1) mn . 1) m (0 (1)
G(gxl(k)+1 ’gxl(k)’gxl(k)) + G(gxl(k)’gxn(k)’gxn(k)) + G(gxn(k)7gxn(k)+1’gxn(k)+1) .
(n) (n)  (n) (n) . (n) _ (n) () (n) (n)
+G(gxl(k)+1 18X (k) gxl(k)) + G(gxl(k) 18Xy (k)) gxn(k)) + G(gxn(k) 18Xk +1° gxn(k)+1)'
Taking limit k — oo, we have
. 1 1 n n n .
limise (G811 8354y 115 8%p(k) 1) - F G813 83004y 115 85p(h) 1)) < limicogi = €. 19)
By (3.17) and (3.18), we get
. (1) (1) (1) (n) (n) (n) _
hmk%JG@%vag%wﬂng®+ﬂ+“-+GQWMng%@Hy&Q®+J>—8~ (20)

By (3.19), we have

€< 67”4’{%}7

which is a contradiction. Therefore {gx,(n1 )}, {gxﬁn2 )}, {gxff)}, ... and {gxf,f )} are cauchy sequences in X. From the

completeness of X there exist xM x@ . x" e X such that
limnHwF(xSnl),xS,%), . ,x,(,’:)) = limﬁngﬁ,}) — xDgs m—s oo

(2) (n) (1) (2)

. . 2
limp oo (X" s+ s Xm 3 Xm” ) = Limy—s0o@Xmm

(3) (n) (1) _(2)

. , 3
limp_seoF (X" 5+ - s X 3 Xom” s Xm ):ltmnﬁng,(ﬁ — x{

—>x(2)as m — o

3)615‘ m —» o

(n) (1) (n—1) (n)

Limy s (Xin X 5o Xm0 ) = Limy o8 — M as m — oo.

21
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Step 4. Now we have to show that F’ has n-tupled fixed points. For this, Let the condition (1) of the theorem holds. that is
F is continuous. Since F is g-compatible, we have from (3.20)

(1) () (n) (.2 (n)

limm*)‘x’G(g(F(xm yXm™ 53 Xm )7F(ngl )gxm AR 7gxﬂ1 )vF(gxgﬂl)’ng%)v R agxg':l))) = 0
limsooG(g(F(xta o) x)), F(ga) . gain) g ) F(gaiy, .. g, gxin)) = 0
(22)
limy oo G (g (F (xiy) i) xin ™), F (g gt g ) F (i) g, g ) =0
Then for all m > 0, we have
Glex), F(gain,gxin .o gnii), F(gxhs),gxiy) . ogxin))) < Glex™ g(F (xhy 12 xih))),
1 2 n 1 2 n 1 2 n 1 2 n
g(F(x,(n),x,(n), ... ,x,(n)))) + G(g(F(xﬁ,,),xEn), ... ,xfn)),F(gxﬁ,,),gx,(n), ... ,gx,(n))),F(gx,(n),ng,,>, ... ,gx,(n>))).
Taking m — o in above inequality using (3.20), (3.21) and continuous of F and g, we have
limy, oG (gx™M F(x(D) x2) . ,x(”)),F(x(l),x(z), ... 7)c(”))) =0 that is gx(!) = F(x,(,,l),xﬁ,%), ... ,xf,:’))
limy oG (gx® F(x@ . x0 x1) F(x . x0) x(1D)) =0 that is gx® = F(x@, ... x x(1)
Limy e G (gx™  F (x (M x=Dy F(x xM) . x=D)) =0 that is gx(®) = F(x(") x| x(=1)),
Hence the element xfnl ),xfnz ), ... ,xi,'f Ve xnis n-tupled coincidence point of mapping F : X" - X and g: X — X.
Next, Let condition (2) holds. by (3.8) and (3.20), we have
gexm’ = gx),gx® < gexty) goxiy) < gx®),... gx™ < genyy.
Since we have F and g is g-compatible and g is continuous by (3.20) and (3.21) we have
limnﬁwggxg,,l) = gx(l) = limnﬁoog(F(xﬁ,}),xg,%),...,x,(,’f))) = limn%wF(gxf,}),ng,%),...,gxs,?))
ll'm,1_>c,<,(gg)c,(,11> = gx(l> = limn_y,c,g(F()c,(,%)7 . ,xs,:’>,x,<,}))) = limn_)mF(gx,(,?), . ,gx,(,p,gx,(,:l_l))
(23)
lim,,_,mggx,(,?) = gx<") = limn_,.,c,g(F(xg,'Z),xﬁ,})7 . 7)c,(,;'_l))) = limn%mF(gx,(:),gxﬁ,}), . 7gx£,'f_1))

Now using triangle inequality, we have

G(FGD x@ ... x) gxD gx(D) < G(F(x<‘),x<2>,...,x(")),ggx,(n'll,ggx,(,ﬁl)+G(ggx,(n'il,gx(‘),gx<‘))
that is,
G(F(xM),x?) . xM) gx(D gx(D) < G(F(x<1>,x(2),...,x(”)),gF(xEnl),xfnz),...,xﬁf))

gF () x5, x))) + Glggatr) |, gxV), ga))

Taking m — oo in the theorem in the above inequality, using (3.22) we have
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limy e G(F (xV) x@ . x®) ox(M) ox(D) < limy, o G(F (x1),x?) .. ,x(”)),gF(x,(nl),xﬁ,f), ... ,x,(f)),

gF (<) x5 )+ limy . Gggxll) | gD, gx(D)

limy, e G(F (xD) x) . x) ox(M) ox(D) < lim,, oo G(F(x1),x3) .. ,x(”)),F(ngnl),gx,(nz), e ,gxﬁ,:’)),

F(gxhy) gxi?) ... ex))

. (1) gorD) 4oyl (1) g (1)
< llmn*)w{c(gx ,88%Xm ,88Xm )+.’.14+G(gx ,88%m 88%m )}_

. Glex) ggxly) ggrty)) ... +G(gx™ gexty) gexis)
limp_ee®{ ( ) - ( )}.

Using (3.22), Lemama 2.4 and property of ¢-function, we have

G(F(xD x@ . x) exV) gx(D) =0 that is F(x(,x?), ... x(") = gx(1)
Again we have,

G(F(x?,... 7x(”),x(l)),gx(z),gx(z)) =0 that is F(x(z), ... 7x("),x(l)) =gx®

Similarly, we can have

G(F(xm xV, ... x=1) exm) exm) < G(F(x® x(), ... x0=D) goxl”  oox™ )4 Gggxl?) | exn), gx(m)
that is,

G(F(x 21, 2D g2 g2y < G(F (x 20, x0=0) P (i 2. adi ™),

gF (u) x) o))+ Glggr) |, gx™), gx™).
Taking m — oo in the theorem in the above inequality, using (3.22) we have

liny, oo G(F (x™) x| x01)) ox() ox()) < limy, oo G(F (x™) x(D) .. ,)c("_l)),gF()c,(,f)7)c,(,,1)7 e ,xﬁ,:’_l)),

F () xhn i) iy G g 1, g™, ™)

limy e G(F (x™ x| . 7x("’l)),gx(”),gx(”)) < im0 G(F (x x(1) . ,x("’1>),F(gxgl),gx£,'f), ... ,gxﬁ,?)),

n 1 n—1
F(gx£1)7gx£ﬂ)a"'7gx£’l )))
. G(gx™ gextn) gl 4. +G(gx 1 gexit V) goxi V)
< limy—e{ : - : -

. (1) o) o (1) (n=1) o n—1) (n—1)
Limy o0 {G(gx 88%m ,88%m )+~~+g(gx 88%m__,88%m )}.

Using (3.22), Lemma 2.4 and property of ¢-function, we have

G(F(x(”),x“), ... ,x(”_l)),gx(”),gx(”)) = 0 that is F()c(")gc(l)7 ... ,x("_l)) = gx("),
Hence the element x(1), x(2)

completes the proof of the theorem.

Loxm e xn s n-tupled coincidence point of the mapping F : X" — X and g : X — X. This
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Theorem 3.2. Let (X, G, <) be partially ordered complete G-metric space. Let F : X" — X be a mapping such that F has

mixed monotone property and satisfies the following conditions:

G(F(x(l)’x(z)’x(:;)’. . 7x(n))7F(y(1)7y(2)’y(3>7“ * 7y(n))7F(y(1)’y(2)7y(3)7'"’y(n>)) S

{M(x(1)7x(2)? A 7'x<n)7y(1)7y(2)? M 7y(n))} - ¢{M(X(1)7x(2)7 M ?x(n>7y(1)7y(2)7 M Ly("))} (24)
where
M('X:(l)?x(z)?"'7'x(n>7y<1)’y(2)7" 9 (n)) - zi{G('x<1)’F(x<1)7x(2)7' 7'x(n))’F('x(1)7'x(2>’ 7'x(n)))
n

+ G(x(z),F(x(z), . 7x("),x(l)),F(x(z)7 e ,x<"),x<1>)) +...+ G(x("),F(x("),xm, .. ,x(”_l)),F(x("),x(l)
x0T + GOW P Y@y FD YDy + GO PP,y W) Py,
I G FGW YD) F Wy

for all x(V x) x3) . x(" € X and y(I, y@) y3) .y € X with y() < x(D x2) <y x(0) <y and ¢ :[0,00) —
[0,0) is lower semi-continuous with ¢(¢) = 0 if and only if 7 = 0 and ¢ (z) > 0 for all ¢ € (0, ). Also suppose that

1. F is continuous or

2. (a) if a non-decreasing sequence {x,, } — x, then x,, < x, for all m.

(b) if a non-increasing sequence {y,,} — y, then y < y,,, for all m.

and if there are x(()1>,x(()2>,x83), . ,x(()n) € X such that x(()1> = F(x(()l) ,x(()z) ,x(()3), ...,xé)")), xéz) - F()c(()2>,)c(()3>
7...,x(()"),x(()l)), () 4 F(x; @) .,x(()”),x(()l),x(()z)) ,...,xé"> > F(x(()”),x(()l),...,x(()"%),x(()"*])) when n is even. Then there exist
x(l),x(z),x(3),..., ") ex such that

that is, F' has n-tupled fixed point in X.

Proof. Step 1 is same as the Theorem 3.1. Proof of this theorem is differ from the Step 2.

Step 2:
G ) x))) = GF () f,f’,l, ) F G ) F ) i)
2 n 1 2 n n
<M ,E,Rl,xﬁn% )y = o MG a0
2) (2 2 n 1 2 1 2 n) (1
G(x5n>,x£nj_1, m+l) (F x£n)17 m)17x;(n)1) F()C,(n), xSn)vxSn))vF(xSn)w"ax£n>ax£n)))
n 1 2) n 1 2 1
<M ) = oMl ) ))
Now again,

G o) = GE(, 1 x, ,xf,?*f)),F(xﬁ,?),xEJ), G )

m+1’ m+1 m—127"m—17"
1 n—1 n 1 n—1 n—1 n 1 n—1
<M A D I — oM D D)
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where

Mm—1°

M(xgzl P ...,x(") xﬁ,,l),...,xﬁ,?))zi{G(x<l> F(x<1> K2 x(")l)7

m—1° n m—1 m—1""m—1°"""""m—

1 2 2 n 1 2 n 1
F(xmzl xt(nzh” () 1) +G(x En)I’F(XEnll""7x£n117x£n11)’F(x£nil"'"XEnll’ Enll)
n 1 n—1 n 1 n—1

+...+Gl(x (117 (xfnz]?xfrl)]’ xr(nfl))’F(xfn)fl’xfn)fl’“”x)(nfl)))
+ G F () x5 xS () xS 4+ G F () ),

FOS it ) GO F ) ) Dy PG

Let for allm,n > 0,

Bt = Gl xpy Ly l) Gl L)+ Gl ). 25)

we have

6m+1 - 2n{5m+1 +6m} —n¢{ "l+1+8m}

6 6’71
2811 < St + 8y — 2ng{ Tty

Om+1+ O
Bt < 8 — 209 { =" (26)

= On+1 < . (by the property of ¢- function)

Therefore the sequence {8y, } is a monotone decreasing sequence of nonnegative real numbers. Hence there exists § > 0
such that lim,,;_,e 8, = 0. Assume & > 0. Then by again (3.23), taking limit m — oo, we get

[iMy o001 < limy,_s00Op 2n¢{llmmﬁwm}

5 <8—2mp{%2},

2n

which is a contradiction. Hence [im,;,—y00 6, = 0

= limm%m{G(x,(,}),x,(;l] ,x’(nlll) + G(x,(,%),xgll ,xfll) +...+ G(x,(,':),xfr:lj_l,xﬁ_l)} =0.

Hence (1) (1)
llmm%w{G( m+1’xm+1)} =0

2 2
limy e {G(xb7 ;(nj—l’xr(nj—l)} =0

27)

limmaw{G(xr(;)vxxﬁlvxfﬂl)} =0.

Next we have to show that {x£nl )}, {xﬁf )}, {xf,g)}, ... and {xﬁf )} are Cauchy sequence. If possible, let at least one of
{xﬁ,} )},. .. and {xﬁ,’f >} be not a Cauchy sequence. Then there exist € > 0 and sequence of natural numbers {n(k)} and
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{l(k)} for which n(k) > I(k) > k, and such that for all k > 1, either

AN > e or

(
G X341 nh)
e

Gy X Xnii)} 2 € 0r
;” (n) )} >¢€ or (28)

n

)
k)’ k
) @ @)
k)’ k
) )
G119t ity

Then for all k£ > 1,
1 1 1 2 2 2 n n n
PO )—i—G(x( ) x ])(),x ]>(>)—|—...—i—G(xl((lz),xn(l)(),xn(l)()) > E. (29)

Now corresponding to /(k) we can choose n(k) to be the smallest positive integer for which (3.28) holds. Then for all

k> 1,

(1 (1) () (2) (2) (n) )
GO0 X1 %n k1)) T GO0 Xty 1%ty 1) -+ GO Xy 1%y —1) < E- (30)

Again, from (3.28), using triangle inequality, for all k > 1, we have

@ W () )
n(k) (k) - GOy Xk ¥ hy

1 1
€ < 8k = Gl 0y i) + G ot
) ) )
Had i)+ CWG6) o1y ¥ty
|

@ 2 m -1 ) )
+ G- 1%nFay) T+ GO X1 Fu—0) F GO Fagty Fagty)
(

( i
NONNCRNNG 0 @ o N
< GO Xty Bty 1)+ GO Xyth1) oty ) - F G 305
Ayt F At T AL < ET A AL A -

(1 (1 1) 1)
< GO0 X1y Fagy—1) T G015

Taking limit k — oo, we have
limp 008k = €. (€28

Again, for all kK > 1 and by using the triangle inequality, we have

PN @ @ 0 ) ) )
&k = GO0 %) %) + G0ty X)) -+ GOy Ky ¥uay)

NORNG R @ @
&) X1+ 1% (k)+ )G X1(k)+1°Fn(k)> “n(k ))+G(xl(k)7 1(k )+1’xl(k)+1)
CNCING) S NONNONNG
(X015t ) T+ GO0 150 1)+ GG Xy )
1

X

(1 (1) ( ) (1) (1) (1) (1) (1) (1)
GO0y X141 %100 +1) T GO0 1%+ 1%+ 1)+ Ot 11 %) Xaih))

(m) () (n) (n) (n) o) (n) (n) _(n)
+~~~+G(xl(k>7 l(k)+17xl(k)+1)+G(xl(k)+17xn(k)+1’ n(k)+ 1)+ Gl 1k )+1’xn<k>’xn<k>)'

Taking limit k — oo, we have

(1) (

. . 1 n
€ = limg_yoogr < limy_oo(G(x ())+l,xn(k+1),x (1)6)+ )+v+Gx §<))+l,x< 1)<+1 ,xfl( ) (32)
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Now again,

(1) (1) ( ) (2) (2) (2) (n) (n) (n)
G115 1 %n (011 T F )11 %ty 41 %)) T F GO0 4 1%y 4 1% 1)

1)

(1) (1) ( ) (1) ( ) (1) 1 (1) (1)

< GO 41 %100 X1tk T GO0 %00 ) T Oy Xy 1%y 41) +
n)

£ GO )+ Gl FONENO

RONG (n)
)1 %10 M1k 10 (k) (k) T Gy Xoga 11 Xn(a 41)-

n(k

Taking limit k — oo, we have

: (1) (1) (1) (n) (n) (n) . _
llmkﬁm(G(xl(k)H,xn(kH),xn(k)ﬂ) +... —|—G(xl<k)+1,xn(k+1),xn(k)+1)) < limg_seogr = €. (33)
By above two equations, we get
: (1) (1) 1) (n) (n) (n)
Limgsen (G X4y 1% ) Fnii1) o F GO0 0 X Fniay 1)) = - 34

For all kK > 1, we obtain,

(1) (1) (1) _ (m () (n) (1 () n)
G(xl(k)H,xn(kHVx (k)+1) = G(F()cl(k),xl(k)7 ceny Xy ) F(x (k) k)), . 7)cn<k)),

ORNCRNG e
F (i) %) < MG,

n 2 () (1) (2) n)
o{M(x, 050 X1 n () (k) Kk

GOS0 w1 Bty Koy 1) = GG 20 20 F g, )

1(k)+17%n <k+1>’xn< 1 1(k)® ) (k)
@) (1) @) m (1) (2 n (1)
F(x (k)) JF(x ® ) < (xl(ky... X, k),xl(k),xn(k),...,xn(k),xn(k))—

n( U
(n) (1 (2 (m) (1)
¢{M( REEE l(k)’xl(k)’xn(k)""’xn(k)’x”(k))}

106)+1 n (k1) %n(k)+1

(n) (1) (n—1)
F(xn(k),xn(k)),...,xn(k) ) <M(x

(n) (1) (n—1) _(n)
(]){M(xl(k),xl(k),...,xl(k) Xy Xn(k)> X k) )}

n n n n 1 n—1 n 1 n—1
GO 1 Xy 5ty o) = GG il o ) P )l ),
(m

where

M3i6 iy R0 %ty Bty %)):%{ ey F iy i)
F(xl((lk)),xﬁlzy...,x%k))))—l—G(x;(zlz),F(xl((zlz),...7xl(?]3)7xl((llz>),F(x§(2k>),...,xl('(lk)),xggk))))—&-...-l-
GOy F it oxt ) F (i ) oxfi V) + GOl Pl i),
F(xl {5ty x ) + Gt FD ol ) Fl L al al) + o+
Gl F (it 2ty 5t 1 F (i B3y )}
:%{G(XI((IIZ)’xE(lk))—H’x§(113)+1)+G(xl((213)’xl((213)+1’ 1(()) Pt +Glx (()) x((;3>+1> 1(?12>+1)
GO0y Xk 1 5n(hy 1) T GOty 3500y 15k 1) T+ GO Xt 1Ky 1) -
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Adding above equations and taking limit kK — oo, we have

; (1) (1) 1) ) ) (m) —(m) (n)
i oo { G (X)) 1% et 1) X ) 1 )+G(x( )+1’xn(k+1)’xn(k)+1)+"‘+G(xl(k)+l’ n(e 1) (i) +1)

: (1) (n) (1) (n) (1) (m) (1) n)
< n{ltmkaM(xl(k),...,xl<k>,xn(k),...,xn(k)}—n{(p(M(xl(k),...,xl(k),xn(k),...,xn(k)))}
where
: (1) (m) (1) (2 n oy _
limy_yoM (xl(k) ( X ey Kok Xy ,xn(k)} =0. (35)

we obtain € < 0, which is contradiction. Therefore {x } {x } . an {x } are cauchy sequence in X and hence they

are convergent in the complete G-metric space. Let

(1) 1
Xp' — x as m— oo
2
x,(n) — xas m— oo
3
) s Bas m— o (36)
x,(,:') — xas m — oo,

Step 4: Now we have to show that F' has n-tupled fixed points.
Let the condition (2) of the theorem holds. that is F is continuous. From (3.4) and (3.35),we have we have

x = limmﬁwx’(nlj_l = F(limmﬁoox,(,p,limm%wx,(,%), el limmﬁwx,(,?)) = F(x(l),x(z), . ,x(”>)
2 = limmﬁ.x,xiﬁl = F(limmﬁmxf,?, . limmﬁmx,(f),limmﬁmx,(,})) = F(x(z)7 ... ,x(”),x“))
x = llmm_mx( J)rl = F(llmmﬁmx,&),llmm_mx,(,p, limmﬁwxﬁ,f_l)) = F(x("),)c(l)7 . ,x(”_l)).

Next we assume that the condition (3) holds. Since {xs,?} is non-decreasing or non-increasing according as i is odd or

even and xﬁn) — x") (as m — o). Then by assumption (b) we have for all m,

x,(,? < x® when i is odd.
xB » %) when i is even.

Consider now,

G(F(x(l)’x(Z)""’x(n))’x}gw{l’x}ggtl):G(F(x(l)7x(2)7-" (n)) (xfn)axi(112))a“'a-x£rlll))v

F(xg,:),xg,%)),...,xﬁ,f)))gM( (1) (2>,...,x<”),x,<nl),x,(nz>,...,xﬁf))
— oMV P a0 ) L))

n 2 2 n 2 n 1
G(F(x(z)v"'vx( )7x(1)) x;(n-)}—17x;<n-)}—1) = G(F(X(2),...,x< ),xm),F(xS,,)),...,x,(n),x,(n)),
FO), o) xn))) < M x® 0 D) xd))
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MG, X D D Dy

GOF (™ X, X)) ) ) = G G a0, 0 P ) )l ),
PO i), o)) < MG 0, 00 0 D D)

(
7¢{M(‘x(n)’x(1>a"'7x(n_1)7x£rrll)7xl€nl) xr(nnil))}a

gaeey

where

M x2) L x) P x<n>) = i{G(x(1> F(xM x® . x)y

’ ’ bl M s Am yvm 2n bl bl I ’ )
F(x(l),x(2>,...,x(")))+...—|—G(x<"),F(x("),x(1),...,x(”fl)),F(x("),x(l),...,x("fl))
JrG(x,(n1> F(xf,:) xs,f) x,(,’:)) F(x,(nl) x,(nz) xﬁ,{'))+...+G(x§,’Z) F(xg,?) x,(,,l) x(nfl))

m
F(x,(:),xﬁ,}), . ,x,(,'f_l))}.
Now adding above, we have

G(F(x(l),x(2>, ... ,x(”)),xgll,xgll) + G(F(x(z), . ,x("),x(l)),xfj_)'_l,xfﬂl) +...

—|—G(F(x<"),x<l),...,x(”_l)) K ) ) < nM(x(”),x(l),...7x("_l) £ ) xs,'f_l))

Y Ym4-12"m+1 )y vm 7xm A

—nq){M(x("),x(]),...7x("7l),x,(,?),x,(,}),...,xf,:’_l>)} < nM(x(”),x(l),...,x<"7]>,x,(,f>,x,(nl),...,xﬁ,'f_l)).
Taking limit m — oo, we have

lim,,HmG(F(xU),)5(2)7 ... ,x(”)),x’(;ll ,x’(nlil) + G(F(x(z), e 7x("),x(1))7x$il7xfjil) + ...

+ G(F()c("),)c(l)7 . ,x(”fl)),x,(:il ,x,(:il) < %limm_,m{G(x(l),F(x(l),x(z), . 7)c(”))7

FxW x® x4 6 P W Dy Fat) M xm )
= G(F(W,x® . x) U x4 GF®), ... x5y x2) x@y 4
+GF (™ X1 =Dy x0) xmy — o,

Therefore,

Thus F has n-tupled fixed point in X.

Corollary 3.3. Let (X,G,=) be partially ordered complete G-metric space. Let F : X" — X and g : X — X be two

mappings such that F' has mixed g-monotone property on X and satisfies the following conditions:
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G(F(xM x@ . xt) F(y1) y@) ) F(zD 2 )y <

G(gxV, gy, gz1)) + G(gx?, gy, gz®)) + ... + G(gx™, gy™), gz ("))
n

k{ I} (37)

for all x(l)7x(2)7x(3),_._7x(n>’y(1)7y(2)7y(3), 7y(") (l) Z(Z),Z(3),-~-7Z(n) c X with gz(l) j gy(l) j gx<1)7

g72? = gy = gx® gz = gy = ex() | where gy # gz(1), gy £ gz ey() £ g7() where k € [0,1). We
assume the following hypothesis:

1. F(X") C g(X), g(X) is complete, g is continuous and F' is g-compatible.

2. F is continuous or

3. (a) if a non-decreasing sequence {x,, } — x, then gx,, < gx, for all m > 0.

(b) if a non-increasing sequence {y,,} — y, then gy < gy,,, for all m > 0.

and if there are x(()l),x(()2>,x(<)3>, (") € X such that gxé]) <F (x(()l) ,x(()z) ,x(()3), ...,x(()") ), gx(()z) ~F (x(()z) 7x(()S)
, ..,x(()n),x(()l)) gx(()) =< F(xé >, x(()"),x(()l),x(()z)),...,gx(()") = F(x(()n),x(()l),...,x(()"72>,x8"71>). Then F and g have n-tupled
coincidence point in X .

Proof. Follow from Theorem 3.1 by putting ¢ (¢) = (1 — k)¢, where k € (0,1).

Corollary 3.4. Let (X, G, <) be partially ordered complete G-metric space. Let F : X" — X be a mapping such that F' has

mixed g-monotone property on X and satisfies the following conditions:

GGV 1D 1B ) p1) @) 6 ) g0 @) 6 o)
G x(]>’y(1)7z(l) ++G x(”)7y(n)’z(”)
— ( ) ( )

n n

2 (38)
for all x(1), (2)7x(3)7..., (”),y(l),y(z),y(3)7...,y("),z(l),z<2>,z(3)7...,z(") e X with z) <y <x(1) 72 = () = (D) (1) -
¥y = x where y(1) #£ z(1, y(2) £ 22)y(1) £ 7(") and ¢ : [0,00) — [0,00) is lower semi-continuous with ¢ () = 0 if
and only if t = 0 and ¢ (¢) > 0 for all 7 € (0,00). We assume the following hypothesis:

LF(X") € (X),

2. F is continuous or

3. (a) if a non-decreasing sequence {x,, } — x, then x,, =< x, for all m > 0.
(b) if a non-increasing sequence {y,,} — y, then y <y, for all m > 0.

and if there are xé”,xé”,xé”, ...,x(()”) € X such that x(() ) < F(xé ), é )7x(()3), ...,xé">), xéz) - F(x(()z),x((f)
, ..,x(()"),x(()l)), x(()3> = F(x(()3>,...,x(()"),x(()l),x(()z)), . ( ) - F(xé ), é ),...,x(()"fz),xf)"fl)). Then F has n-tupled fixed point
in X.

Proof. Follow from Theorem 3.1 by taking g is an identity map.

Corollary 3.5. Let (X, G, =) be partially ordered complete G-metric space. Let F : X" — X be a mapping such that F has
mixed g-monotone property on X and satisfies the following conditions:

G(F(x(l),x(2)7x(3)7...,x(")),F(y(l>,y<2>,y(3)7...,y<”>),F(z(1)7z(2),z(3)7...,z<"))) < (39)

) ) +G 292N+ 4G 2
k{ )+G(x ) (x ) }

n

for all x(l)7x(2)7x(3) x(”) (1>7y(2)7y( ) ’y( ) (1) Z(z) Z(S),_._’Z(n) c X with Z(l) j y(l) j _x(l)7 Z(z) t y(z) i x(z)".

gy B

2 =y = x(0 where y1) £ (1, y(2) o£ 72) | 31 £ 20 where k € [0,1). We assume the following hypothesis:

(© 2015 BISKA Bilisim Technology



NTMSCI 3, No. 4, 50-75 (2015) / www.ntmsci.com BISKA 70

1. F(X") C (X),

2. F is continuous or

3. (a) if a non-decreasing sequence {x,, } — x, then x,, < x, for all m > 0.

(b) if a non-increasing sequence {y,} — y, then y < y,,, for all m > 0.

and if there are x(()l) ,x(()z) ,x(()3), ...,xf)m € X such that x(()l) =< F(xél),x(gz),xff), ...,xé")), x(()z) - F(x(()z) ,x(()3)
,...7xé"),xél)), x(()3) =< F(xés), ...,xé"),xél),xéz)), ... ,x(()n) - F(xé">,xél), ... ,x(()n_z),x(()"_l)). Then F has n-tupled fixed point
in X.
Proof. Follow from Corollary 3.4 by putting ¢ (¢) = (1 — k)t, where k € (0,1).

Corollary 3.6. Let (X, G, <) be partially ordered complete G-metric space. Let F : X x X X X... x X — X be a mapping

such that ' has mixed monotone property and satisfies the following conditions:
G(F (M x) 2y Py ), P Wy @)y < (e 1) xRy 40
where

M(x“),x(z),...,x(”),ym,y(z),...,y<")) = %{G(x(l),F(x(l),x@),...,x(”)),F(x(l),x(z), e 7)c(")))
n

+G(x(2),F(x(2),...,x("),x(l)),F(x(z),...,x("),x“))) +...+G(x("),F(x(”),x(l), ... 7)c("fl)),F()c("),)c(1>,...,x<"71)))
+GOW FW Y@y FW yP Ly + GO PP,y YWY F(E 0y
o GO F G YW ) F GO L))

for all x() x xB3) . x e X and yM) y@ yO) .y € X with y() < x(D, x2) <@ (1) <) Also suppose that

1. F is continuous or
2. (a) if a non-decreasing sequence {x,,} — x, then x,, < x, for all m.

(b) if a non-increasing sequence {y,,} — y, then y <y,,, for all m.

and if there are x(()l),x(()z),x((f), .. ,xé") € X such that x(()l) = F(xél),xéz),x<3), ...,x(()")), x§)2> - F(xéz),x((f)

,...,x(()">,x(()l)), ng) = F(x((f),...,x(()"),xél),x(()z)),...,xé") > F(xé"),xél),...,x(()"72>,x(()"71)) (when n is even). Then F has n-
tupled fixed point in X.

Proof. Follow from Theorem 3.2 by putting ¢ (¢) = (1 —k)z, where k € (0,1).

4 Applications

Now we produce one example to support our Theorem 3.1.

Let X = R be ordered by the following relation
x3y&x=yor(x,ye[0,1]andx <y.)
Let G -metric on X be defined by
G(x,y,2) =[x —y[+]y—z|+ [z —x

Then (X, G, <) is a complete regular ordered G- metric space. Let F : X" — X be defined by

(1y2_ (2))2+ (3) 3,7_._77 (n))2 e it . .
F(x(l)ax(2)7x(3)7...7x<”)):{(x - (2/",1 ) o ’lfo_ jxl Wherelflvza“vn*l

0 , otherwise
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Let g(x) = x>, where x € X , F is g compatible we can check (Definition 2.18) by considering the sequences
A =L me Ny = (=L imeN},..xl) = (=L :meN}. Let ¢(1) = £ fort € [0,00).
Now choose (x(()l),x(()z),x(()3), ...,xé")) =(0,¢,0,c,c,...,c) (¢ > 0) Then

gx(()l) =0= F(x(()l),x(()z),x(()3),...,x(()")) = gxsI>

gx(()2) =2 F(x(()Z)’x((f)’ . 7x(()n),x(()l)) 0= gXSZ)

gx(()S) —0= F(xff), ... ,x(()”),x(()l),x(()z)) =0= gx?)

gx(()n) == F(x(()"),x(()l), e ,xé"_z),x(()n_l)) =0= gxgn)

P

We next verify inequality (3.1) of Theorem 3.1. we take x(1) x() .. x(0) (1) y(2) 5 (1) (2)

...,z € X such that
The following eight cases arises:

Case 1. Let x(D x(2) x(B) . x(0 (1) y(2) 3)
2D <20 for i =1.3,...,n— 1. Then

. y(n>,z(1),z(2>’z(3)’. . ”Z(n) cX Such that x(H'l) j x(i), y(H'l) j y(i)’

G(F(x(l),x(2)7...,x(")),F(y<1),y(2),...,y<")),F(z(1),z(2>,.,.,z("))) = |F(x(1)ax(2>a"'7x(n))7F(y(1>ay<2)
7"'7y(n>)|+|F(y(1)7y(2)7"'7y(n))_F(Z<1)’Z(2)7"'7Z(H))|+|F(Z(1)7Z(2)a"'7z(n))_F(x(l)vx(Z)v"'ax(n))|

_|(xm)z*(x(2>)2+(x(3))37,---ﬁ(x<"))2 (y(”)L(ym)z+(y(3))3a---,f(y<"))2|
o 2n N 2n

(D)2 _ (y@Y2 4 (v — ()2

O =)+ ) —, ..., —(\")

+

2n
< i{I(x(”)2 — O+ = PP+ A )= 02+ M) = D+ 10P) = )P+

10O = P+ 1) = GOV 1) = (D)2 e ()P = ()
IO = GO+ = G+ GO - GO+ D) - 622 +162)2 — (D)2 + 1)

n

= 5AG(ED), M), D)) + G2, (1)), (29)7) + o+ G, 1)), ()}

G(gxV),gyV, gy(M) 4 ...+ G(gx, gy™), gy() Yy G(gxD, gy, gyV) + ...+ G(gx!", gy™, gy'™) \
n n

)

inequality holds.
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Case 2. Let x( x2) xG) . x(0 (1) y2) @)y (1) -2) /3) 0 e X such that x0T < x() i) < (@)
20 < Z(+D for at least one i, then (for 1) < z?)),i=1,3,....n— 1. Then

G(F('x(l)’x(2>"‘ M "x(n))7F(y(1)’y(2)" M ’y(n))70)) = |F(x(1)7x(2)7 7x<n)) _F(y(1)7y(2)’ 7y(n))|
HIFGW, ¥,y =0+ [0—FD x@) L xM))
T ) e ) G ) e ) e ) R
a 2n 2n
+‘(y(l))Z_(y(Z))Z_’_(y(?))'}»_? ) (yn)2|+|(xl )2—()62))2—’-()(?(3))3—7 ’_(_x(n))2|
2n 2n

B ) e O ) ) e ) ) )
- 2n 2n
H(y(”)z*(y(z))2+(y(3))3a--- (y(”))2+(z<2>)2*(z(”)2|

2n
§ B R GO 2 4 R

2n
_‘(x(‘))z—(x(z))2+(x(3))3—7 =2 )2 — ()2 4 ()3, ,—(y("))2|
h 2n 2n
i )2 = D) = ()2 = P + () —,..., = (")?) |

2n
R ) () L DRR ) I )

2n

= P 162 = @+ ) = GO 1) = PP e [ = )

= ) = GO0 = GO+ ) = (D)2 416 = 6P+ 16 - ()
IO = (D440 = 6P 4002 = G4+ ) ()2~ o (1)

= OUPH6D) = G214+ 0 = GO+ (P2 = 62+ 162 = (PP + | )2 - 62)?)
e G2 = (2] )2 — (2 | ()2 - ()

= LLG(OP 60), G1P) 4 G 002, () 4o G 002, (7))

o (GG 62, 02) 4 G, 022, 22 + ot G, 62, (7))}

{G(gx(”,gy(”,gy(‘)) +...+Glgx!, gy™, gy")) - ¢{G(gx<”,gy(‘)7gy“>) +-~~+G(gx<”>,gy(”),gy(”))}
n n

inequality holds.

Case 3. Letx(D) x2 xG)  x(0) y(1) y(2) @) ) 1) 2) -3) ") ¢ X such that x{)) < x(+Dfor at least one i,
then (for x() < x(z)), YD) <30 i) < 20 for § = 1,3,...,n — 1. Similar manner of case 2 we can satisfy the
inequality.

Case 4: Let x() x@ xO) . x(0) (1) (@) yOG) ) 2(0) 22) 20G) 20 e X such that x(F1) < x| y() < (+1))
for at least one i,Then (for y(1) < y)), z(+1) < 200 for j = 1,3,...,n — 1. Similar manner of case 2 we can satisfy the
inequality.
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Case 5. Let x(1) x() x0G)  x() y(1) @) yG) -y o) 72) 26) 2 ¢ X such that x(HD < x(0), y() < y(+1),
for at least one i,Then (for y(!) < y()), z() < z(i+Dfor at least one i, then (for z(1) < z(?)), fori = 1,3,...,n — 1.Then

GF (W X ) P Y@y P 22 () =G(F x2, ... x"),0,0)
:|<x<1>>2—<x<2>>2+<x<3>>3—,...7—<x<">>2|+|<x<1>>2 - )2,
2n 2n
B D e ) ) Tt
- 2n
R GO O )2 2
2n
)2 = OO = (622 = () + (). )2
- 2n
02 = 0P = ()2 = (D)) + () — ()
+ > — |
WP —@ D2+ 1G22 = @)+, F ()2 =)
- 2n
n )2 = M)+ 1) = (@), -, H (M) =)
2n
<I(xm)z*(y(1>)2|+|(x(2))2*(y(2))2\+, )2 = ()2
- 2n
. ()2 = )2+ ()% = (D)2, () = ()
2n
()2 = () = ()2 = 61)?)
+| o |
< ()2 = )2+ (@) = )2+, -, H )2 = ()2
- 2n
N )2 = M)+ 1) = (@), H () = ()
2n
L 102 = GORIH02)? = G2 .+ OM)2 = ()]
2n
= 1{\(X(l))2 — O+ = @)+ @) = (D)
1) = ORI 40N = (@244 ) = ()24 ()2 - ()
IO = (@21 1) = (] = 5 {2 - 602
10N = GO+ D)2 = 0]+ = 62+ |62 = @2 ()2 = ()
IO = 2160 = )]+ () - ()%}

—5AGIGEM)% M), GV 4+ G, 1)), (7))

_ (G0 e )+ 4 Gle " gy, GlexD oDy ) b 4 Gl ™ gy™)
n n

inequality holds.

Case 6. Letx(1) x(2) x0) x(n) (1) @) @) -y A1) 72) 23) 2" e X such that x() < x(+1) for at least one
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i, Then (for x(1) < x()), y(+1D) < y() 70 < 2(+1) for at least one i, then (for z") < z()), for i = 1,3,...,n — 1. Similar
manner of case 5 we can satisfy inequality.

Case 7. Let x() x2) x() . xm) (1) 2) @) ) (D) -2) /3) 00 e X such that x) < x(+1) for at least one
i, Then (for x(1) < x()), y() < y(+1) for at least one i, then (for y(!) < y(2)), z0+D) < 7() for i = 1,3,...,n — 1. Similar

manner of case 5 we can satisfy inequality.

Case 8. Let x(1 x(2) x()
720 < 7zt Dfor at least one i. Then

..,z € X such that x() < x| () <y, (+1)

b f—

G(F(x(1)7x(2)7 tes ’x<n>)’F(y<1)7y(2)7 tee ’y<n))’F(Z(1)7Z(2>’ tee 7(n) )) = G(07070)

- {G(gxm,gy“),gz(”) +...+Ggx!", gy, gz) -y G(gx), gy, gzM) + ...+ G(gx™, gy, gz)
B n n

}

inequality holds. Hence all the condition of the Theorem 3.1 are satisfied and (0,0,0,...,0) is an n-tupled coincidence
point of F and g.
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