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Abstract: The evolution equations are derived for double isotropic inextensible flows of curves in the equiform geometry of the double

isotropic space J;Z).

Keywords: Double isotropic, inextensible flow, equiform geometry

1 Introduction

The flow of a curve in R? is called inextensible if, its arclength is preserved. Inextensible curve flows give rise to when
strain energy is not exist in motion [1]. Kwon and Park examine inextensible flow of curves and developable surfaces for

plane and space curves [1-2].

Inextensible curves has many applications in computer vision, snake-like, robots [3-4]. Chirikjian, Burdick, Mochiyama
research the shape control of hyper-redundant, snake-like, robots. They present new and efficient kinematic methods that
are suitable for nearly all hyper-redundant robot morphologies using motion of curves [5]. Hamilton, Gage and Grayson

study shrinking of closed plane curves to a circle via the heat equation [6-8].

Gurbuz investigated inextensible flow of non-null ve null curves in Minkowski 3-space [9]. Bektas and Kulahci studied
inextensible curves in Ei‘ [10]. Yildiz, Tosun, Ozkaldi, Karakus derived inextensible flows of curves in E" [11],[12].
Gurbuz studied inextensible flows of non-null curves on an pseudo-Euclidean hypersuface in pseudo-Euclidean space R/

[13]. Yoon studied inelastic flows of curves according to equiform geometry in Galilean space [14].

In this work, the evolution equations are derived for double isotropic inextensible flows of curves in the equiform
geometry of the double isotropic space J;z). Necessary and sufficient conditions are expressed for double isotropic

2)

inextensible curve flows in the equiform geometry of the double isotropic space .#;”.

2 Preliminaries

The double isotropic geometry is one of the real Cayley-Klein geometries. The equiform differential geometry of the

double isotropic space J3(2> has been investigated in detail [15],[16]. The scalar product of two vectors a = (aj,a2,a3)

and b = (by,by,b3) in .#”) is defined by
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The equiform curvature and the equiform torsion of an admissible curve is defined by [17]

a: I CR— 7Y

parametrized by the arc of length ds = dx, given by c(s) = (x,y(x),z(x)). The curvature k(s) and the torsion is 7(s) are

defined by
Z// ()C)
y'(x)

The equiform curvature and the equiform torsion of an admissible curve are defined by

K(x) =)"(x), () = (55"

K=p, T=pr=

Ala

where p is the radius of curvature of the curve & The associated trihedron is expressed
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The formulas analogous to the Frenet’s frame in the equiform geometry of the double isotropic space 13(2) have the
following form [16] :

dT o~ ~
— = kT'+N,
dg
N _ N8, Q)
dg
dB _
do
ds

where o is an equiform invariant parameter by ¢ = [ 3

3 Inextensible flows of curves in the equiform geometry of the double isometric space ﬂ;z)

Let ¥ :[0,]] x [0,7) — f;z) be a family of differentiable curves in the equiform geometry of the double isometric space
,the arclength of ¥ is defined by

f3<2>. Let w be the curve parametrization variable and the curve speed v = H 3—3’

s(w) = [vdw.

For the orthonormal frame {f,ﬁ B } in the equiform geometry of a curve 8 in double isotropic space f;z).

Any flow of ¥ is given by

oY ~” N

Here A, 7, n are differentiable functions.

In the equiform geometry of double isotropic ﬂ;z), a curve evolution ¥'(w,r) and its flow aa—l‘:’ is called to be double
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isotropic inextensible if

o [/av ow _
a <%%> 0 =0 2
Th 1.
eorem @ - % ) }Lﬁ (3)
o do
Proof.

2 oV ¥
Vi=( =—,5— .
0w’ dw 42

2,0V _ 9 <alp aqf>‘ (2)—2<aq’ a(ﬁ+yﬁ+n§)>‘
']3

It can be written

Jt 9t \ow do J0’ dw

[T (G5 vART + (v + 97 L pR)N
+(vyT+ 91 4 vR)B

2

72

dA ~
:2\;(% +VvAK). )

From the Theorem (1), it is obtained
dv  dA -
— =—4vi
3 9 +VvAK ®))

Theorem 2. Let %—lf = AT+ yﬁ + 17§ be a differentiable flow in the equiform geometry of double isotropic space J3(2).

The curve flow is double isotropic inextensible if and only

A ~
i —AK. (6)
Proof. From the Theorem (1) and (5), it can be obtained
d v A —~

With aid (7), we obtain (6).

Corollary 1. A curve flow is independent of components normal 'y and binormal 1 in the equiform geometry of the double

isotropic space J;z).

Theorem 3. Let {f,]/\} , E} be the Frenet frame in the equiform geometry of double isotropic space. Then

oT Y o, O~
g—(ﬁ,-‘r%-‘r’J/K')N-i-(’}/T-i-g-FT]K)B
ON Y o~ A
or ~(Arggtraryak
0B PR ] | BN
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Proof.
OT 9o¥ 9¥ 9, .~ ~ =
9 9 ds asar g AT HWAnE)

_OA s Y e o O
=(5; FAROT+HA+ 5 +YRN+H(T+ 5+ 1K)B.
From Theorem (3.1), (6), (8) we obtain
oT oV e O~
W = (2.4'% +'YK)N+(}’T+ E + T]K')B

Using the Frenet frame in the equiform geometry of double isotropic space, we have

(TN L[N 5
2\ ot ar’
) ) Y

504)

ot
3 2
:7L§+a—y+n?+ <8N,? =0
ds t
72
2(7.8)] o= (2L B) +(7.2
ot \ /AP ot "ot @
: 7,
¢¢3(2) 3
_dn OB -
(”+as+”@+<wT> =0
A
J /o o ON IB
E <N7 >j3(2) <at,<@> (z)+ <I7N>
3 e
3
oB
72
Using (9), (10), (11), (12), we obtain
ON ~ Y s
5?_={Ax+ég+nﬂT+QB
dB 0N s
5;——Om+5?+an—QN.

®)

€))

(10)

(11)

12)

(13)

(14)

We give main theorem. This theorem gives necessary and sufficient conditions for a double inextensible curve flow

x4 ~ o~ ~
Theorem 4. Assume the curve flow —— = AT + YN + 1B is double isotropic inextensible in the equiform geometry of the

t
double isotropic space. Evolution of double isotropic curvature and torsion are expressed as a system of partial differential

equations:
xR ’n 0y 9K . .~
y = _(W +37~'$ + g +7TA+ K)‘T)Ta
7t _o0
ot ds’

(© 2015 BISKA Bilisim Technology



NTMSCI 3, No. 4, 247-252 (2015) / www.ntmsci.com BISKA 1

’n dy 9JK
— 15
Q= 82+3 ot g, TIAHRAT. (15

Proof. Using (9) and the formulas analogous to the Frenet’s frame in the equiform geometry of the double isotropic space

90T 0 ay an VB

5o as(/lJra +7K)N+(yr+a—+m<
’n _.dy Jk
((92 +2;<a +ya +yR)N+
_dy a’n _dy d*n Ik on ~
(ZT$+2’}/KT+W+ 7+W+7+AT+7K+HK)
and
Q0T 9 o o OK oy 07 oo
5 95 =3, (KT+N) = (- —(A+a—+yK))T+(7u<+ K5 TN
0 ~
+(ym+xa—z+n1<2+9)3-
Hence we have R R
00T 9 JT
253 =35 (1o
d0B 0 *n  _.dn 0 .
%E‘_(a (Y0)+XyT+ = 35 +K8 &*(TIKH'UK) a7
. d 0Q -~ IR
—(}/’E+&—Z+§+Qk+n1<)N—QrB,
and
d0B 9 .- _8% ~an s
e E(KB)_W (ym’—i—Ka +n&)T — QKN. (18)
We get
d 9B 9 IB
5o s ar 4

Using (17) and (18) in (19), we have evolution of equiform curvature in double isotropic space

oK _ 8211 87/ oK
Using (13)
d oN 07 .. 0 oY e 0Q
35 91 ( (AK‘FK(T‘FK Y)—a(A‘Fa‘FYK))N‘F(W‘FQK)B (20)
doN o PN
3 a5 ~ar (<N +7B) 1)
0K ~ ., -0 - o 07N sy OT

_ (9K amw_ oY 2 2, 20N ot B
—(at QT)N (K)H—Kas—s—mc +n7T +ras+nm:)T+(at+.QK)B.
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From N n
d dN d oN
ds o asar 22
(21) and (22), it can be derived
9t _o
dt ds’

4 Conclusion

Double isotropic space have important application fields like soliton theory. In this work, we present that double
inextensible flows in the equiform geometry of double isotropic space 13(2). We obtain necessary and sufficient
conditions for an double inextensible curve flow. We give characterizations for evolution of first equiform curvature and

second equiform curvature in the equiform geometry of double isotropic space.
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