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Abstract: The differential geometry of tangent bundles was studied by several authors, for example: D. E. Blair [1], V. Oproiu [3], A.
Salimov [5], Yano and Ishihara [8] and among others. It is well known that differant structures deffined on a manifold M can be lifted to
the same type of structures on its tangent bundle. Our goal is to study Lie derivatives of almost contact structure and almost paracontact
structure with respect to X€ and XV on tangent bundle 7 (M). In addition, this Lie derivatives which obtained shall be studied for some
special values.
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1 Introduction

Let M be an n—dimensional differentiable manifold of class C* and let T,(M) be the tangent space of M at a point p of
M. Then the set [8]
T(M)= U T,(M) ey

is called the tangent bundle over the manifold M. For any point p of T(M), the correspondence p — p determines the
bundle projection 7 : T(M) — M, thus n(p) = p, where @ : T(M) — M defines the bundle projection of T (M) over M.
The set 7! (p) is called the fibre over p € M and M the base space.

Suppose that the base space M is covered by a system of coordinate neighbour-hoods {U ;xh} , where (xh) is a system of
local coordinates defined in the neighbour-hood U of M. The open set 77! (U) C T(M) is naturally differentiably
homeomorphic to the direct product U x R", R" being the n—dimensional vector space over the real field R, in such a
way that a point p € T,(M)(p € U) is represented by an ordered pair (P,X) of the point p € U, and a vector X € R"
,whose components are given by the cartesian coordinates (y) of 5 in the tangent space T, (M) with respect to the natural
base {d,}, where d), = ﬁ. Denoting by (x'') the coordinates of p = 7(p) in U and establishing the correspondence
(x",y") = p € x~1(U), we can introduce a system of local coordinates (x",y") in the open set 7! (U) C T(M). Here we
cal (x",y") the coordinates in £~ !(U) induced from (x") or simply, the induced coordinates in 7~ (U).

We denote by 3%(M) the set of all tensor fields of class C*and of type (r,s) in M. We now put S(M) = E 31(M),

r,s=0

which is the set of all tensor fields in M. Similarly, we denote by 3%(7T(M)) and 3 (T (M)) respectively the corresponding
sets of tensor fields in the tangent bundle 7 (M).
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2 Vertical lifts

If f is a function in M, we write f” for the function in T (M) obtained by forming the composition of 7 : T (M) — M and
f:M — R, so that
[’ = fom. )

Thus, if a point 5 € £~ (U) has induced coordinates (x”,y"), then
f'(B) = f"(x,y) = for(p) = f(p) = f(x). (©)

Thus, the value of f”(p) is constant along each fibre 7),(M) and equal to the value f(p). We call f” the vertical lift of the
function f [8].

- N N X"
Let X € S}(T(M)) be such that X f* = 0 for all f € 3(M). Then we say that X is a vertical vector field. Let lih] be

components of X with respect to the induced coordinates. Then X is vertical if and only if its components in 7~ (U)

satisfy
oh
Suppose that X € 3}(M), so that is a vector field in M. We define a vector field X" in T'(M) by
X'(1 ) = (0X)" )

@ being an arbitrary 1—form in M. We cal X" the vertical lift of X [8].

Let @ € 30(T(M)) be such that ®@(X)" = 0 for all X € 3}(M). Then we say that @ is a vertical 1—form in 7'(M). We
define the vertical lift @ of the 1—form w by
0" = ()" (dx")" (6)

in each open set 77! (U), where (U;x") is coordinate neighbourhood in M and @ is given by @ = w;dx’ in U. The vertical
lift ®" of @ with lokal expression @ = @;dx’ has components of the form

o' (0',0) (7
with respect to the induced coordinates in T (M).

Vertical lifts to a unique algebraic isomorphism of the tensor algebra 3 (M) into the tensor algebra 3 (7 (M)) with respect
to constant coefficients by the conditions

P20) =P 20", (P+R) =P +R" @®)
P,Q and R being arbitrary elements of 3(M). The vertical lifts FV of an element F € 31(M) with lokal components F}*

has components of the form [8]
00
FV: . 9
(20) o
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Vertical lift has the following formulas ([4],[8]):

(fX)' =fX"I'X"=0,n"(X") =0 (10)
(fm)" =" X", 7" =0,0"X" =0
X'f=0,X"f =0

hold good, where f € 33(M,), X,Y € 3§(M,), n € 3V(M,,), ¢ € 31 (M,,), I = id,.

3 Complete lifts

If f is a function in M, we write f for the function in 7' (M) defined by
fe=1df)
and call f¢ the comple lift of the function f. The complete lift /¢ of a function f has the lokal expression
fe=yaf=9f an
with respect to the induced coordinates in 7 (M), where d f denotes y'0; f.
Suppose that X € 3}(M). then we define a vector field X¢ in T'(M) by
Xfe=(Xf), (12)

f being an arbitrary function in M and call X the complete lift of X in 7(M) ([2],[8]). The complete lift X¢ of X with
components x in M has components
Xh
X = 13
(55 (13)

with respect to the induced coordinates in 7' (M).

Suppose that @ € 39(M), then a I —form @ in T (M) defined by
o (X%) = (0X)°. (14)

X being an arbitrary vector field in M. We call @° the complete lift of ®. The complete lift ¢ of @ with components @;
in M has components of the form
o : (dw;, ;) (15)

with respect to the induced coordinates in T (M) [2].

The complete lifts to a unique algebra isomorphism of the tensor algebra (M) into the tensor algebra 3 (7' (M)) with
respect to constant coefficients, is given by the conditions

(PRO) =P 00" +P'®0Q, (P+R) =P +RC, (16)
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where P, Q and R being arbitrary elements of 3 (M). The complete lifts F€ of an element F € 3} (M) with lokal components
F has components of the form
F' 0
FC:| i : 17
N .

In addition, we know that the complete lifts are defined by ([4],[8]):

(fX)C = X"+ X = (X[), (18)
= (Xf)"n" () = K)",
va‘ (X )v X = (9X)",
X" = (¢X)", (@X)" = ¢°X,
n"(X)=mnX )) n° (X" =MmX)",
XV, Y€)= [X,Y]" I = [,LI'XC = X", [XC,Y°] = [X,Y]°.

Let M be an n—dimensional diferentiable manifold. Differantial transformation D = % is called Lie derivation with

respect to vector field X € 3}(M) if

Lyf=X[Yf€3HM), (19)
LY =[X,Y],VX,Y € 3 (M).

[X,Y] is called by Lie bracked. The Lie derivative .#x F of a tensor field F of type (1, 1) with respect to a vector field X is

defined by ([8])
(ZF)Y =[X,FY]-F[X,Y].

Proposition 1. For any X € 3| oMy), f € g0 o(My,) and Zx is the Lie derivation with respect to vector field X [8]

(i) Zxvf' =0,

(i) Zxvf=(Zf)",
(i) Zxef" = (Zf)",
(iv) Lxef=(Zf)"

Proposition 2. For any X,Y € Sl( w) and Zx is the Lie derivation with respect to vector field X [8]
(i) ZY'=0,
(i) LY = (VxY)",

(ili) Lye¥¥ = (VxY)",
(IV) (,%XCYC = (ny)c

4 Main results

Definition 1. Let an n—dimensional differentiable manifold M be endowed with a tensor field ¢ of type (1,1),a vector
field &, a 1—form 1, I the identity and let them satisfy

P’ =—-I1+n®&,  @&)=0, nop=0, nE)=1. (20)
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Then (¢, &,n) define almost contact structure on M ([4],[7],[8]). From (20), we get on taking complete and vertical lifts

(99 =—I+n"@E+n°®E, 1)
¢°8"=0,0°6 =0,n"09" =0,

N =0,n"(8") =0,n"(&) =1,

n(¢") =11 ) =0.

We now define a (1,1) tensor field J on 3 (M) by
J=¢'=c"on"+&en’. (22)

Then it is easy to show that J2X" = —X" and J>X¢ = —X°, which give that J is an almost contact structure on 3(M). We
get from (22)

IX" = (oX)"+(n(X))"E",
JXC = (X) = (n(X))'E" + (n(X))E*

for any X € 3}(M) [4].

Theorem 1. For % the operator Lie derivation with respect to X, J € 31(3(M)) defined by (22) and n(Y) = 0, we have

i) (LJ)Y" =0,
(i) (L)Y = ((Zx@)Y)"+((Lxn)Y)'EC,
(i) (Lx)Y' = ((Lx@)Y)"+((Lxn)Y)"E°,
(iv) (L)Y = ((ZLxo)Y) — ((Ln)Y)" &+ ((Lxn)Y)<Ee,

where X,Y € 3}(M), a tensor field ¢ € 3} (M), a vector field & and a 1—form 1 € 39(M).

Proof. ForJ = ¢ — &' @n"+£°®@n°and n(Y) = 0, we get

(i) (L)Y =Ly (¢ =" @n"+E@n)Y" — (¢ =" @n" +E@n°) LY’
=Ly (@Y)" = L (n¥(Y)")E" + Lx»(n(Y))"E¢
:0’

(i) (L)Y =Ly (9 =8 @n" +E@N )Y — (¢ =& @n"+ & @n°) Ly Y¢
=LY~ Lyo(Y)' 8"+ Ly (n(Y))E — 9 Ly Y€
+n"(ZY)'E — (n(ZxY))'Ee
= (L @)Y+ 9 (L Y€)= 9 LY — (L (n(Y)))'E + ((Lxm)Y)' &€
= (ZQ)Y)" +((Zn)Y)'Ee,

(i) (LxeJ)Y' = Lxc(@° =" @M +E@N )Y — (¢ =" @n"+E @N) LxY"
= Lxe @Y — ZLyxe(N"(Y)")E" + Lxe(M(Y))"EC — 0 LYY
+n"(ZY)'E — (n(ZY))'Ee
= (Lxe @)V + @ (LxeY") — 9 Ly Y — (L (n(Y)))'E + (L)Y ) EC
= (ZxQ)Y)" +((Zn)Y)'Ee,

(iv) (L)Y = Lxe(0°—E"RN'+EQ@N)Y— (0 —EV RN’ +ECRNC) Ly Y
= Lxe @Y — Lye(MY)")E" + Lxe(N(Y))E — o LY ¢
+(N(ZY))'E" — (n(LxY))Ee
= (Lxe @)Y+ @ (LY ) — 9 Ly Y+ (ZLx(n(Y)))'E" — ((Zxn)Y)'E”
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—(Zx(n(Y)))E+ ((Lxn)Y)Ee
= (L)) —((Ln)Y)' &+ ((Lxn)Y)Ee.

Corollary 1. If we pur Y =&, i.e. (&) = 1 and & has the conditions of (20), then we get different results

(i) (LJ)8" = (Z8),

(i) (LxJ)E¢ = ((Zx9)E)" + (((Zxm))E) €,
(i) (LxeJ)E" = ((ZLx9)E)" + (L&) + ((Zxn)E)"Ee,

(iv) (ZxeJ)E = (Zx9)8) — (L&) — ((£xn)&E)"E" + ((Lxm)E)Ee.

Definition 2. Ler an n—dimensional differentiable manifold M be endowed with a tensor field ¢ of type (1,1), a vector
field &, a 1—form n, I the identity and let them satisfy

P’=1-n1®&  eE)=0, mnMop=0, n&) =1 (23)

Then (¢, &,n) define almost paracontact structure on M ([4],[7]). From (23), we get on taking complete and vertical lifts

(9 =T-n"®E -n®E, (24)
98" =0,90°C“=0,n"09° =0,

nop°=0,1n"(8") =0,1n"() =1,

n°(g") =1n°(& ) =0.

We now define a (1,1) tensor field J on 3(M) by
J=¢ =&an' ~&an" (25)

Then it is easy to show that J2XV = X" and J2X¢ =X ¢, which give that J is an almost product structure on 3(M). We get
from (25) for any X € 3}(M).

Theorem 2. For %x the operator Lie derivation with respect to X, J € 31(3(M)) defined by (25)and n(Y) = 0, we have

i) (LoD)Y’ =0,
(i) (L)Y = ((LxQ)Y)" — ((Ln)Y)'E,
(i) (LxeJ)Y' = ((ZxQ)Y)" —((Zxn)Y)"&E°,
(iv) (ZxeJ)YC=((Zx)Y)" — ((LmY)'E" — ((ZLxn)Y)Ee,

where X,Y € 3} (M), a tensor field ¢ € 31 (M), a vector field & € 3}(M) and a I —form n € 3V(M).

Proof. For J = ¢ —E"@n" —E@n° and n(Y) = 0, we get

() (Led)Y" = Lo(pf =& 0N’ — £ @n)Y — (¢~ & on' — £ @n ) Loy
= Ly (9Y)" = L (0" (Y)")G" = Lv(n ())&
:O’

(i) (L)Y =L (9 =& @M =& @M)W — (¢ =& 0N’ =& @) LY
=LY = Lo (MY)'E" — L (n(Y))°E — 9 (LxY)"
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+n"(ZY)'E" + (n(ZxY))'E¢
= (L @)Y+ (LY C) — 9 (ZxY )"+ (Zx(n(Y))) & — ((Lxm)Y)'E°
= (Z@)Y)" — ((Zn)Y)'Ee,
(iii) (Lyed )V’ = Lye(@°—E' RN —ERN)Y — (¢ —E' RN’ —E RN Ly}
= Lxe @V’ — Lyxe(n"(Y)")E" — Lxe(M(Y))"E — ¢ LxeY”
+nV (Y)Y + (n(LxY))ES
= (Lxe @)Y + @ (Lxe ") — 0 LxY" + (Lx(n(Y)))"E — (Lm)Y)'Ee
= (ZQ)Y)" — ((Zn)Y)'Ee,
(V) (Lye)YC = Lye(9° —E @M —EC @MY — (¢° —E @’ — EC @) Ly Y
= Lxe @Y — Lxe(NY)")E" — Lxe(M(Y))°E — 9 LxcY¢
+(N(ZY))"EY + (n(ZY))Ee
= (Lxe @)Y+ @ (LxcY) — 9 Ly Y+ (L (n(Y)))'E" — ((Zxn)Y)'EY
+(Z(M(Y))) €~ ((Zxn)Y)Ee
= (Zx@)Y) = ((ZLxn)Y)'E" — ((Lxn)Y)E.

Corollary 2. If we put Y =&, i.e. (&) =1 and & has the conditions of (23), then we have

() (Lod)E" = —(LE),

(i) (Lod)E = ((Lk9)E)’ — (((Lxm))E)ES,

(iii) (Lxe))E" = ((Lk@)E)" — (L&) — ((Lm)E)'Ee,

(V) (Lxed)EC = (Lx@)E)° — (LE)' — ((Lxm)E)'EY — ((Lkm)E)ES.
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