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Abstract: In this paper we are using the notions of not belonging (€) and non quasi-k-coincidence (qf) of an interval valued fuzzy

point with an interval valued fuzzy set, we define the concepts of interval valued (€, € V gi )-fuzzy normal subgroups and interval valued
(€,€Vgx)-fuzzy cosets which is a generalization of fuzzy normal subgroups, fuzzy coset, interval valued fuzzy normal subgroups,
interval valued fuzzy coset, interval valued (€, €V g)-fuzzy normal subgroups and interval valued (€, €V g)-fuzzy cosets. We give
some characterizations of an interval valued (€, € V g)-fuzzy normal subgroup and interval valued (€, €V g)-fuzzy coset, and deal
with several related properties. The important achievement of the study with an interval valued (€, € V gi)-fuzzy normal subgroup
and interval valued (€, €V gi)-fuzzy cosets is the generalization of that the notions of fuzzy normal subgroups, fuzzy coset, interval
valued fuzzy normal subgroups, interval valued fuzzy coset, interval valued (€, €V g)-fuzzy normal subgroups and interval valued
(€,€ Vv q)-fuzzy cosets. We prove that the set of all interval valued (€, € V g)-fuzzy cosets of G is a group, where the multiplication

= N5
is defined by A - Ay = Ay forall x,y € G. If i : F — D[0,1] is defined by (lx) = A (x) for all x € G. Then f is an interval valued
(€, € Vgx)-fuzzy normal subgroup of F.

Keywords: Group, normal subgroup, coset, interval valued (€, € V gx)-fuzzy normal subgroup, interval valued (€, € V gy )-fuzzy coset.

1 Introduction

The basic notion of fuzzy set was introduced by L.A. Zadeh [24] of 1965. Rosenfeld was the first who used the concept
of fuzzy set in algebra. He introduced the concept of fuzzy subgroup of a group in 1971 [19]. The fuzzy algebra play a
vital role in Mathematics with wide applications in control engineering, computer sciences, information sciences, coding
theory. Murali [17] gave the definition of a fuzzy point belonging to fuzzy subset under a natural equivalence. Bhakat
and Das give more generalized concept of Rosenfeld’s fuzzy subgroups and they introduced the notion of
(€, € Vq)-fuzzy subgroups of a group in [7] by using the concept of "belongingness” (€) and “quasi-coincidence” (q)
of fuzzy point and fuzzy set, which was introduced by Pu and Liu [18]. Liu [15] introduced the concept of fuzzy
normality of a fuzzy subgroup in 1982. A detail study of the fuzzy normal subgroups was introduced by Mukherjee and
Bhattacharya [16]. Fuzzy normal subgroup was more studied by Bhakat [5,6], Bhakat and Das [7], and Yuan et al. [23].
In particular, an (€, € Vq)-fuzzy subgroup is an imperative and beneficial generalization of Rosenfeld’s fuzzy subgroup.
In [21], Shabir et al. introduced the notion of (a,f)-fuzzy, ideals of regular semigroups. M. Aslam et al defined
(o, B)-fuzzy I'-ideals in I'-LA-semigroup and characterized different classes of I'-LA-semigroup by the properties of

(a,B)-fuzzy I'-ideals. There some extensions of fuzzy set. Interval valued fuzzy set is one of them which was
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introduced by Zadeh [25]. In [9], Biswas introduced the concept of interval valued fuzzy subgroup of groups and he
studied some different properties of interval valued fuzzy subgroup. Latha et al., introduced the notion of interval valued
(a,B)-fuzzy subgroups [14]. For more detail see [4,11,26,27]Jun, in [12] introduced the generalized concept of
quasi-coincident (g) by quasi-k-coincident (gix) of a fuzzy point with a fuzzy set, and he defined ( €,q;)- fuzzy
subalgebra and ( €, € Vg )- fuzzy subalgebra in BCK/BCI-algebra. Jun et al. initiated the concept of ( €, € Vgy)-fuzzy
subgroups, ( €,€ Vgi)-fuzzy normal subgroups, ( €,€ Vgi)-fuzzy cosets and generalized the concept of level
subsets[13]. In [22], Shabir et al. adobted the notion of ( €, € Vgy)-fuzzy ideals in semigroups and they characterized
regular and intra-regular semigroups by the properties of ( €, € Vg )-fuzzy ideals. Recently, Abdullah et al., proposed
the concept of (€, € V g )-fuzzy normal subgroups and (@,E\/qu) -fuzzy cosets [2].

In this paper we are using the notions of not belonging (€) and non quasi-k-coincidence (CTZ) of an interval valued fuzzy
point with an interval valued fuzzy set, we define the concepts of interval valued (€, € V gi)-fuzzy normal subgroups and
interval valued (€, € VV gx)-fuzzy cosets which is a generalization of fuzzy normal subgroups, fuzzy coset, interval valued
fuzzy normal subgroups, interval valued fuzzy coset, interval valued (€,€ Vg)-fuzzy normal subgroups and interval
valued (€, € V g)-fuzzy cosets. We give some characterizations of an interval valued (€, € V gx)-fuzzy normal subgroup
and interval valued (€, €V gy )-fuzzy coset, and deal with several related properties. The important achievement of the
study with an interval valued (€,€V gx)-fuzzy normal subgroup and interval valued (€,€Vgy)-fuzzy cosets is the
generalization of that the notions of fuzzy normal subgroups, fuzzy coset, interval valued fuzzy normal subgroups,
interval valued fuzzy coset, interval valued (€,€V g)-fuzzy normal subgroups and interval valued (€,€Vgq)-fuzzy
cosets. We prove that the set of all interval valued (€, €V gi)-fuzzy cosets of G is a group, where the multiplication is

P N e\ N
defined by A, - A, = A, for all x,y € G. If i : F — D[0,1] is defined by u <7Lx> = A (x) for all x € G. Then U is an

interval valued (€, € V gi)-fuzzy normal subgroup of F.

2 Preliminaries

In this section, we will introduced the basic concept of definitions of previous literature.

If A C G, then the interval valued characteristic function C4 of A is a function from A into {0, 1}, defined by

& 1 ifxeA
X) = ~
A 0 ifx¢A

A fuzzy subset of a universe X is a function A from X into the unit closed interval [0, 1], that is, A : X — [0, 1]. For any
two fuzzy subsets A and y of G, A < u means that, for all x € G, A (x) < g (x). The symbols A A i, and A V u will mean
the following fuzzy subsets of G.
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for all x € X. More generally, if {A;:i € Q} is a family of fuzzy subsets of G, then A;cqA; and V;cqA; are defined by

(Nicahi) (x) = Niea (Ai (x))
(Vieaki) (x) = Viea (A (x))

and are called the intersection and the union of the family {A; : i € Q} of fuzzy subsets of G, respectively.

An interval valued fuzzy subset of a universe X is a function A from X into D [0,1], that is, A : X — DI0, 1], where D[0, 1]
mean subinterval of [0,1]. For any two interval valued fuzzy subsets 2 and I of G, 2 < [t means that, for all x € G,

2 (x) <t (x). The symbols A AR, and A V i will mean the following fuzzy subsets of G.

(AAE) () =2 AR )

(AVE) () =2 VAR
forall x € X.

Let A and I be two interval valued fuzzy subsets of G. Then the product of 1, I is denoted by Lo U and defined by

(LoR) (9= | Ve FONEQ ) itx=se

0 otherwise.

Definition 1. An interval valued fuzzy subset A of X of the form

3o rif y=x
“”‘{5 o

is called an interval valued fuzzy point with support x and value 7, where 7 € D(0, 1] and is denoted by x; or [x;f]. An
interval valued fuzzy point x; is said to be not belong to (resp, not quasi-coincident with) an interval valued fuzzy subset
2, written as x;@jt (resp, xﬁi) if A (x) <7 (resp, I(x) +1<1).If x;@i and (resp, x;ﬁz), then we write x;@/\qz (resp,
€V ﬁi) And x; be not quasi-k-coincident with a fuzzy subset A, written as xyﬁi if A (x)+i+k<Tor 2 (x)+7<1—k,
and xyé\/ﬁz ifx;@i or x;ﬁ%, here 7 € D(0,1] and k € D[0,1) [12].

Definition 2. [9]An interval valued fuzzy subset A of Gis called an interval valued fuzzy subgroup of G if for all x,y € G,
(i) % (xy) > min (% (x), 1 (y)) and (if) A (x~1) > 2 (x).
or A (x~'y) > min (I (x71 A (y)) .
Definition 3. [22] Let 2 be an interval valued fuzzy subset of G. We give the definition of the upper part At as follows,
A () =4 () vk,
Definition 4. [9] An interval valued fuzzy subset A of G is said to be an interval valued fuzzy normal subgroup of G if it

is an interval valued fuzzy subgroup of G and holds: A O 'xy) > A(x) (Vx,y€G) (feD(0,1)).

Definition 5. [9] Let 2 and U be two interval valued fuzzy subgroups of G. Then, A is called an interval valued fuzzy

conjugate of [1 if for x € G, we have 2 (y) = 2 (x~'yx) forallx € G.
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Definition 6. [14] An interval valued fuzzy subset Aofa group G is called an interval valued (€, € Vg)-fuzzy subgroup
of Gif forall x,y € G,

(i) A (xy) > min{Z (x), 2 (),0.5} and (if) A (x~') > min{2 (x),0.5}

or A (x_ly) > min (i (x_l) ,I (y) ,(TD') forallx~ !,y € G.

Definition 7. [14] For a interval valued fuzzy subgroup 2 of G the normalizer of I, denoted by N (I) and is defined by
N (1) ={ye G;%(y’lxy) > min{z (x),0.5} Vx € G}.

3(€ev q_z) -Fuzzy Normal Subgroups

In what follows, let G denote a group with e as the identity element, and k an arbitrary element of D[0, 1) unless otherwise

specified.

Definition 8. An interval valued fuzzy subset Aofa group G is said to be an interval valued (@,é\/qj) -fuzzy subgroup
of Gif forall x,y € Gandf,7 € D(0,1] and k € D[0,1).

(i) max{Z (xy), 555} > min{A(x), A (y)} and

(i) max{A (x"1), 55} > A(x)

or (i) (xy) {;,}EI implies x;€ Vv 617;1 or y;€ V (TEFL and

(i) xtfléi implies x;€ V cT;i

Definition 9. An interval valued fuzzy subset Aofa group G is called an interval valued (E,é\/qu) -fuzzy subgroup of
G if forall x,y € Gand 7,7 € D(0,1] and k € D[0,1).

(i) max{A(xy), 555} > min{2 (x),A(y)} and

(if) max{A(x 1), 555} > A(x)

or (i) (xy),u77 €A implies x;€ VA or y7€ VA and

(i) xtflél implies x;€ V g7A.
If k = 0, then A is an interval valued (€, €V q)-fuzzy subgroup of G.

Definition 10. An interval valued (é,@\/ CT;) -fuzzy subgroup  of G is called an interval valued (é@\/ CT’,;) -fuzzy normal
subgroup of G if for any x,y € G and 7 € D(0, 1] and ke D[0,1), (y_lxy)?éi implies xyé\/ﬁi.

An interval valued (€, €V q;)-fuzzy normal subgroup of G with k =0 is become an interval valued (€, €V g)-fuzzy
normal subgroup of G. Every interval valued (€, €)-fuzzy normal subgroup is an interval valued (@, € \/cT;) -fuzzy normal

subgroup of G.

Theorem 1. Let 4 be an interval valued (@,@\/qj) -fuzzy subgroup of G. Then, the following assertion are equivalent:
(1) 2 is an interval valued (E,E\/qj) -fuzzy normal subgroup.
(2)Vx,y€QG, max{l(y’lxzz)l%} > A(x).
(3) Y,y € G, max{2 (xy), :5*} = A ().
(4) 7

4)Vx,y € G, max{A(x "'y lxy), 1%%} > A(x).
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Proof. (1) = (2) Let us take x,y € G such that max{l(y xy), Tk} < I(x) Then, we have

for some 7 € (%,T] It follows that x; € A.

In case of max{)L(y xy), = %} 7L(y Ixy), that is %% < A(y~'xy) implies i(y_lxy) <t implies (y_lxy);éi.

Moreover, we have

A) >T>A0 xy) >

AX)+i+k>1= x;q;i.

As x; € A and x;q;i implies x; € /\q;i, which is not true because A is an interval valued (E,E\/CT;) -fuzzy normal
subgroup of G.

In this case we have max{z (v 'xy), 55} = 155 Then,

this imply A ) +1>1 — k= x;qkz. So x; € 2 and x;qzz = X7 € /\q}ﬂ. Thus, we have A is not an interval valued

(?,@\/q*%) -fuzzy normal subgroup of G, which is a contradiction, Hence, for all x,y € G, we have

max{A(y"xy), 1} > A (v).

(2) = (1) Letx,y € Gand (y~ xy) L= A(y Ixy) <1 for some 7 € (1%%’ 1]. Then, we have
7> max{A(y 'xy), 5% }>/1()¢t>)t(x).
Thus, x.€A = x—;@\/qjﬁ. Therefore, A is an interval valued (€,€ Vg;)-fuzzy normal subgroup.

(2) & (3) By using (2) we get P (xy) = 2 (y~'yxy). Then, we have

max {7 (xy), 55} = max{A(y""yny), 5

= max{A(y~' (), 5%}
> 2 (yx).

Thus, max{l xy), %} > 1(yx) for all x,y € G. Now using (3), we have

max{A(y~"xy), 55} = max{A((y"'x)y), 5%}
> Ay %) = A (x).

Thus, we have max{l(y xy), 15 E} > 7L(x) forallx,y € G.
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3) = (4) Since A is an interval valued (€, €\ g7)-fuzzy subgroup of G. So for all x,y € G we have x~!,y~! € G, Thus,
-)-fuzzy subgroup

Hence, max{i (xly lxy), BE > P (x) forall x,x"',y,y~! € G.

(4) = (2) Letx,y € G. Then, we have

max{A(y"'xy), S} = A(erly ) v 1

Hence, maX{I O~xy), IT’Z} > (x) for all x,y € G. This completes the proof.
if we put k = 0 in Theorem 1, then we get.

Corollary 1. Let A be an interval valued (€, €V q)-fuzzy subgroup of G. Then the following conditions are equivalent:
(a) A is an interval valued (€, €V q)-fuzzy normal subgroup.
(D) max{l (y'xy),0.5} > i(x),for all x,y € G.
(¢) max{I (xy),0.5} > I(yx),for all x,y € G.
(d) max{i(x’ly’lxy),O.S} > I(x),for allx,y € G

Proof. Proof follows from Theorem 1.

Theorem 2. Let 4 be any interval valued fuzzy subset of G. Then, we have (1) < (2).
(1) A is an interval valued (€,€ Vgy)-fuzzy normal subgroup. of G.
(2) (?6 (%,N]) (A7 # 0, A; is a normal subgroup of G).

Proof. (1) = (2) Since 2 is an interval valued (€,€ Vqy)-fuzzy subgroup of G, so for all (76 (%,T]) Z; #0, I; isa
subgroup of G by [1, Theorem 3.4]. Next we have to show that 17 is a normal subgroup. Let x € I;. Then, 2 (x) > and
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yeGforfe (TT’E, 1]. Since  is an interval valued (E,E\/qﬁg) -fuzzy normal subgroup, so for all x,y € G,

Ay ) 2T=y ek

for all y € G. Hence, 1; is a normal subgroup of G.

Conversely, suppose that (tNe (%’z, 1]) , 1;;& 0, X;is a normal subgroup of G. By using [1, Theorem 3.4] we say that 2
is an interval valued (E,E \/qT;) -fuzzy subgroup of G. Now we use the contradiction method to prove our required result.
Suppose that 2 is not an interval valued (E,E\/?k) -fuzzy normal subgroup, so there exists some x,y € G such that
max{% O~ Lxy), %;} < /TL(x) Then,

max{%(yilxy), TT’E} <r< I(x)

for some £ € (IT’R 1]. It follows that

i

x€ 1; and max{i (v~ xy), 1;%} <1t

Hence in both cases

A ) <T=y ¢ &

Thus, for x € I; and y € G we have, y~'xy ¢ 17. Since 17 is a normal subgroup of G, which contradicts to our supposition.

Therefore, for all x,y € G, we have

max{2 (v~ "xy), 155} > 2().
Hence, A is an interval valued (@,é\/q*;) -fuzzy normal subgroup of G.

If we take k = 0 in Theorem 2, then we get the following corollary.

Corollary 2. Let A be an interval valued fuzzy subset of G. Then, we have (1)< (2).
(1) 2 is an interval valued (€,€Vq)-fuzzy normal subgroup.
(2)1€(0.5,1], (I;;é 0, 1; is a normal subgroup of G).

Proof. Proof follows from Theorem 2.

Theorem 3. Let A be an interval valued (€,€ Vv g;)-fuzzy normal subgroup of G. Then, (V7 € (0, %E] and k € [0,1)),
Ok (I,?) ={xeqG| xq%i } # 0 is a normal subgroup of G.

Proof. As A is an interval valued (€,€ vg;)-fuzzy subgroup of G, so Q; (1,?) is an (€, €V qy)-fuzzy subgroup of G

[1, Theorem 3.5]. Next we prove that Oy (I,T) is a normal subgroup. Since A is an (E,E\/qu) -fuzzy normal subgroup,

so for any x,y € G, we have
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Let x € O; (Iff) and y € G, that is for some 7 € (0, TT’E], so the only possibility is that x;q;j. Then, A (xX)+t>1—k=
A(x)>T1—k—7. S0

Thus, Ok (i,?) is a normal subgroup of G.

If we put k=0in previous Theorem, then we have the following corollary.

Corollary 3. Let A be an interval valued (€, €V g)-fuzzy normal subgroup of G. Then, for all (7 € (0,0.5]), (Q (I,?) =
{xeG| xgz } # 0 is a normal subgroup of G).

Proof. Similar as in the above Theorem 3.

Theorem 4. Let N be a non-empty subset of G. Then, N is a normal subgroup of G if and only if the interval valued

characteristic function Cy is an (@,E\/LTE) -fuzzy normal of G.

Proof. As we know that N is a subgroup of a group G, so Cy is an interval valued (E,E\/qﬁ;) -fuzzy subgroup of G [1,

Theorem 3.7]. Next we prove the normality condition. Suppose that x ¢ N implies Cv (x) = 0. Then, we have

=

max{Cy(y™"xy), 15} > Cn(v)
forany y € G.

If x € N =y !xy € N for all x € G. Since N is a normal subgroup of G. So

51\1 (x) = 1=—Cy (yflxy) =1

= max{Cy(y 'xy), %}
> EN(X)~

Hence, Cy is an interval valued (@,@ \/qu) -fuzzy normal subgroup of G.

Conversely, suppose that characteristic function Cy is an interval valued (E,E\/qu) -fuzzy normal subgroup of G. To

prove N is a normal subgroup of G.

Since Cy is an interval valued (E,E\/(Tz) -fuzzy subgroup, so N is a subgroup of G [1, Theorem 3.7]. Suppose x € N,
then Cy (x) = 1, since for any y € G, so

max{Cy(y~'xy), 55} > Cy(x) =1
Cv(y 'y =1
y_lxy € N.
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Hence, N is a normal subgroup of G.

Theorem 5. Let I be a normal subgroup of G. Define a fuzzy subset A of Gas follows,
(i) (r € G\D(A () =T),
(if) (Vx € D(A(x) < 155).

Then, A is an interval valued (E, € \/?k) -fuzzy normal subgroup of G.

Proof. LetI be a subgroup of G.Then, 2 is an interval valued (E,E\/q*%) -fuzzy subgroup of G [1, Theorem 3.8]. Now for
normality, let x,y € G andf € D(0, 1] such that (y’lxy)yé/'NL. Then, A (y’lxy) <t th1s 1mp1y 2 (y L) #1 1mp11es that
i(y’lxy) l—k ,s0y~lxy¢ . Thus,x &1, since I is a normal subgroup, so A (x) < 5£. If7 > 5% then A (x) < Lkt
Thus, we have

P (x) <t= x;@jt = xyé\/q?%

If7 < Tk then A (x) <7< 1 k Thus, we have A (x) +7+k < % + TT_E +k =1, therefore A (x) +7 +k < 1. Hence,
x—;qj?t. Therefore x;€ v q;l. Hence, 2 is an interval valued (E,E\/qﬁg) -fuzzy normal subgroup of G.

Theorem 6. Let A be an interval valued (é?\/qj) -fuzzy normal subgroup of G. Then, A* is an interval valued

(@,@\/CT%) -fuzzy normal subgroup of G.

Proof. Let A be an interval valued (@,@\/qu) -fuzzy subgroup of G. Then, A" is an interval valued (@,@\/qﬁ;) -fuzzy
subgroup of G [1, Theorem 3.11-A].
Now to prove 2 v =k is an interval valued (E,E\/qﬁ;) -fuzzy normal subgroup. Since A is an interval valued

(G, eV q;) -fuzzy normal subgroup, so for all x,y € G we have
max{ (% \% ﬂ) (y~xy), %

- (b))
(l(y xy)\/ )\/%
>l() k

Hence, AV % is an interval valued (@,E\/qu) -fuzzy normal subgroup of G.

4 (€,€Vvg;)-Fuzzy Cosets

In this section we define interval valued (E,E\/qu) -fuzzy cosets and give some characterizations of interval valued

(€,€ Vg;)-fuzzy cosets.

Definition 11. Let A be a interval valued fuzzy subgroup of G. For any x € G the fuzzy subset Zﬁ : G — D[0,1],
y— A (x1) ie., Ay) =24 (yx7!) resp, AT G = D[0,1],y — A (x7'y) ie., Ay) =2 (x7'y) is called the fuzzy
left (resp. right) coset of G determined by x and A

=

Definition 12. Let A be an interval valued (E,@\/qu) -fuzzy subgroup of G for any x € G, A, (resp, ) G — D|0,1]
bl ~ ~ ~ = - ~ o~
defined by A, (y) = max{A! (y), 5%} (resp, A (y) = max{A] (y), 15"}) is called the interval valued (€, €V qy)-fuzzy

2

left (resp. right) coset of G determined by x and 2.
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Theorem 7. Let A be an interval valued (€,€ v g;)-fuzzy subgroup of G. Then, 2 is an interval valued (€,€Vvg;)-fuzzy
< =
normal subgroup of G if and only if A, = A, forall x € G.

Proof Let A be an interval valued (€,€ Vqy)-fuzzy normal subgroup of G. Let x € G. Then, for any g € G we have

<~ . U
2 (g) = max{A/ (g), 5%

}T

=
S0, A (8) < Ax(g)-

Similarly,
imilarly. .

t
A (8) < A (g)

- = &« o
and so A, (g) = A, (g) for any g € G. Hence, A, = A, forallx € G.

~ = b =
Conversely, assume that A, = A, for all x € G. Then, for any g € G such that A, (g) = A, (g)

max{A; (g), 15"} = max{A{ (¢), 7"}
that is
max{A (gx '), 55} = max{A (x 'g), 5~}
for all g € G. Taking g = xyx implies that

max{i (xyxx™ 1) o

}
max{2 (xy), T%E} = max{2 (yx), ITJ}

Using Theorem 1 we conclude that 2 is an interval valued (E,E\/(E) -fuzzy normal subgroup

Theorem 8. Let A be an interval valued (€,€ Vg;)-fuzzy normal subgroup and the interval valued (€,€Vqy)-fuzzy
~ = ~
coset of G determined by x and A is denoted by A,. Let F be the set of all interval valued (E, € \/‘TZ) -fuzzy cosets of A in
bonlll vl
G. Then, F is a group if the multiplication is defined by A, - A, = A, for all x,y € G. Let i1 : F — D[0, 1] be defined by

pon ~ ~
o (lx) = A (x) for all x € G. Then, [i is an interval valued (€, € V g;)-fuzzy normal subgroup of A.
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e
Proof. We first show that the given composition is well defined. Let A, = A, and A; = A,,. So for any g € G,

& & =
1 (9) _ 7, (2) and 4 (6) =2 &)
max{z (gx_ ), 55 = ma x{l (gy~ 1) , 5%} and
max{2 (gz 1), Tk} — max{2 (gw™ "), L;%}

Since A is an interval valued (é@\/qj) -fuzzy normal subgroup, so therefore we get

So —
Az (8) < Ay (g) forall g € G.

Similarly, we get

— —
Ay (8) < Ayz(g) forall g € G.
So
— £
/,sz = Z/yw-

“ —
Hence the composition is well defined. It can be easily verified that F' is a group with A, is the identity element and A,
t

is the inverse element of A, for all x € G. Now

mai (- ) 154} = man(i (2,03, ) 1)

= max{A (xy), 5%}

> min{z (%) ,I "}

— min{i (7) i (i)}
max( (%7 ) 25 2 mingi (3.) 7 (2))
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() =2 <maxli (7). 5
= man( (A1) 154
< man(i (471 151
hus (2 ) < (it (2,1) 351

>
é/]\

for all A,, A, € F. Therefore, [l is an interval valued (@,@ \/CTZ) -fuzzy normal subgroup of F.

4.1 Theorem

For any interval valued (E,E \Y CTZ) -fuzzy normal subgroup of F, there exists an interval valued (E, € \/‘TZ) -fuzzy normal

subgroup of G.

Proof. Let 1 be an interval valued (E,E\/LT;) -fuzzy subgroup of F and define a interval valued fuzzy subset B of G by
Bx)=n (),x) for all x € G. For any x,y € G, we have

min{B (x), B ()} = min{@ (%.).& ()}
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Thus max{J (x71) —E} > B (x). So B is an interval valued (€,€ v g;)-fuzzy subgroup of G. Next assume that [ be an

interval valued (@,@ ;) -fuzzy normal of F. Then,

B(w) = i (Ay) =i (2 2y

Thus max{S (yx), Tﬁ} > B (xy). It follows that f is an interval valued (€,€ v g;)-fuzzy normal subgroup of G.

Definition 13. [8] Let 2 be an interval valued fuzzy subgroup of G and p a map from G into itself. The interval valued
fuzzy subset AP in G, AP : G — DI0, 1] is defined by AP (x) = P (p(x), ¥x€G.

Definition 14. An interval valued fuzzy subgroup A of G is said to be a interval valued fuzzy characteristic subgroup of

G if for all x € G and for all automorphism p of G,

XEAP = xEVEA. (1)

Remark. The condition 1 is equivalent to max{% (p(x)), 17;’;} >4 (x).

Theorem 9. Let A be an interval valued (E, € \/q?) -fuzzy normal subgroup of G. If p is an endomorphism of G, then AP

is an interval valued (€,€ V g;)-fuzzy normal subgroup of G.

Proof. Letx,y € G. Then, we have

min{2? (x), 4 ()} = min{2 (p (x)). A (p ("))}
< max{2 (p (x)-p ),

xy)),

(since p is endomorphism)

< max{AP (xy), 15£}.

(
(

< max{?t(

So min{Ip (x) AP )} < max{Ip (xy), %E} forall x,y € G.

Letx € G. Then, x ! € G, we have

2 6) = (p () < max(A ((p () ") 15H)

< max{z (p (xfl)) = k}

— max{AP (x 1), 17%}

(since p is endomorphism)

Thus, AP (x) < max{AP (x 1), TT’E} forallx € G.
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Since p (x) € G for any x € G, so we have

Lk

<max{Z (p (") p(¥)p (), 5}

< max{2 (p (v ")) NTZ
<max{lp ('), Lk }

AP (x) =2 (p(x) <max{Z (b ] ' x)p (),
-

So, AP (x) < max{AP (v 'xy) ,TT’Z} for every y € G.

Hence AP is a interval valued (?,@\/q*%) -fuzzy normal subgroup of G.
If we take k = 6, then in view of above theorem, we have the following corollary.

Corollary 4. Let A be an interval valued (€, €V q)-fuzzy normal subgroup of G. If p is a endomorphism of G, then AP
is an (€, € V g)-fuzzy normal subgroup of G.

Proof. Similar as in previous theorem.

Theorem 10. If A is an interval valued fuzzy characteristic subgroup of G, then A is an interval valued (éé\/ cT;) -fuzzy

normal subgroup of G.

Proof. Let A be an interval valued fuzzy characteristic subgroup of G. Let p be the automorphism of G defined by
p(g) = x"'gx, Vg € G that is
p(xg) = X! (xg)x= (xflx) gx=gx 2)

Let x,y € G. Then,

Thus, A is an interval valued (€,€ Vqy)-fuzzy normal subgroup of G.
If we take k = 6, then in view of above theorem.

Corollary 5. If 2 is an interval valued fuzzy characteristic subgroup of G, then 2 is an interval valued (€,€Vq)-fuzzy

normal subgroup of G.
Proof. Similar as in previous Theorem.

Definition 15. For an interval valued fuzzy subgroup 2 of G the normalizer of 1, denoted by N (1) and is defined by
N (71) —{y€G:max{A(y 'xy), 55} > A(x): Yx € G}.

Theorem 11. Let A be an interval valued (E,E\/q;) -fuzzy subgroup of G. Then, (i) N (1) is a subgroup of G, (ii) Ais

an interval valued (€,€ qu) -fuzzy normal subgroup of G if and only if N (i) =G.
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Proof. Letg,he N (5,) and x € G. Then, we have
A(x) < max{2 (s~ 'xg), 13}
< max{max{ ( %g:%

< max{A(h~'¢ 'xgh), 151
= max{% ((gh) - xgh), %}E }

Thus, max{i((gh)_lxgh),%;} > i(x) Hence, gh € N (1) Also if g € N (i), then obviously g~! € N (1)
Therefore, N (%) is a subgroup of G.

Now for (ii) Let 2 be an interval valued (€,€Vyy)fuzzy normal. Let y € G. Then, V x € G we have
I(x) < max{i (v~ xy), %’;}

SoyeN (I) . Therefore G C N (I) implies N (1) = G. Conversely, if N (E) = G, then from the definition of N (1) ,

A is an interval valued (€, € V g;)-fuzzy normal subgroup of G.
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