c.—/
NTMSCI 3, No. 2, 24-35 (2015) BISKA 2«

http://www.ntmsci.com

Mannheim partner D-curves in the Euclidean 3-space E°

Mustafa Kazaz ', H. Hiiseyin Ugurlu®>, Mehmet Onder' and Tanju Kahraman'

ICelal Bayar University, Department of Mathematics, Faculty of Arts and Sciences, Muradiye Campus, 45140, Manisa, Turkey.

2Gazi University, Gazi Faculty of Education, Department of Secondary Education Science and Mathematics Teaching, Mathematics
Teaching Program, Ankara, Turkey.

Received: 19 December 2014, Revised: 22 December 2014, Accepted: 21 January 2015
Published online: 03 February 2015

Abstract: In this paper, we consider the idea of Mannheim partner curves for curves lying on surfaces. By considering the Darboux
frames of surface curves, we define Mannheim partner D-curves and give the characterizations for these curves. We also find the
relations between geodesic curvatures, normal curvatures and geodesic torsions of these associated curves. Furthermore, we show that
definition and characterizations of Mannheim partner D-curves include those of Mannheim partner curves in some special cases.
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1. Introduction

Associated curves, the curves for which at the corresponding points of curves one of the Frenet vectors of a curve
coincides with the one of the Frenet vectors of other curve, are very interesting study and an important problem of the
fundamental curve theory and characterizations of space curves. The well-known of such curves is Bertrand curve which
is characterized as a kind of corresponding relation between the two curves. The relation is that the principal normal of a
curve is the principal normal of another curve i.e, the Bertrand curve is a curve which shares the normal line with another
curve. Over years many mathematicians have studied on Bertrand curves in different spaces and consider the properties
of these curves[1-5,15]. Moreover, Ravani and Ku consider the notion of Bertrand curves for ruled surfaces and defined

Bertrand offsets of ruled surfaces [12].

Recently, a new definition of the associated curves was given by Liu and Wang [9,14]. They called these new curves as
Mannheim partner curves: Let x and x; be two curves in the three dimensional Euclidean E3. If there exists a
corresponding relationship between the space curves x and x; such that, at the corresponding points of the curves, the
principal normal lines of x coincides with the binormal lines of xj, then x is called a Mannheim curve, and x; is called a
Mannheim partner curve of x. The pair {x,x;} is said to be a Mannheim pair. They showed that a curve x;(s;) is a
Mannheim partner curve of the curve x(s) if and only if the curvature k; and the torsion 7 of x; (s1) satisfy the following

equation for some non-zero constant A.

= % = SL(1422)

Mannheim partner curves have been studied in Minkowski 3-space by Kahraman et al [8]. Similar to the Bertrand
offsets, Orbay, Kasap and Aydemir have defined and characterized the Mannheim offsets of ruled surfaces [11]. The
corresponding characterizations of the Mannheim offsets of timelike and spacelike ruled surfaces in Minkowski 3-space

have been given by Onder and Ugurlu [6,7].
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In this paper we consider the notion of Mannheim partner curve for the curves lying on different surfaces. We call these
new associated curves as Mannheim partner D-curves and by using the Darboux frame of curves we give definition and

characterizations of these curves.

2. Darboux Frame of a Curve Lying on a Surface

Let S be an oriented surface in 3-dimensional Euclidean space E> and let consider a curve x(s) lying on S entirely where
s is the arclength of x(s). Since the curve x(s) is also in space, there exists a Frenet frame {T,N,B} at each points of the
curve where T is unit tangent vector, N is principal normal vector and B is binormal vector, respectively. The Frenet
equations of the curve x(s) is given by

T = kN
N =—xT+ 1B
B'= 1N

where x and 7T are curvature and torsion of the curve x(s), respectively and ( * ) denotes the derivative with respect to s
[10,13].

Since the curve x(s) lies on the surface S there exists another frame of the curve x(s) which is called Darboux frame and
denoted by {T,g,n}. In this frame T is the unit tangent of the curve, n is the unit normal of the surface Salong the curve
and g is a unit vector given by g = n x T. Since the unit tangent T is common in both Frenet frame and Darboux frame,

the vectors N, B, g and n lie on the same plane. Then the relations between these frames can be given as follows

T 1 0 0 T
gl =10 cosep sing N|,
n 0 —sing cos@ B

where @ is the angle between the vectors g and N. The derivative formulae of the Darboux frame is

7 0 ke k] [T

Zl=|"k 0 15| |%T (1)
- —ky —7, 0| |7

where k¢, k, and 7, are called the geodesic curvature, the normal curvature and the geodesic torsion, respectively. Here

and in the following, we use “dot” to denote the derivative with respect to the arc length parameter of a curve [10].

The relations between geodesic curvature, normal curvature, geodesic torsion and k, T are given as follows

d
kg = Kcos @, k, = KsinQ, fg:’c+—(P. 2)
N

d
Furthermore, the geodesic curvature k, and geodesic torsion 7, of the curve x(s) can be calculated as follows

dx d’x dx dn
kg—<ds,dsz><n>,rg—<ds,n><ds> 3)

In the differential geometry of surfaces, for a curve x(s)lying on a surface S the followings are well-known
(i) x(s) is a geodesic curve & kg =0,
(i) x(s) is an asymptotic line < &, =0,
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(iii) x(s) is a principal line < 7, =0 [10].

Through every point of the surface passes a geodesic in every direction. A geodesic is uniquely determined by an initial
point and the tangent at that point. All straight lines on a surface are geodesics. Along all curved geodesics the principal
normal coincides with the surface normal. Along asymptotic lines osculating planes and tangent planes coincide, along
geodesics they are normal. Through a point of a nondevelopable surface pass two asymptotic lines which can be real or
imaginary [13].

3. Mannheim Partner D-Curves in Euclidean 3-space E3
In this section, by considering the Darboux frame, we define Mannheim partner D-curves and give the characterizations

of these curves.

Definition 1. Let S and S; be oriented surfaces in 3-dimensional Euclidean space E> and let consider the arc-length
parameter curves x(s) and x;(s;) lying fully on S and Sj, respectively. Denote the Darboux frames of x(s) and x| (s;) by
{T,g,n} and {T,g;,n; }, respectively. If there exists a corresponding relationship between the curves x and x; such that,
at the corresponding points of the curves, the Darboux frame element g of x coincides with the Darboux frame element
n; of xy, i.e., the vectors g and n; lie on a line, then x is called a Mannheim D-curve, and x; is a Mannheim partner
D-curve of x. Then, the pair {x,x;} is said to be a Mannheim D-pair. If there exist such curves lying on the oriented

surfaces S and S, respectively, we call the pair {S,S;} as Mannheim surface pair.

Fig. 1: Mannheim partner D-curves

Theorem 1. Let S be an oriented surface and x(s) be a Mannheim D-curve in E* with arc length parameter s fully lying
on S. If S is another oriented surface and x; (s1) is a curve with arc length parameter s; fully lying on S, then x;(s1) is

Mannheim partner D-curve of x(s) if and only if the following equality holds for some nonzero constants A,

(= Ak P+ AP (A, — 1 A2 ke,
_Mg1< (1— Ak, < cos k"_kg‘>+1—lknl
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where 0 is the angle between the tangent vectors T and T at the corresponding points of x and x;.

Proof: Suppose that S is an oriented surface and x(s)is a Mannheim D-curve fully lying on S. Denote the Darboux

frames of x(s) and x; (s;) by {T,g,n} and {T|,g,,n; }, respectively. Then by the definition we can assume that

X(s1) =x1(s1) +A(s1)m (s1) @
for a smooth function A (s1). By taking derivative of (4) with respect to s; and applying the Darboux formulae (1) we have

d .
Tﬁ — (1= Ak, )Ty +An; — AT, 81 )
1

Since the direction of n; coincides with the direction of g, we get

A(s1) =0.
This means that A is a nonzero constant and equality (5) becomes

ds
TT = (1 _)bknl)Tl —A.Tglgl (6)
51

On the other hand we have
T =cosOT; +sinOg; @)

where 0 is the angle between the tangent vectors T and T, at the corresponding points of x and x;. Differentiating (7)

with respect to sy, it follows

ds : . : .
(kgngk,,n)d—S1 = —(0+ky,)sinOT| + (6 +k,, ) cos 0g1 + (ky, cos 0 + T4, sinO)n, (8)
From this equation and the fact that
n =sinOT| —cos Og; &)

we get

(kySin OT — ky cos g +kog) 95 = —(0 + kg, ) sin OT; + (8 + kg, ) cos Og,

o . (10)
+(kn, cos 0 + T, sinO)ny
Since the direction of n; is coincident with g we have
. ds
0=—|kp— +k, 11
( ds1 + 3') ( )
Using (6), (7) and the fact that T is orthogonal to g;, we obtain
ds 1= Ak, AT,
= =— 12
dsi cos @ sin @ (12)
Equality (12) gives us
AT,
tanf = ——=— 13
. 1— Ay, (13
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By taking the derivative of this equation and applying (11) we get
1= Akn )2 +A272\ [ Ak, —1 22T, k
Aty = ( m) @ M — kg, |+ Sl (14)
(1 —Aky,) cos 0 1 — Aky,
that is desired.
Conversely, assume that equation (14) holds for some nonzero constants A. From (14) we have
ds At ) A2, Aky )2 + 2222
o) = A (1= k) - ok, + (1= M+ 2222 ) b (15)
Let define a curve
X(S])ZX](Sl)—‘r)unl(Sl) (16)

where A is a non-zero constant. We will prove that x is a Mannheim D-curve and x; is the Mannheim partner D-curve of

x. By taking the derivative of (16) with respect to 51 twice, we get

ds
TTM - (1 —Aknl)Tl _lfglgl

and

(kgg+knn)($l) T3 = (kg + A%y ki )T+ (1= Ak, Vo, — A, ) 1
+ (1= Ay, Yoy —AT2 ) My

respectively. Taking the cross product of (17) with (18) we have

3
ken —kug) ()" = (=22 ki, (1= Ak )+ A223) Ty = (1= M, ), — A3, (1= Ay ) )

(g, (1= Ak )2 = g, (1= Ak = 22T oy + 22T Ky )
By substituting (15) in (19) we get
3 2.3
ken —kng] ()" = (—ATg ke, (1= Akn)) + 27T ) T

3
(o (1= A > = 222, (1 = 2ky) ) 1 — K ()
Taking the cross product of (17) with (20) we have
—[kgg+k,,n](j;) — k(4 ) At Ty + ko (2 ) (1= Ak, ),
(0= 2k )+ 2222 ) (22, o (1= k) my

From (20) and (21) we have
N 3
(k2 ) (‘ff) [kg;; ( )Lfglkn,(l—lknl)+121§])_)Lfg]k’%(j%) } T,

(ko (kg (1= Ak 2 = AT (1= k) ) (1= Ak 2 (2)

- k,,kg<;1751> ko (1= A 4 2222, ) (A2, b (1= k) | o

a7

(18)

(19)

(20)

21

(22)
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Furthermore, from (17) and (20) we get

2
ds _
(8 1ot
ds 2 2
ke () =k (1= 2ky) 222,

respectively. Substituting (23) in (22) we obtain

4 3
(+k) (#) n= [kg;’;;(—Mglknl(l—Akm)u%gl)—mglkg([;f;) ]Tl

2 3 (24)
- {kg:ss' (knl (1= Ak) 7AT§| (1 77Lk”|)) +(1 */’Lkm)kﬁ(ddel) } 81

Equality (17) and (24) shows that the vectors T and n lie on the plane sp {T;,g; }. So, at the corresponding points of the
curves, the Darboux frame element g of x coincides with the Darboux frame element n; of xy, i.e, the curves x and x; are
Mannheim partner D-curves.

Let now give the characterizations of Mannheim partner D-curves in some special cases. Assume that x(s) is an

asymptotic line. Then, from (14) we have the following special cases:

(i) Consider that x| (s1) is a geodesic curve. Then x; (s1) is Mannheim partner D-curve of x(s)if and only if the following

equation holds,

T, = — xfglknl
8 1 —Aky,

(ii) Assume that x;(s;) is also an asymptotic line. Then x;(s;) is Mannheim partner D-curve of x(s)if and only if the

geodesic curvature kg, and the geodesic torsion 74, of x((sy) satisfy the following equation,

Aty = (14 )*2731 Yk,

In this case, the Frenet frame of the curve x;(s;) coincides with its Darboux frame. From (2) we have k,, = Ky and
Ty, = T1. So, the Mannheim partner D-curves become the Mannheim partner curves, i.e., if both x(s) and x;(s;) are
asymptotic lines. Then, the definition and the characterizations of the Mannheim partner D-curves involve those of the

Mannheim partner curves in Euclidean 3-space.

(iii) If x;(s;) is a principal line then x;(s;) is Mannheim partner D-curve of x(s) if and only if either the geodesic

curvature ko, = 01i.e, x1(s1) is also a geodesic curve or k,, = 1/A = const.

Proposition 1. Let the pair {x,x; } be a Mannheim D-pair. Then the relation between geodesic curvature k,, geodesic

torsion T, of x(s) and the normal curvature k,, , the geodesic torsion Ty, of x1(s1) is given as follows

kg —kny = A (kgkn, — TgTg,)-

Proof: Let x(s)be a Mannheim D-curve and x; (s1) be a Mannheim partner D-curve of x(s). Then from (16) we can write

X](Sl) :X(Sl)flnl(sl) (25)

(© 2015 BISKA Bilisim Technology



NTMSCI 3, No. 2, 24-35 (2015) / www.ntmsci.com BISKA 30

for some constants A. By differentiating (25) with respect to s; we have

ds ds

T =(1+Ak,)—T—AT,— 26
! ( + g)dsl ngSIH ( )
Since
T; =cosOT +sinOn 27
from (26) and (27) we obtain
ds . ds
cosez(l—i-}ukg)d—sl7 sm6:—krgd—S]. (28)

Using (12) and (28) it is easily seen that

kg —kny = A(kghn, — TgTg,)-

From Proposition 1, we obtain the following special cases.

Let the pair {x,x| }be a Mannheim D-pair. Then,
() if x| is an asymptotic line, then ky = —A 7, T,, .
(ii) if x; is a principal line, then k, — k,,; = Akgky,.
(iii) if x is a geodesic curve, then k,, = AT, T,, .
(iv) if x is a principal line then k; — kn, = Akgky, .

Theorem 2. Let {x,x; } be Mannheim D-pair. Then the following relations hold:

) kg, = — (Kol + 42 )

(i) 7y 5 = —ky, sin O + T, cos
(i) kg - = ky, cOS 0 + Ty, 5in 6
(iv) 75, = (kgsinB® + 1505 0) jTSI

Proof: (i) By differentiating the equation (T, T;) = cos 6 with respect to s; we have

ds . .de
<(kgg+knn)dS1,T1> +<T,kglg1 —|—k,,1n1> = —s1n0d—s1.

Using the fact that the direction of n; coincides with the direction of g and

{ T =cosOT +sinOn, (29)

g, =sin0T —cosOn,

we easily get that

ds do
ke =—kn—+—).
81 ( ds1 + dS1 )
(ii) By differentiating the equation (n,n;) = 0 with respect to s; we have

ds

<(_knT_ng)dsl7nl> +<n’_k’l1T1 _Tglg1> =0.
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By (29) we obtain

ds

Tg—— = —ky, sin@ + 7, cos 6.
dS1

(iii) By differentiating the equation (T,n;) = 0 with respect to s; we get

ds
<(kgg+knn)dsl7nl > + <T7 7kn| Tl - Tg] g1> =0.
From (29) it follows that

ds .
kgd—S] =k, c0s 0 + T, sin 6.

(iv) By differentiating the equation (g, g;) = 0 with respect to s; we obtain

ds

<(—kgT+ ‘an)dSl,g1> + <g, _kng] + Tg1n1> =0.

By considering (29) we get
d
T, = (kgsin O + 75 cos 0) o
S1

Let now x be a Mannheim D-curve and x; be a Mannheim partner D-curve of x. From the first equation of (3) it follows

b = (31,50 = (3,50, <70
3 | (30)

= (ddT‘l) (_kn( +M<g)2 _lzfgzkn) + (%)2 (Ate(1+Akg) = Aok )

Then the relations between the geodesic curvature k,, of x;(s1) and the geodesic curvature kg, the normal curvature k,and
the geodesic torsion T,0f x(s)are given as follows:

(1) If kg = O then from (30) the geodesic curvature kg, of x; (s1)is

PR ) 3(1+7L%2)k + ds ZM (31)
g1 dSl g/ dS1 8
(2) If k,, = O then the relation between kg, T, and k,, is
ds \? . .

ke, =24 disl (Tg(l + lkg) — /'L’L'gkg) (32)

(3) If 7, = O then, for the geodesic curvature kg, , we have

ds 3 2

kg, = — (dsl) (1 +7Lkg) k, (33)

From (31), (32) and (33) we give the following corollary.
Corollary 1. Let x be a Mannheim D-curve and x; be a Mannheim partner D-curve of x. Then the relations between the
geodesic curvature kg, of x (s1) and the geodesic curvature k,, the normal curvature k, and the geodesic torsion Tg0f

x(s)are given as follows,

(i) If x is a geodesic curve, then the geodesic curvature kg, of x;(s1) is
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ds 3 ds 2
ke, :_(ds]) (1+7L%§)k,,+<dS1) At,.

(ii) If x is an asymptotic line, then the equation of kg, is
ds \ 2 . ,
(iiii) If x is a principal line, then the geodesic curvature kg, of x; (s1)is
ds \’ 2
kg, = — <ds1> (1 +M<g) k.

Similarly, From the second equation of (3) and by using the fact that g is coincident with ny, the relation between the
geodesic torsion Ty, of x1(s) and the geodesic torsion 7 0f x(s) is given by

ds \?
Tg) = (ds1> Tg (34)
Furthermore, by using (12), from (34) we have
2
sin“ O
Tngl == 7 (35)

Then, from (34) and (35) we can give the following corollary.

Corollary 2. Let x be a Mannheim D-curve and x; be a Mannheim partner D-curve of x. Then the relation between the
geodesic torsion Ty, of x1(s) and the geodesic torsion 7, of x(s)is given by one of the followings,

2 .

ds sin%6

To, = | — | To OF To,Tp = ———
81 ds, g glg 212

and so, the Mannheim partner D-curve x; is a principal line when the Mannheim D-curve x is a principal line.

Similarly, from (12) and (34) we get

2
T cos-0

Tor (1= Aky)?

Then, if x; (s ) is an asymptotic curve, i.e.,k,, = 0, we have

T, = c0s* 01, (36)

From (36) we have the following corollary.

Corollary 3. Let x be a Mannheim D-curve and x; be a Mannheim partner D-curve of x. If x (s1) is an asymptotic curve

then the relation between the geodesic torsion 7, of x(s) and the geodesic torsion 7, of x| (s7) is given as follows,

2
Ty = C0S“ 0T,
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where 0 is the angle between the tangent vectors T and 77 at the corresponding points of x and x;.

Example 1. Let consider the great circle x(6) = (cosf,sinf,0) on the unit sphere
S(6,¢9) = (cos 6 sin @, sin B sin @, cos ¢). The Mannheim partner D-curve of x(0) is the curve x; (6) = (cos 0, sin 6, 1),
where A is a non-zero constant, and the curve x;(0) lies on a ruled surface given by
S1(0,v) = (cos 6, sinB,A) + v(—sin0,cos 0,0) which is the surface of the tangents of the curve x;(6). Then the pair
{x,x1} is a Mannheim D-pair (Fig. 2).

Fig. 2

Example 2. Let consider the helix curve given by x(6) = (cosO,sinf,0) on the right cylinder
S(0,9) = (cos0,sinO, @). The Mannheim partner D-curve of x(8) is the curve

x1(0) = (cose—f—\%sine, sin@—\%cose7 6—1—\%),

where A is a non-zero constant, and the curve x; (6) lies on a helicoid surface given by

A A A
S1(0,v) = cos@+ —sin@ +avcos O, sin@ — —cosO +avsinf, 0+ —
(0= (eos0+ 7 V2 )

where a is a non-zero constant. Then the pair {x,x; } is Mannheim D-pair (Fig. 3).
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Fig. 3

4. Conclusions

In this paper, the definition and characterizations of Mannheim partner D-curves are given which is a new study of
associated curves lying on surfaces. It is shown that the definition and the characterizations of Mannheim partner D-
curves include those of Mannheim partner curves in some special cases. Furthermore, the relations between the geodesic

curvature, the normal curvature and the geodesic torsion of these curves are given.
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