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Abstract: By using the idea of partial sharing of a set of meromorphic functions by a member of a family of meromorphic functions
and itskth derivative we obtain a normality criterion generalizingsome of the earlier results on shared sets and normal families of
meromorphic functions. Further we prove a normality criterion which improves Marty’s theorem and its reverse counterpart.
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1 Introduction and Main Results

Let f be a nonconstant meromorphic function in the complex planeC. We assume that the reader is familiar with the

standard notions of the Nevanlinna value distribution theory such asT(r, f ), m(r, f ), N(r, f ) (see [6]). By S(r, f ), as usual,

we shall mean a quantity that satisfies

S(r, f ) = ◦(T(r, f )) as r → ∞,

possibly outside an exceptional set of finite logarithmic measure.

A family F of meromorphic functions defined on a domainD ⊆ C is said to be normal inD if every sequence of

elements ofF contains a subsequence which converges locally uniformly in D with respect to the spherical metric, to a

meromorphic function or∞ (see [9]).

Two nonconstant meromorphic functionsf andg defined on a domainD are said to share a setSof distinct meromorphic

functions inD if
⋃

φ∈S
E f (φ) =

⋃

φ∈S
Eg(φ), whereE f (φ) = {z∈ D : f (z) = φ(z)}. However, if

⋃

φ∈S
E f (φ) ⊆

⋃

φ∈S
Eg(φ),

then we say thatf shareSpartially withg and we writef (z) ∈ S⇒ g(z) ∈ S.

Schwick [10] proved that if there exist three distinct finite valuea1,a2,a3 in C such thatf and f ′ shareai, i = 1,2,3 onD

for eachf ∈ F , thenF is normal inD.

Fang [3] and Liu and Pang [7] extended the Schwick’s result using the idea of shared sets. They precisely proved:

Theorem 1. Let F be a family of meromorphic functions in a domain D, and let a1, a2 and a3 be three distinct finite

complex numbers. If for every f∈ F , f and f′ share the set S= {a1,a2,a3}, thenF is normal in D.

In 2010, Chen [2] proved the following three results concerning a shared setof values:

c© 2016 BISKA Bilisim Technology ∗ Corresponding author e-mail:virendersingh2323@gmail.com

http://dx.doi.org/10.20852/ntmsci.2016218258


221 V. Singh, et al.: Partial sharing of a set of meromorphic functions and normality

Theorem 2. Let F be a family of meromorphic functions in a domain D, and let a1, a2 and a3 be three nonzero distinct

finite complex numbers and let S= {a1,a2,a3}. If for every f∈ F , f(z) ∈ S⇒ f ′(z) ∈ S, thenF is normal in D.

Theorem 3. LetF be a family of meromorphic functions in a domain D, all of whose poles are of multiplicity at least 3,

let a1, a2 and a3 be three distinct finite complex numbers, let S= {a1,a2,a3}, and let M be a positive number. If for every

f ∈ F , | f ′(z)| ≤ M whenever f(z) ∈ S, thenF is normal in D.

Theorem 4. Let F be a family of meromorphic functions in a domain D, all of whose zeros are multiple. Let a1 and a2

be two nonzero distinct finite complex numbers and let S= {a1,a2}. If for every f∈ F , f(z) ∈ S⇒ f ′(z) ∈ S, thenF is

normal in D.

Chen [2] has given an example to show that the cardinality ofS in Theorem2 and Theorem3 cannot be reduced. But

in Theorem4, as far as we know, whether the condition on the multiplicityof the zeros and that on the values inS, are

essential. We give here following examples to establish that these conditions are essential.

Example 1. Consider the family

F = { fn(z) = tannz : n= 1,2, · · ·},

on the unit diskD, and the setS= {i,−i}. Then eachf ∈F has simple zeros, and for everyf ∈F , f (z) ∈ S⇒ f ′(z) ∈ S.

But F is not normal inD. Thus the condition on the multiplicity of zeros is essential in Theorem4.

Example 2. Consider the family

F =

{

fn(z) =
enz

n
: n= 2,3, · · ·

}

on the unit diskD, and the setS= {0,∞}. Then for everyf ∈ F , f (z) ∈ S⇒ f ′(z) ∈ S. But F is not normal inD. Thus

the condition thatShas nonzero finite values is essential in Theorem4.

In this paper, we generalize these results by replacing the elements of the shared setSby distinct meromorphic functions

as follows:

Let F be a family of meromorphic functions in a domainD, all of whose poles are of multiplicity at least 3, and let

S:= {φ1,φ2, · · · ,φn} be a set ofn−distinct meromorphic functions inD, wheren≥ 3.

Theorem 5. If

(i) for a given m∈ N and for each f∈ F , f(z) ∈ S⇒ f (k)(z) ∈ S,1≤ k≤ m, and

(ii) ∀ z0 ∈ D, the cardinality of the set{φ1(z0),φ2(z0), · · · ,φn(z0)} is at most 2 implies that f(z0) 6= φi(z0) for at least 2

functionsφi (depending on f ),

thenF is normal in D.

Theorem 6. If

(i) there is a constant M> 0 such that| f (k)(z)| ≤ M whenever f(z) ∈ S ∀ f ∈ F , 1≤ k≤ m, where m is a given positive

integer, and

(ii) ∀ z0 ∈ D, the cardinality of the set{φ1(z0),φ2(z0), · · · ,φn(z0)} is at most 2 implies that f(z0) 6= φi(z0) for at least 2

functionsφi (depending on f ),

thenF is normal in D.

Example 3. [4] Consider the family

F =

{

fn(z) =
n+1
2n

enz+
n−1
2n

e−nz : n= 2,3, · · ·

}
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on the unit diskD and setS= {−1,1}. Then for anyfn ∈ F , we haven2[ f 2
n (z)−1] = [ f ′n(z)]

2 −1. Thus fn(z) ∈ S ⇒

f ′n(z) ∈ S and| f ′n(z)| ≤ 1, butF is not normal inD. This shows that the cardinality ofS in Theorem5 and Theorem6

cannot be reduced.

Example 4. Consider the family

F = { fn(z) = nz : n= 1,2, · · ·}

on the unit diskD, and setS= {0,−1,∞}. Then fn(0) ∈ Sbut f ′n(0) /∈ Sand| f ′n(0)| → ∞ asn→ ∞. Note thatF is not

normal inD. Thus condition(i) in Theorem5 and as well as in Theorem6 is essential.

Example 5. Consider the family

F = { fn(z) = 2nz2 : n= 1,2, · · ·}

on the unit diskD. Let S= {φ1,φ2,φ3}, whereφ1(z) = z2, φ2(z) = z2/2 andφ3(z) = z2/3. Then for everyf ∈ F , f (z) ∈

S⇒ f ′(z) ∈ S and | f ′(z)| ≤ M, whereM is a positive number. However, the familyF is not normal inD. Note that

fn(0) = φ1(0) = φ2(0) = φ3(0). Therefore, the condition(ii) cannot be dropped in Theorem5 and Theorem6.

Remark.

1. If m≥ 3, then the conclusion of Theorem5 and Theorem6 hold without the condition on the multiplicity of the poles.

2. Since| f ′(z)| ≤ M implies f #(z)≤ M, Theorem6 generalizes Marty’s theorem by takingm= 1.

Recently, Grahl and Nevo [5] gave the following reverse counterpart to Marty’s theorem:

Theorem 7. Let some M> 0 be given and set

G :=
{

f ∈ M (D) : f #(z)≥ M for all z∈ D
}

.

ThenG is normal inD.

Here, we prove a generalization of Theorem7 as:

Theorem 8. Let k and n be two positive integers with k≥ 2 and n≥ 3. LetH be a family of meromorphic functions in a

domain D, all of whose zeros are of multiplicity at least k+1, and let the set S= {φ1,φ2, · · · ,φn}, whereφi (i = 1,2, · · · ,n)

are meromorphic functions on D such thatφi(z) 6= φ j(z) for i 6= j, z∈ D. If, for every f∈ H ,

f (k)(z) ∈ S⇒ f #(z)≥ M,

where M> 0 is a constant, thenH is normal in D.

The following examples show that various conditions in Theorem8 cannot be dropped:

Example 6. Consider the family

H =

{

fn(z) =
1
nz

: n= 1,2, · · ·

}

on the open unit diskD, and letS= {0,∞}. Clearly, for everyn, f (k)n (0) ∈ S⇒ f #
n (0) = n→ ∞ asn→ ∞. However, the

family H is not normal inD. Thus the cardinality ofScannot be reduced.

Example 7. Consider the family

H = { fn(z) = nzk : n= 1,2, · · ·}

on the open unit diskD, and letS= {0,1,∞}. Clearly, for everyf ∈ H , f (k)(z) ∈ S⇒ f #(z) ≥ M, for some positive

constantM . However, the familyH is not normal inD. This shows that the condition on the multiplicity of zeros in

Theorem8 is essential.
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Example 8. Consider the family

H = { fn(z) = nz3 : n= 1,2, · · ·}

on the open unit diskD, and letS= {0,1,∞}. Clearly, for everyf ∈ H , f ′′n (0) ∈ S⇒ f #(0) = 0. However, the familyH

is not normal inD. Therefore the condition “f (k)(z) ∈ S⇒ f #(z)≥ M” is essential.

Throughout the paper, we shall denote the open disk with center atz0 and radiusr by D(z0, r) and the punctured disk by

D∗(z0, r).

2 Proof of the main results

We need the following results for the proof of our main results:

Lemma 1. [8] LetF be a family of functions meromorphic inD all of whose zeros have multiplicity at least m and all of

whose poles have multiplicity at least p. Then, ifF is not normal at a point z0 ∈D, there exist, for eachα : −p< α < m,

(i) a real number r: r< 1,

(ii) points zn: |zn|< r,

(iii ) positive numbersρn: ρn→0,

(iv) functions fn ∈ F such that gn(ζ )=ρ−α
n fn(zn+ρnζ ) converges locally uniformly with respect to the sphericalmetric to

g(ζ ), where g(ζ ) is a non constant meromorphic function onC and g#(ζ )≤ g#(0) = 1.

Lemma 2. [1] LetF be a family of meromorphic functions in a domainD and let a and b be distinct functions holomorphic

onD. Suppose that, for any f∈ F and any z∈ D, f(z) 6= a(z) and f(z) 6= b(z). If F is normal inD−{0}, thenF is

normal inD.

Proof. [Proof of Theorem 5.] Since normality is a local property, it is enough to show that F is normal at eachz0 ∈ D.

Let S1 = {φ1(z0),φ2(z0), · · · ,φn(z0)}. We distinguish the following cases:

Case 1. Suppose that all the values inS1 are finite.

Here the following subcases arise:

Subcase 1.1. When cardinality ofS1 is at least three.

Suppose thatF is not normal atz0. Then by Lemma1, we can find a sequence
{

f j
}

in F , a sequence
{

zj
}

of complex

numbers withzj → z0 and a sequence
{

ρ j
}

of positive real numbers withρ j → 0 such that

g j(ζ ) = f j(zj +ρ jζ )

converges locally uniformly with respect to the spherical metric to a non-constant meromorphic functiong(ζ ) onC, all

of whose poles are of multiplicity at least 3, such thatg#(ζ ) ≤ g#(0) = 1 for all ζ ∈ C.

Clearlyg assume at least one of the values ofS1, otherwiseg becomes constant by Picard’s theorem. Letζ0 ∈ C be such

that g(ζ0)− φi(z0) = 0, for somei = 1,2, · · · ,n. Sinceg(ζ ) 6≡ φi(z0), by Hurwitz’s theorem there exist a sequence of

pointsζ j → ζ such that for sufficiently largej,

g j(ζ j) = f j(zj +ρ jζ j) = φi(zj +ρ jζ j) ∈ S.

By hypothesis, for everyf ∈ F , f (z) ∈ S⇒ f (k)(z) ∈ S(k= 1,2, · · · ,m), it follows that

f (k)j (zj +ρ jζ j) ∈ S,
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and hence

g(k)j (ζ j) = ρk
j f (k)j (zj +ρ jζ j) = ρk

j φi(zj +ρ jζ j),

for somei = 1,2, · · · ,n andk= 1,2, · · · ,m. Therefore

g(k)(ζ0) = lim
j→∞

g(k)j (ζ j) = 0

for k= 1,2, · · · ,m, and soζ0 is a zero of multiplicity at leastm+1 for g(ζ )−φi(z0), (i = 1,2, · · · ,n).

Since poles ofg have multiplicity at least 3, by Second fundamental theoremof Nevanlinna, we have

(n−1)T(r,g)≤ N

(

r,
1

g−φ1(z0)

)

+N

(

r,
1

g−φ2(z0)

)

+ · · ·+N

(

r,
1

g−φn(z0)

)

+N(r,g)+S(r,g).

≤
1

m+1

[

N

(

r,
1

g−φ1(z0)

)

+N

(

r,
1

g−φ2(z0)

)

+ · · ·+N

(

r,
1

g−φn(z0)

)]

+
1
3

N(r,g)+S(r,g)

≤
n

m+1
T(r,g)+

1
3

T(r,g)+S(r,g)

=
3n+m+1

3m+3
T(r,g)+S(r,g),

which is a contradiction asn≥ 3. ThusF is normal atz0.

Subcase 1.2. When cardinality ofS1 is at most two.

By hypothesis (ii),f (z0) 6= φi(z0) for at least two functionsφi , (i = 1,2, · · · ,n). So we can find a small neighbourhood,

sayD(z0, r) such thatφi(z) 6= φ j(z) (1 ≤ i, j ≤ n) in D∗(z0, r). Thus by subcase 1.1,F is normal inD∗(z0, r). Now we

show thatF is normal atz0.

Since f (z0) 6= φi(z0) for at least two functionsφi and eachφi(z0) is finite, we find that for everyf ∈ F , f (z) 6= φi(z) for

at least two functionsφi which are holomorphic inD(z0, r). Thus by Lemma2, F is normal atz0.

Case 2. Suppose one of the value inS1 is infinite.

Without loss of generality, assume thatφ1(z0) = ∞. We takeh /∈ S1 and consider the family

G =

{

g=
1

f −h
: f ∈ F

}

.

Clearly for everyf ∈ F ,

f (z0) ∈ S1 impliesg(z0) ∈ S2 =

{

0,
1

φ1(z0)−h
,

1
φ2(z0)−h

, · · · ,
1

φn(z0)−h

}

,

with all the values inS2 finite. So we can find a small neighbourhoodD(z0, r) of z0 such that

f (z) ∈ Simpliesg(z) ∈ T =

{

0,
1

φ1(z)−h
,

1
φ2(z)−h

, · · · ,
1

φn(z)−h

}

.

Thus by Case 1,G is normal atz0 and which in turn implies that the familyF is normal atz0.

c© 2016 BISKA Bilisim Technology

www.ntmsci.com


225 V. Singh, et al.: Partial sharing of a set of meromorphic functions and normality

Proof. [Proof of Theorem 6.] Since normality is a local property, it is enough to show that F is normal at eachz0 ∈ D.

Let S1 = {φ1(z0),φ2(z0), · · · ,φn(z0)}.

The proof is similar to that of Theorem5 except the case when all the values inS1 are finite, and cardinality ofS1 is at

least three. So here we consider that case only.

Suppose thatF is not normal atz0. Then by Lemma1, we can find a sequence
{

f j
}

in F , a sequence
{

zj
}

of complex

numbers withzj → z0 and a sequence
{

ρ j
}

of positive real numbers withρ j → 0 such that

g j(ζ ) = f j(zj +ρ jζ )

converges locally uniformly with respect to the spherical metric to a non-constant meromorphic functiong(ζ ) onC, all

of whose poles are of multiplicity at least 3, such thatg#(ζ ) ≤ g#(0) = 1 for all ζ ∈ C.

Clearly g assume at least one of the value in setS1, otherwiseg becomes constant by Picard’s theorem. Letζ0 ∈ C be

such thatg(ζ0)− φi(z0) = 0, for somei = 1,2, · · · ,n. Sinceg(ζ ) 6≡ φi(z0), by Hurwitz’s theorem there exist a sequence

of pointsζ j → ζ such that for sufficiently largej,

g j(ζ j) = f j(zj +ρ jζ j) = φi(zj +ρ jζ j) ∈ S.

By hypothesis, for everyf ∈ F , | f (k)(z)| ≤ M wheneverf (z) ∈ S(k= 1,2, · · · ,m), it follows that

| f (k)j (zj +ρ jζ j)| ≤ M,

and hence

|g(k)j (ζ j)|= |ρk
j f (k)j (zj +ρ jζ j)| ≤ ρk

j M,

for k= 1,2, · · · ,m. Therefore

g(k)(ζ0) = lim
j→∞

g(k)j (ζ j) = 0

for k= 1,2, · · · ,m, and soζ0 is a zero of multiplicity at leastm+1 for g(ζ )−φi(z0), (i = 1,2, · · · ,n).

Since poles ofg have multiplicity at least 3, using the Second fundamental theorem of Nevanlinna we arrive at a

contradiction (as obtained in the proof of Theorem5) showingF is normal atz0.

Proof. [Proof of Theorem 8.]Since normality is a local property, it is enough to show that H is normal at eachz0 ∈ D.

Suppose thatH is not normal at some pointz0 ∈ D. Then by Lemma1, we can find a sequence
{

f j
}

in H , a sequence
{

zj
}

of complex numbers withzj → z0 and a sequence
{

ρ j
}

of positive real numbers withρ j → 0 such that

g j(ζ ) = ρ−k
j f j (zj +ρ jζ )

converges locally uniformly with respect to the spherical metric to a non-constant meromorphic functiong(ζ ) onC, all

of whose zeros have multiplicity at leastk+1, such thatg#(ζ )≤ g#(0) = 1 for all ζ ∈ C.

Clearly g(k) assume at least one of the valueφi(z0), (i = 1,2, · · · ,n), otherwiseg(k) becomes constant by Picard’s

theorem. Letζ0 ∈ C be such thatg(k)(ζ0)−φi(z0) = 0 for somei = 1,2, · · · ,n. Clearly,g(k)(ζ ) 6≡ φi(z0), for otherwiseg

would be a polynomial of degree at mostk, which is a contradiction. By Hurwitz theorem, there exist asequence of
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pointsζ j → ζ0 such that for sufficiently largej, we have

g(k)j (ζ j) = f (k)j (ζ j +ρ jζ j) = φi(zj +ρ jζ j) ∈ S.

By hypothesis, for everyf ∈ H , f #(z)≥ M wheneverf (k)(z) ∈ S, it follows that

f #
j (ζ j +ρ jζ j)≥ M,

and hence,

g#(ζ0) = lim
j→∞

g#
j (ζ j)

= lim
j→∞

ρ−k+1
j ( f j )

#(ζ j +ρ jζ j)

≥ lim
j→∞

ρ−k+1
j M → ∞,

which is a contradiction to the fact thatg has bounded spherical derivative. HenceH is normal atz0.
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