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Abstract: In this paper, the recently developed tanh-function metiadi extended tanh-function method are applied to explare th
traveling wave solutions of new coupled Konno-Oono equatile have successfully derived some explicit travelingevs®utions
of new coupled Konno-Oono equation.
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1 Introduction

Nowadays NLEEs have become most examined subject of altaimy studies in several branches of nonlinear
sciences. A special class of analytical solutions namegtlireg wave solutions for NLEEs has a lot of importance,
because most of the phenomena that arise in mathematicsicptand engineering fields can be described by NLEEs.
NLEEs are repeatedly used to describe many problems ofiprabemistry, chemically reactive materials, in ecology
most population models, in physics the heat flow and the wawpggation phenomena, quantum mechanics, fluid
mechanics, plasma physics, propagation of shallow watgesyeoptical fibers, biology, solid state physics, chemical
kinematics, geochemistry, meteorology, electricity, aodforth. Therefore, investigation, traveling wave sauo§ is
becoming more and more attractive in nonlinear sciencedbyalay. However, not all equations posed of these models
are solvable. As a result, many new techniques have beeersafally developed by diverse groups of mathematicians
and physicists, such as: the Exp-function method [1-5]Hheta’s bilinear transformation method [6,7], the Adomia
decomposition method [8], The F-expansion method [9], theilkary equation method [10]G'/G)-expansion method
[11-15], the modified simple equation method [16, 17], theht&unction method [18], the sine-cosine method [19], the
improved tan ¢(&)/2)-expansion method [20] and many more.

The objective of this paper is to apply the tanh-functiontmdtand extended tanh-function method to construct the
exact traveling wave solutions for nonlinear evolutiornugled Konno-Oono equations.

2 Methods

In this section we will discuss the main steps of tanh-fuorcind extended tanh-function methods.
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2.1 The tanh-function method

The tanh-function method summarized by Wazwaz are as fel[@¥, 22], Suppose a partial differential equation,
P(u, U, Uy, Uy, ...) = 0. Q)

By using the wave variablé = x— wt whereU = U (&) = U(xt), the equation) can be transform to the following
ODE:

Qu,U u" U",..)=0o. )

The equation?) is then integrated as far as all terms contain derivatidesintroducing a new independent variable;

Y =tanh(§) (3)
Equation B) leading the change of derivatives:

d 5 d
gt =1 gy (4)
d? 5 d 5 2
d—E?_f(l—Y )(—ZYd—YaL(lfY )W) (5)
d3 d d? 2 d3
d—53:(1—Y2)((6Y2—2)W—6Y(1—Y2)W(1—Y2) 3 (6)

The tanh-function method acknowledge the use of the finipaegion
m
U)=F(Y)= Z)akY", (7)
k=

wherem is a positive integer, for this method, that will be deteredinExpansion?) reduces to the standard tanh-function
method [23] for; 1< k < m.The parametemis comonly attained, as stated before, by balancing thaditerms of the
highest order in the resulting equation with the higheseorebnlinear terms. Ifnis not an integer, then a transformation
formula should be used to overcome this difficulty. Exchagdr) into the ODE results an algebraic system of equations
in powers ofY that will lead to the determination of the paramegk = 0,...,m), andw. For showing the competency
of the method described in the preceding part, we appeard sgamples.

2.2 The extended tanh-function method

The extended tanh-function method admits the use of the #xipansion [21,22],
m m
UE)=F(Y) =Y aY+ S by, 8)
K=0 k=1

wheremis a positive integer, for this method, that will be deterednExpansion§) reduces to the standard tanh-function
method forbk = 0;1 < k < m. The parametemis comonly attained, as stated before, by balancing thafditegms of the
highest order in the resulting equation with the higheseorabnlinear terms. Ifnis not an integer, then a transformation
formula should be used to overcome this difficulty. Exchagd8) into the ODE results an algebraic system of equations
in powers ofy that will lead to the determination of the parametgr& =0,...,m), b (k= 1,...,m) andw. For showing

the competency of the method described in the precedingweadppeared some examples.
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3 Applications

In this section we will exert the tanh-function and extend®ch-function methods to find the exact traveling wave
solutions then the solitary wave solutions of the new cadilenno-Oono equations [24] of the form,

Ux — 2uv = 0,V; + 2uuy = 0. (9)
We consider the traveling wave transformation equation
u(é) =u(xt),v(&) =v(xt),& =x— wt (10)
The traveling transformation EqLQ) transforms Eq.9) into the following ODEs,

—wu’ —2uv=0 (11)
—wV +2uu =0. (12)

Now integrating Eq.12) with respect taf, we obtain

1
v=— (WP +d), (13)

whered is an integral constant. Substituting E@3) into the Eq. 1), we attain
WU’ +2ud+2u® = 0. (14)

Now the balancing the highest order derivati¥/eand the nonlinear term#® in Eq. (14), we obtainm= 1.

3.1 The tanh-function method

In this subsection we will apply the tanh-function methodital the exact traveling wave solutions of Konno-Oono
equation.

Form= 1, the finite expansiorvj of tanh-function method admits
u(xt) =ap+ay. (15)

Now, Substituting Eq.X5) into Eqg. (L4), and equating the coefficients of the powersyathen we obtain a system of
algebraic equations:

2w?ay +2a3 =0,

6aga? = 0,

6aday +2day — 2Pa; = 0.

2a3 +2dag = 0.

By solving these algebraic equations &gt a;andwthen we obtain following set of solution:

w=+vd,ag=0,a; = +1Vd.
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Solving this set of solution, we required the following dauas:

u(x,t) = £l \/atanh(xi \/c_it) . (16)

v(x,t) = +V/dtant? (xj: \/at) : (17)

Fig. 1. Bell shaped profile of Eq.16) with d =

0.60. Fig. 2: Profile of Eq.07) with d = 1.

Fig. 3: Profile of Eq. (6) with with d =3, Fig. 4: Bell shaped profile of X7) with d = 1,
—25<x<25 -1<t<1L —6<Xx<6,—6<t<6.
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3.2 The extended tanh-function method

In this subsection we will apply the extended tanh-functizethod to find the exact traveling wave solutions of Konno-
Oono equation for the value af = 1, the finite expansion of extended tanh-function methoditsgim

u(x,t):ao+a1Y+%. (18)

Now, Substituting Eq.X8) into Eq. (L4), and equating the coefficients of the powéthien we obtain a system of algebraic
equations:

2a +52w%a; =0

6agaZ = 0

6a2b; + 2day — 2w?ay + fsagal =0

2dag + 2a3 + 12apag by =

a3y — 2w2b1 +2dby + 6a2h? =

6agh? =

2007, + 2b3 =0.

Solving these algebraic equations &r a3, a, , by andw then we obtain following sets of solutions:
Set-1w=+vd,ap=a; =0,b; = +1/d
Set-2 w=++v/d,ag=b; =0,a; = +1/d

Set-3w=+3vd,a0=0,a = +31/d,by = +11/d
Set-4 @ = :|:1|\/_ao Oalfiﬁ\/_bl :Fﬁ\/_

By solving these sets of equations we required the followginigtions:

uy = +1v/dcoth(x T \/dt) (19)

v1 = Fy/d (coth? (xF /dt) — 1) (20)

Up = £1V/dtanh(x T \/dt) (21)

V2 = F/d (tanh? (xF y/dt) — 1) (22)

Uz = i%l vd (tanh (X:F %\/dt) +coth (X:F %\/dt>> (23)

V3= ;%\/d <<tanh<x¢ %\/dt) +coth <x:F \/dt ) (24)
T N G ) 2
w=rLivd ((tanh<x¢ Liva) weon(xr Liva) 12) | 20
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Fig. 5: Bell shaped wave of Eq2() with d = Fig. 6: Bell shaped soliton, graph of EG2) with
0.60,0<x<4,0<t<5. d=0500<x<51<t<6.

Fig. 7: Modulus plot of Eq. 23) with d = 3, Fig. 8: Modulus plot of Eq. 25) with d = 1/8,
—3<x<3,1<t<3 —-3<x<31<t<3

4 Conclusions

The tanh-function method and extended tanh-function ntetreve been applied successfully to construct the exact
traveling wave solutions of new coupled Konno-Oono Equmtithe traveling wave transformation formulae have used
to find the solutions. We have emphasized in this work thatréslevant transformation is powerful and can be effedtivel
used to discuss nonlinear evolution equations and relatetbln in scientific fields.
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