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Abstract: In the present paper, we obtain differential equations of Frobenius-Euler polynomials by using quasi-monomiality principle.
Furthermore, we introduce Frobenius-Genocchi polynomials and obtain some recurrence relation and some differential equations.
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1 Introduction

Appell polynomials have been an active research area since they have many applications in analytic number theory and
asymptotic approximation theory. It was He and Ricci who found the differential equation of the Appell polynomials
with the aid of factorization method. As a special case, they found differential equations of Bernoulli and Euler
polynomials. Then, differential equations of 2D Bernoulli polynomials were found by Bretti and Ricci. Afterward,
Yılmaz Yaşar and Özarslan introduced the extended 2D Bernoulli and 2D Euler polynomials and obtained the
differential, integro-differential and partial differential equations. Hermite-based Appell polynomials were introduced
by Khan et al. Moreover, Özarslan introduced unified Apostol-Bernoulli, Euler and Genocchi polynomials. By
quasi-monomiality principle and factorization method, Srivastava, Özarslan and Yılmaz Yaşar found the differential,
integro-differential and partial differential equations of Hermite-based appell polynomials. In 1935, Sheffer found the
infinite order differential equations for the Appell polynomials. In 2013, Özarslan and Yılmaz Yaşar obtained a set of
all finite order differential equations for the Appell polynomials. Besides, some addition theorems related with Appell
polynomials were obtained by Pinter and Srivastava. Moreover, some Euler quadrature formula was obtained by Bretti
and Ricci. Furthermore, a unified generating functions of the generalized Bernoulli, Euler and Genocchi polynomials
were obtained by Özden, Şimşek and Srivastava. The related references are [3], [4], [11], [14], [20], [21], [22], [23],
[24], [25], [30].

In the present paper, we take into consideration Frobenius-Euler and Frobenius-Genocchi polynomials and their
differential equations. Let’s recall some basic things about quasi-monomiality principle:

If there exist two operators P̂ and M̂, independent of n, acting on the polynomials as derivative and multiplicative
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operators respectively, satisfying

P̂(Pn(x)) = nPn−1(x) and M̂(Pn(x)) = Pn+1(x)

then the polynomial set {Pn(x)}∞
n=0 is called quasi-monomial.

In view of monomiality principle, every polynomial set is quasi-monomial [6], some new consequences were gathered
for Hermite, Laguerre, Legendre and some types of Appell polynomials in [5], [9], [10], [11], [26].

Using the properties of quasi-monomiality and factorization method [11], we find the differential equations of
Frobenius-Genocchi and Frobenius-Euler polynomials. First, we introduce some facts about the Appell polynomials and
factorization method. It is well known that Appell polynomials are defined by the following generating relation

GA(x, t) = A(t)ext =
∞

∑
n=0

Rn(x)
tn

n!
. (1)

Here,

A(t) =
∞

∑
k=0

Rk
tk

k!
, A(0) ̸= 0

is an analytic function at t = 0 and Rk := Rk(0). Taking into consideration of the following summation,

A′(t)
A(t)

=
∞

∑
n=0

αn
tn

n!

it is directly seen that for any A(t) the derivatives of Rn(x) satisfy

R′
n(x) = nRn−1(x).

Taking the lowering operator as Φn :=
1
n

Dx, where Dx :=
d
dx

, we have

(Φ1Φ2...Φn−1Φn)Rn(x) = R0(x).

It was He and Ricci [11], who found the raising operator Ψn as

Ψn := (x+α0)+
n−1

∑
k=0

αn−k

(n− k)!
Dn−k

x .

such that
Ψn(Rn(x)) = Rn+1(x).

Thus, we have the following differential equation satisfied by Appell polynomials [11],

(Φn+1Ψn)Rn(x) = Rn(x). (2)

Now we focus on differential equation of Frobenius- Euler and Frobenius-Genocchi polynomials. The Frobenius-Euler
polynomials are given by the following generating relation

(1−λ )
et −λ

ext =
∞

∑
n=0

EF
n (x;λ )

tn

n!
. (3)
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The Frobenius-Euler numbers are given by
1−λ
et −λ

=
∞

∑
n=0

EF
n (λ )

tn

n!
. (4)

The coefficients eF
k (λ ) which are related with Frobenius-Euler polynomials EF

k (x;λ ) is defined as

eF
k (λ ) :=−

k

∑
l=0

1
2l

(
k
l

)
EF

k−l(
1
2

;λ ). (5)

It is clear that
eF

0 =−1, eF
1 (λ ) =−1− 1

λ −1
. (6)

Taking λ = −1 in (3), we get usual Euler polynomials. Namely, the Euler polynomials are defined via the generating
relation

GE(x, t) =
2ext

et +1
=

∞

∑
n=0

En(x)
tn

n!
; |t|< π. (7)

On the other hand, the Euler numbers En are given by the following relation:

2
et + e−t =

∞

∑
n=0

En
tn

n!
.

Furthermore we have,

En(
1
2
) = 2−nEn.

The numbers ek, which are defined (and/ or used) in [3] and [11] by

ek = (−1
2
)k

k

∑
h=0

(
k
h

)
Ek−h (8)

will be appeared in our main results.

The q- analogs of Frobenius-Euler polynomials were used by Y. Şimşek, A. Bayad, V.Lokesha (see [28]) . They obtained
the relation between q-Bernstein polynomials and q-Frobenius-Euler polynomials, I-functions and q-Stirling numbers.
Afterward, J. Choi, D. S. Kim, T. Kim, Y.H found some identities of Frobenius-Euler numbers and polynomials (see
[8]). Generalization of Apostol-type Frobenius-Euler polynomials were defined by Burak Kurt and Yılmaz Şimşek [18]
via the generating relation:

(
at −u

λbt −u
)α cxt =

∞

∑
n=0

H(α)
n (x;u;a,b,c;λ )

tn

n!
, a,b,c ∈ R+, a ̸= b, x ∈ R.

They gave some new identities for generalized Apostol type Frobenius-Euler polynomials. Other various properties of
the Frobenius-Euler and Euler polynomials were given in [1], [2] ,[8], [15], [16], [17], [19], [29]. Note that, Choi and
Srivastava presented the corrected expression for a certain widely-recorded generalized Goldbach-Euler series[7].

In this paper, we mainly focus on Frobenius- Genocchi polynomials and their differential equations. As far as we have
known, Frobenius-Genocchi polynomials have not been defined in literature. Let’s start by defining the Frobenius-
Genocchi polynomials.

Definition 1. Frobenius-Genocchi polynomials are defined by means of the following generating relation:
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(1−λ )t
et −λ

ext :=
∞

∑
n=0

GF
n (x;λ )

tn

n!
. (9)

Frobenius-Genocchi numbers can be obtained via the following generating relation:

(1−λ )t
et −λ

=
∞

∑
n=0

GF
n (λ )

tn

n!
. (10)

It is clear that
GF

0 (λ ) = 0, GF
1 (λ ) = 1. (11)

We define the numbers gk(λ ) by

gk(λ ) :=
k

∑
l=0

1
2l

(
k
l

)
GF

k−l(
1
2

;λ ). (12)

By series manipulations, one gets

g0 = 0, g1 =
1
2
. (13)

Taking λ =−1 in (9), we get Genocchi polynomials:

2t
et +1

ext =
∞

∑
n=0

Gn(x)
tn

n!
, |t|< π.

Now, we present some relations between Frobenius-Euler and Frobenius-Genocchi polynomials:

GF
n (x;λ ) = nEF

n−1(x;λ ), (14)

GF
n (x;λ ) = n

n−1

∑
k=0

(
n−1

k

)
EF

n−k−1(λ )x
k, (15)

2n−1GF
n (x+ y;λ 2) =

n

∑
k=0

(
n
k

)
GF

n−k(2x;λ )EF
k (2y;−λ ). (16)

Note that the formulas (14), (15) and (16) can be easily proved via series manipulations.

We organize the paper as follows: In section 2, we give recurrence relation, shift operators and differential equations of
the Frobenius Genocchi polynomials. In section 3, we deal with finding the recurrence relation, shift operators and
differential equations of the Frobenius-Euler polynomials.

2 Recurrence Relation and Differential equations of Frobenius-Genocchi polynomials

In this section, we find recurrence relation, shift operators and differential equation of Frobenius-Genocchi polynomials
via factorization method. The main result of this section is given in the following theorem:
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Lemma 1. For the Frobenius-Genocchi polynomials, we have the following recurrence relation:

GF
n+1(x;λ ) =

(n+1)
n

[(x− 1
2(1−λ )

)GF
n (x;λ ) (1)

− 1
(1−λ )

n+1

∑
k=2

gk(λ )
(

n+1
k

)
GF

n+1−k(x;λ )
n+1

]

where gk(λ ) is given by (12).

Proof. Differentiating both sides of (9)
(1−λ )t
et −λ

ext :=
∞

∑
n=0

GF
n (x;λ )

tn

n!

with respect to t, then using Cauchy product (see [27]), (12) and (13), we get the recurrence relation

GF
n+1(x;λ ) =

(n+1)
n

[(x− 1
2(1−λ )

)GF
n (x;λ )

− 1
(1−λ )

n+1

∑
k=2

gk(λ )
(

n+1
k

)
GF

n+1−k(x;λ )
n+1

].

Lemma 2. Shift operators are as follows:

L−
n :=

1
n

Dx,

L+
n :=

n+1
n

(x− 1
2(1−λ )

− 1
(1−λ )

n+1

∑
k=2

gk(λ )
k!

Dk−1
x )

where Dx =
d
dx .

Proof. Taking derivative with respect to x, in (9) and equating the coefficients of tn, we obtain:

DxGF
n (x;λ ) = nGF

n−1(x;λ ).

Therefore, the lowering operator is L−
n := 1

n Dx and

L−
n GF

n (x;λ ) = GF
n−1(x;λ ).

Using

GF
n+1−k(x;λ ) = [L−

n+2−kL−
n+3−k...L

−
n ]GF

n (x;λ )

=
(n+1− k)!

n!
Dk−1

x GF
n (x;λ )

in (17), we get

L+
n :=

n+1
n

(x− 1
2(1−λ )

− 1
(1−λ )

n+1

∑
k=2

gk(λ )
k!

Dk−1
x ).

Theorem 1. The differential equation satisfied by the Frobenius-Genocchi polynomials is given by

[(x− 1
2(1−λ )

)Dx −
1

1−λ

n+1

∑
k=2

gk(λ )
k!

Dk
x − (n−1)]GF

n (x;λ ) = 0. (18)

c⃝ 2015 BISKA Bilisim Technology
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Proof. Applying factorization method, ( [12], [13])

L−
n+1L+

n GF
n (x;λ ) = GF

n (x;λ ),

we obtain the differential equation as

[(x− 1
2(1−λ )

)Dx −
1

(1−λ )

n+1

∑
k=2

gk(λ )
k!

Dk
x − (n−1)]GF

n (x;λ ) = 0.

Corollary 1. Taking λ =−1, in the above Theorem and recalling the fact that GF
n (x,−1) = Gn(x), we get the differential

equation of the Genocchi polynomials:

[(x− 1
4
)Dx −

1
2

n+1

∑
k=2

gk(−1)
k!

Dk
x − (n−1)]Gn(x) = 0.

Lemma 3. For Frobenius-Genocchi polynomials, we have the following recurrence relation

GF
n+1(x;λ ) =

(n+1)
n

[(x− 1
1−λ

)GF
n (x;λ )+

1
1−λ

n

∑
k=1

(
n
k

)
eF

k (λ )G
F
n−k(x;λ )] (19)

where eF
k (λ ) is given by (5).

Lemma 4. Shift operators are as follows:

Ln :=
1
n

Dx,

L+
n =

(n+1)
n

[x− 1
1−λ

+
1

1−λ

n

∑
k=1

eF
k (λ )
k!

Dk
x].

Proof. Taking into consideration of Lemma 3, one can get Lemma 7.

Theorem 2. Differential equation is given by:

[(x− 1
1−λ

)Dx +
1

1−λ

n

∑
k=1

eF
k (λ )
k!

Dk+1
x − (n−1)]GF

n (x;λ ) = 0 (20)

where eF
k (λ ) are given in (5).

Proof. Procceding in a similar manner as in the proof of Theorem 4, one can get Theorem 8 at once.

Corollary 2. Taking λ =−1 in above theorem recalling the fact that GF
n (x;−1) = Gn(x), we get

[(x− 1
2
)Dx +

1
2

n

∑
k=0

eF
k (−1)

k!
Dk+1

x − (n−1)]Gn(x) = 0.

3 Recurrence Relation, Shift operators and Differential Equations of Frobenius-Euler
Polynomials

In this section, we give the differential equations of the Frobenius-Euler polynomials via the factorization method.

c⃝ 2015 BISKA Bilisim Technology



NTMSCI 3, No. 2, 172-180 (2015) / www.ntmsci.com 178

Lemma 5. For Frobenius-Euler polynomials we have the following recurrence relation:

EF
n+1(x; λ ) = (x− 1

1−λ
)EF

n (x;λ )+
1

1−λ

n−1

∑
k=0

(
n
k

)
eF

n−k(x;λ )EF
k (x;λ ) (21)

where eF
n−k(λ ) are related with Frobenius-Euler numbers given in (5).

Proof. Taking derivative with respect to t, on both sides of the generating function

(1−λ )
et −λ

ext :=
∞

∑
n=0

EF
n (x;λ )

tn

n!

and using (6), we get the recurrence relation

EF
n+1(x; λ ) = (x− 1

1−λ
)EF

n (x;λ )+
1

1−λ

n−1

∑
k=0

(
n
k

)
EF

k (x;λ )eF
n−k(λ ).

Lemma 6. Shift operators are

L−
n :=

1
n

Dx,

L+
n := (x− 1

1−λ
)+

1
1−λ

n−1

∑
k=0

eF
n−k(λ )
(n− k)!

Dn−k
x .

Proof. Differentiating generating equation with respect to x and equating the coefficients of tn, we get

DxEF
n (x;λ ) = nEF

n−1(x;λ ).

Hence we have
L−

n EF
n (x;λ ) = EF

n−1(x;λ ).

Using

EF
k (x;λ ) =

[
L−

k+1L−
k+2...L

−
n
]

EF
n (x;λ )

=

[
1

k+1
Dx

1
k+2

Dx...
1
n

Dx

]
EF

n (x;λ )

=
k!
n!

Dn−k
x EF

n (x;λ ).

in (21), we get L+
n :

L+
n := x− 1

1−λ
+

1
1−λ

n−1

∑
k=0

eF
n−k(λ )
(n− k)!

Dn−k
x .

Theorem 3. Differential equation is given by

[(x− 1
1−λ

)Dx +
1

1−λ

n−1

∑
k=0

eF
n−k(λ )
(n− k)!

Dn−k+1
x −n]EF

n (x;λ ) = 0. (22)

Proof. By using factorization method ([12], [13])

L−
n+1L+

n EF
n (x;λ ) = EF

n (x;λ ),
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we get the differential equation

[(x− 1
1−λ

)Dx +
1

1−λ

n−1

∑
k=0

eF
n−k(λ )
(n− k)!

Dn−k+1
x −n]EF

n (x;λ ) = 0.

Remark. (see [30])Taking λ = −1 in above theorem, using the fact that eF
n−k(−1) := en−k, EF

n (x;−1) := En(x), we get
the following recurrence relation

(x− 1
2
)En(x)+

1
2

n−1

∑
k=0

(
n
k

)
Ek(x)en−k = En+1(x)

where en−k are related with the Euler numbers by (6). Shift operators are

L−
n :=

1
n

Dx,

L+
n := (x− 1

2
)+

1
2

n−1

∑
k=0

en−k

(n− k)!
Dn−k

x .

Differential equation is given by

[(x− 1
2
)Dx +

1
2

n−1

∑
k=0

en−k

(n− k)!
Dn−k+1

x −n]En(x) = 0.
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