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Abstract: Recently Datta et al. [6] introduced the idea of relative type and relative weak typeof entire functions of two complex
variables with respect to another entire function of two complex variables and prove some related growth properties of it. In this paper,
further we study some growth properties of entire functionsof two complex variables on the basis of their relative typesand relative
weak types as introduced by Datta et al [6].
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1 Introduction, definitions and notations

Supposef be an entire function of two complex variables holomorphic in the closed polydisc

U = {(z1,z2) : |zi | ≤ r i , i = 1,2 for all r1 ≥ 0, r2 ≥ 0}

and M f (r1, r2) = max{| f (z1,z2)| : |zi | ≤ r i , i = 1,2}. Then in the light of maximum principal and Hartogs’s theorem
{[7], p.2, p.51}, M f (r1, r2) is an increasing function ofr1, r2. For any two entire functionsf and g of two complex

variables, the ratio
M f (r1,r2)

Mg(r1,r2)
asr1, r2 → ∞ is called thegrowthof f with respect tog. Taking this into account, the following

definition is well known.

Definition 1. ([7], p.339, see also [1]) Theorderv2ρ f and lower orderv2λ f of an entire function f(z1,z2) are defined as

v2ρ f = limsup
r1,r2→∞

loglogM f (r1, r2)

logMexp(z1z2) (r1, r2)
= limsup

r1,r2→∞

loglogM f (r1, r2)

logMexp(z1z2) (r1, r2)

and

v2λ f = lim inf
r1,r2→∞

loglogM f (r1, r2)

logMexp(z1z2) (r1, r2)
= lim inf

r1,r2→∞

loglogM f (r1, r2)

logMexp(z1z2) (r1, r2)
.

We see that theorder v2ρ f and lower order v2λ f of an entire functionf (z1,z2) is defined in terms of the growth of
f (z1,z2) with respect to the exponential function exp(z1z2) .

The rate ofgrowthof an entire function generally depends upon theorder ( lower order)of it. The entire function with
higherorder is of faster growth than that of lesserorder. But if ordersof two entire functions are the same, then it is
impossible to detect the function with faster growth. In that case, it is necessary to compute another class of growth
indicators of entire functions called theirtypesand thus one can definetypeof an entire functionf (z1,z2) denoted by
v2σ f in the following way.
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Definition 2. [6] Thetypev2σ f of an entire function f(z1,z2) is defined as

v2σ f = limsup
r1,r2→∞

logM f (r1, r2)

[r1r2]
v2ρ f

, 0< v2ρ f < ∞ .

Similarly, thelower typev2σ f of an entire function f(z1,z2) may be defined as

v2σ f = lim inf
r1,r2→∞

logM f (r1, r2)

[r1r2]
v2ρ f

, 0< v2ρ f < ∞ .

Similarly in order to determine the relative growth of two entire functions of two complex variables having same non zero
finite lower orderone may introduce the concept ofweak typev2τ f of f (z1,z2) of finite positivelower orderv2λ f which
is as follows.

Definition 3. [6] Theweak typev2τ f of an entire function f(z1,z2) of finite positivelower orderv2λ f is defined by

v2τ f = lim inf
r1,r2→∞

logM f (r1, r2)

[r1r2]
v2λ f

, 0< v2λ f < ∞ .

Likewise, one may define the growth indicatorv2τ f of an entire function f(z1,z2) of finite positivelower orderv2λ f in the
following way.

v2τ f = limsup
r1,r2→∞

logM f (r1, r2)

[r1r2]
v2λ f

, 0< v2λ f < ∞ .

Bernal (see [2], [3]) introduced the definition ofrelative orderbetween two entire functions of single variable. During the
past decades, several authors ( see [8],[9],[10],[11]) made closed investigations on the properties ofrelative orderof entire
functions of single variable. Using the idea of Bernal’srelative order(see [2], [3]) of entire functions of single variable,
Banerjee and Datta [4] introduced the definition ofrelative orderof entire functions of two complex variables to avoid
comparing growth just with exp(z1z2) which is as follows.

v2ρg ( f ) = inf
{

µ > 0 : M f (r1, r2)< Mg
(

rµ
1 , r

µ
2

)

; r1 ≥ R(µ) , r2 ≥ R(µ)
}

= limsup
r1,r2→∞

logM−1
g M f (r1, r2)

log(r1r2)

whereg is also an entire function holomorphic in the closed polydisc

U = {(z1,z2) : |zi | ≤ r i , i = 1,2 for all r1 ≥ 0, r2 ≥ 0}

and the definition coincides with the classical one [4] if g(z1,z2) = exp(z1z2) .

Like wise, one can define therelative lower orderof f with respect tog denoted byv2λg( f ) as follows :

v2λg ( f ) = lim inf
r1,r2→∞

logM−1
g M f (r1, r2)

log(r1r2)
.

Now in the case ofrelative orderof entire functions of two complex variables, it therefore seems reasonable to define
suitably therelative typeandrelative weak typerespectively in order to compare the relative growth of two entire functions
of two complex variables having same non zero finiterelative orderor relative lower orderwith respect to another entire
function of two complex variables. Recently Datta et al [6] introduced such definitions which are as follows.

Definition 4. [6] Let f(z1,z2) and g(z1,z2) be any two entire functions such that0< v2ρg( f )< ∞. Then therelative type
v2σg ( f ) of f(z1,z2) with respect to g(z1,z2) is defined as.

v2σg ( f ) = inf
{

k> 0 : M f (r1, r2)< Mg(krv2ρg( f )
1 ,krv2ρg( f )

2 ) for all sufficiently large values of r1 and r2
}

.
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Equivalent formula forv2σg ( f ) is

v2σg ( f ) = limsup
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2ρg( f )

.

Likewise, one can define therelative lower typeof an entire function f(z1,z2) with respect to an entire function g(z1,z2)
denoted byv2σg ( f ) as follows

v2σg ( f ) = lim inf
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2ρg( f )

, 0< v2ρg( f )< ∞ .

Definition 5. [6] The relative weak typev2τg ( f ) of an entire function f(z1,z2) with respect to another entire function
g(z1,z2) having finite positiverelative lower orderv2λg ( f ) is defined as

v2τg ( f ) = lim inf
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2λg( f )

.

Also one may define the growth indicatorv2τg ( f ) of an entire function f with respect to an entire function g inthe
following way

v2τg ( f ) = limsup
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2λg( f )

, 0< v2λg( f ) < ∞ .

Consideringg(z1,z2) = exp(z1z2) one may easily verify that Definition4 and Definition5 coincide with Definition2 and
Definition3 respectively.

In the paper we investigate some relative growth propertiesof entire functions of two complex variables with respect to
another entire function of two complex variables on the basis of relative typeand relative weak typeof two complex
variables. We do not explain the standard definitions and notations in the theory of entire functions as those are available
in [7].

2 Lemma

In this section we present a lemma due to Datta et al. [5].

Lemma 1. [5] Let f and g be any two entire functions of two complex variables with

0≤v2 λ f ≤v2 ρ f < ∞ and 0≤v2 λg ≤v2 ρg < ∞.

Then
v2λ f

v2ρg
≤ v2λg( f ) ≤ min

{

v2λ f

v2λg
,

v2ρ f

v2ρg

}

≤ max

{

v2λ f

v2λg
,

v2ρ f

v2ρg

}

≤ v2ρg( f ) ≤
v2ρ f

v2λg
.

3 Theorems

In this section we present the main results of the paper.

Theorem 1.Let f(z1,z2) and g(z1,z2) be any two entire functions with0≤ v2λ f ≤ v2ρ f < ∞ and0≤ v2λg ≤ v2ρg < ∞.
Then

max

{

[

v2σ f

v2τg

] 1
v2λg

,

[

v2σ f

v2τg

] 1
v2λg

}

≤ v2σg ( f )≤ min

{

[

v2τ f

v2τg

] 1
v2λg

,

[

v2σ f

v2σg

] 1
v2ρg

,

[

v2τ f

v2σg

] 1
v2ρg

}

and
[

v2σ f

v2τg

] 1
v2λg

≤ v2σg ( f )≤ min











[

v2σ f

v2σg

] 1
v2ρg

,

[

v2σ f

v2σg

] 1
v2ρg

,

[

v2τ f

v2τg

] 1
v2λg

,

[

v2τ f

v2τg

] 1
v2λg

,

[

v2τ f

v2σg

] 1
v2ρg

,

[

v2τ f

v2σg

] 1
v2ρg











.
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Proof.From the definitions ofv2σ f andv2σ f , we have for all sufficiently large values ofr1, r2 that

M f (r1, r2)≤ exp
{(

v2σ f + ε
)

[r1r2]
v2ρ f
}

, (1)

M f (r1, r2)≥ exp
{(

v2σ f − ε
)

[r1r2]
v2ρ f
}

(2)

and also for a sequence of values ofr1, r2 tending to infinity, we get that

M f (r1, r2)≥ exp
{(

v2σ f − ε
)

[r1r2]
v2ρ f
}

, (3)

M f (r1, r2)≤ exp
{(

v2σ f + ε
)

[r1r2]
v2ρ f
}

. (4)

Similarly from the definitions ofv2σg andv2σ f , it follows for all sufficiently large values ofr1, r2 that

Mg (r1, r2)≤ exp
{

(v2σg+ ε) [r1r2]
v2ρg
}

.

Thus

[r1r2]≤ M−1
g

[

exp
{

(v2σg+ ε) [r1r2]
v2ρg
}]

and

M−1
g (r1, r2)≥

[

(

log(r1r2)

(v2σg+ ε)

) 1
v2ρg

]

. (5)

Mg (r1, r2)≥ exp
{

(v2σg− ε) [r1r2]
v2ρg
}

.

Thus

[r1r2]≥ M−1
g

[

exp
{

(v2σg− ε) [r1r2]
v2ρg
}]

and

M−1
g (r1, r2)≤

[

(

log(r1r2)

(v2σg− ε)

) 1
v2ρg

]

. (6)

and for a sequence of values ofr1, r2 tending to infinity, we obtain that

Mg (r1, r2)≥ exp
{

(v2σg− ε) [r1r2]
v2ρg
}

.

Thus

[r1r2]≥ M−1
g

[

exp
{

(v2σg− ε) [r1r2]
v2ρg
}]

and

M−1
g (r1, r2)≤

[

(

log(r1r2)

(v2σg− ε)

) 1
v2ρg

]

. (7)

Mg (r1, r2)≤ exp
{

(v2σg+ ε) [r1r2]
v2ρg
}

.
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Thus

[r1r2]≤ M−1
g

[

exp
{

(v2σg+ ε) [r1r2]
v2ρg
}]

and

M−1
g (r1, r2)≥

[

(

log(r1r2)

(v2σg− ε)

) 1
v2ρg

]

. (8)

From the definitions ofv2τ f andv2τ f , we have for all sufficiently large values ofr1, r2 that

M f (r1, r2)≤ exp
[

(

v2τ f + ε
)

[r1r2]
v2λ f
]

, (9)

M f (r1, r2)≥ exp
[

(

v2τ f − ε
)

[r1r2]
v2λ f
]

(10)

and also for a sequence of values ofr1, r2 tending to infinity, we get that

M f (r1, r2)≥ exp
[

(

v2τ f − ε
)

[r1r2]
v2λ f
]

, (11)

M f (r1, r2)≤ exp
[

(

v2τ f + ε
)

[r1r2]
v2λ f
]

. (12)

Similarly from the definitions ofv2τg andv2τg, it follows for all sufficiently large values ofr1, r2 that

Mg (r1, r2)≤ exp
[

(v2τg+ ε) · [r1r2]
v2λg
]

.

Thus

[r1r2]≤ M−1
g

[

exp
[

(v2τg+ ε) · [r1r2]
v2λg
]]

and

M−1
g (r1, r2)≥

[

(

log(r1r2)

(v2τg+ ε)

) 1
v2λg

]

. (13)

Mg (r1, r2)≥ exp
[

(v2τg− ε) · [r1r2]
v2λg
]

.

Thus

[r1r2]≥ M−1
g

[

exp
[

(v2τg− ε) · [r1r2]
v2λg
]]

and

M−1
g (r1, r2)≤

[

(

log(r1r2)

(v2τg− ε)

) 1
v2λg

]

. (14)

and for a sequence of values ofr1, r2 tending to infinity, we obtain that

Mg (r1, r2)≥ exp
[

(v2τg− ε) · [r1r2]
v2λg
]

,
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that is

[r1r2]≥ M−1
g

[

exp
[

(v2τg− ε) · [r1r2]
v2λg
]]

and

M−1
g (r1, r2)≤

[

(

log(r1r2)

(v2τg− ε)

) 1
v2λg

]

. (15)

Mg (r1, r2)≤ exp
[

(v2τg+ ε) · [r1r2]
v2λg
]

,

that is

[r1r2]≤ M−1
g

[

exp
[

(v2τg+ ε) · [r1r2]
v2λg
]]

and

M−1
g (r1, r2)≥

[

(

log(r1r2)

(v2τg− ε)

) 1
v2λg

]

. (16)

Now from (3) and in view of(13) , we get for a sequence of values ofr1, r2 tending to infinity that

M−1
g M f (r1, r2)≥ M−1

g

[

exp
[(

v2σ f − ε
)

[r1r2]
v2ρ f
]]

.

Thus

M−1
g M f (r1, r2)≥





(

logexp
[(

v2σ f − ε
)

[r1r2]
v2ρ f
]

(v2τg+ ε)

) 1
v2λg



 ,

that is

M−1
g M f (r1, r2)≥

[

(

v2σ f − ε
)

(v2τg+ ε)

] 1
v2λg

· [r1r2]
v2ρ f
v2λg

and

M−1
g M f (r1, r2)

[r1r2]
v2ρ f
v2λg

≥

[

(

v2σ f − ε
)

(v2τg+ ε)

] 1
λg

.

Since in view of Lemma1,
v2ρ f

v2λg
≥ v2ρg( f ) and asε (> 0) is arbitrary, therefore it follows from above that

limsup
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2ρg( f )

≥

[

v2σ f

v2τg

] 1
v2λg

that is

v2σg ( f )≥

[

v2σ f

v2τg

] 1
v2λg

. (17)

Similarly from (2) and in view of(16), it follows for a sequence of values ofr1, r2 tending to infinity that

M−1
g M f (r1, r2)≥ M−1

g

[

exp
[(

v2σ f − ε
)

[r1r2]
v2ρ f
]]

,
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therefore

M−1
g M f (r1, r2)≥





(

logexp
[(

v2σ f − ε
)

[r1r2]
v2ρ f
]

(v2τg− ε)

) 1
v2λg



 ,

that is

M−1
g M f (r1, r2)≥

[

(

v2σ f − ε
)

(v2τg+ ε)

] 1
v2λg

· [r1r2]
v2ρ f
v2λg ,

and

M−1
g M f (r1, r2)

[r1r2]
v2ρ f
v2λg

≥

[

(

v2σ f − ε
)

(v2τg+ ε)

] 1
v2λg

.

Since in view of Lemma1, it follows that
v2ρ f

v2λg
≥ v2ρg( f ) . Also ε (> 0) is arbitrary, so we get from above that

limsup
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2ρg( f )

≥

[

v2σ f

v2τg

] 1
v2λg

and

v2σg ( f ) ≥

[

v2σ f

v2τg

] 1
v2λg

. (18)

Again in view of(14), we have from(9) for all sufficiently large values ofr1, r2 that

M−1
g M f (r1, r2)≤ M−1

g

[

exp
[

(

v2τ f + ε
)

[r1r2]
v2λ f
]]

,

therefore

M−1
g M f (r1, r2)≤













logexp
[

(

v2τ f + ε
)

[r1r2]
v2λ f
]

(v2τg− ε)





1
v2λg









that is

M−1
g M f (r1, r2)≤

[

(

v2τ f + ε
)

(v2τg− ε)

] 1
v2λg

· [r1r2]
v2λ f
v2λg ,

and

M−1
g M f (r1, r2)

[r1r2]
v2λ f
v2λg

≤

[

(

v2τ f + ε
)

(v2τg− ε)

] 1
v2λg

.

Since in view of Lemma1, we get thatv2λ f

v2λg
≤v2 ρg( f ) and asε (> 0) is arbitrary, therefore it follows from above that

limsup
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2ρg( f )

≤

[

v2τ f

v2τg

] 1
v2λg
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and

v2σg ( f )≤

[

v2τ f

v2τg

] 1
v2λg

. (19)

Again in view of(6), we have from(1) for all sufficiently large values ofr1, r2 that

M−1
g M f (r1, r2)≤ M−1

g

[

exp
[(

v2σ f + ε
)

[r1r2]
v2ρ f
]]

therefore

M−1
g M f (r1, r2)≤





(

logexp
[(

v2σ f + ε
)

[r1r2]
v2ρ f
]

(v2σg− ε)

) 1
v2ρg





that is

M−1
g M f (r1, r2)≤

[

(

v2σ f + ε
)

(v2σg− ε)

] 1
v2ρg

· [r1r2]
v2ρ f
v2ρg ,

and

M−1
g M f (r1, r2)

[r1r2]
v2ρ f
v2ρg

≤

[

(

v2σ f + ε
)

(v2σg− ε)

] 1
v2ρg

. (20)

As in view of Lemma1, it follows that v2ρ f

v2ρg
≤ v2ρg( f ) . Sinceε (> 0) is arbitrary, we get from(20) that

limsup
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2ρg( f )

≤

[

v2σ f

v2σg

] 1
v2ρg

that is

v2σg ( f )≤

[

v2σ f

v2σg

] 1
v2ρg

. (21)

Further in view of(6), we have from(9) for all sufficiently large values ofr1, r2 that

M−1
g M f (r1, r2)≤ M−1

g

[

exp
[

(

v2τ f + ε
)

[r1r2]
v2λ f
]]

therefore

M−1
g M f (r1, r2)≤













logexp
[

(

v2τ f + ε
)

[r1r2]
v2λ f
]

(v2σg− ε)





1
v2ρg









that is

M−1
g M f (r1, r2)≤

[

(

v2τ f + ε
)

(v2σg− ε)

] 1
ρg

· [r1r2]
v2λ f
v2ρg ,

c© 2017 BISKA Bilisim Technology



NTMSCI 5, No. 2, 252-272 (2017) /www.ntmsci.com 260

and

M−1
g M f (r1, r2)

[r1r2]
v2λ f
v2ρg

≤

[

(

v2τ f + ε
)

(v2σg− ε)

] 1
v2ρg

.

Since in view of Lemma1, we get thatv2λ f

v2ρg
≤ v2ρg ( f ) and asε (> 0) is arbitrary, therefore it follows from above that

limsup
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2ρL∗

g ( f )
≤

[

v2τ f

v2σg

] 1
v2ρg

,

that is

v2σL∗
g ( f ) ≤

[

v2τ f

v2σg

] 1
v2ρg

. (22)

Thus the first part of the theorem follows from(17) , (18) , (19) , (21) and(22) .

Further from(2) and in view of(13), we get for all sufficiently large values ofr1, r2 that

M−1
g M f (r1, r2)≥ M−1

g

[

exp
[(

v2σ f − ε
)

[r1r2]
v2ρ f
]]

and

M−1
g M f (r1, r2)≥





(

logexp
[(

v2σ f − ε
)

[r1r2]
v2ρ f
]

(v2τg+ ε)

) 1
v2λg



 ,

therefore

M−1
g M f (r1, r2)≥

[

(

v2σ f − ε
)

(v2τg+ ε)

] 1
v2λg

· [r1r2]
v2ρ f
v2λg

and

M−1
g M f (r1, r2)

[r1r2]
v2ρ f
v2λg

≥

[

(

v2σ f − ε
)

(v2τg+ ε)

] 1
v2λg

.

Now in view of Lemma1, it follows that v2ρ f

v2λg
≥ v2ρg( f ) . Sinceε (> 0) is arbitrary, we get from above that

liminf
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2ρg( f )

≥

[

v2σ f

v2τg

] 1
v2λg

and

v2σg ( f )≥

[

v2σ f

v2τg

] 1
v2λg

. (23)

Also in view of (7) , we get from(1) for a sequence of values ofr1, r2 tending to infinity that

M−1
g M f (r1, r2)≤ M−1

g

[

exp
[(

v2σ f + ε
)

[r1r2]
v2ρ f
]]

,
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therefore

M−1
g M f (r1, r2)≤





(

logexp
[(

v2σ f + ε
)

[r1r2]
v2ρ f
]

(v2σg− ε)

) 1
v2ρg





that is

M−1
g M f (r1, r2)≤

[

(

v2σ f + ε
)

(v2σg− ε)

] 1
v2ρg

· [r1r2]
v2ρ f
v2ρg

and

M−1
g M f (r1, r2)

[r1r2]
v2ρ f
v2ρg

≤

[

(

v2σ f + ε
)

(v2σg− ε)

] 1
v2ρg(m,p)

. (24)

Again in view of Lemma1, v2ρ f

v2ρg
≤ v2ρg ( f ) andε (> 0) is arbitrary, so we get from(24) that

liminf
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2ρg( f )

≤

[

v2σ f

v2σg

] 1
v2ρg

that is

v2σg ( f ) ≤

[

v2σ f

v2σg

] 1
v2ρg

. (25)

Likewise from(4) and in view of(6), it follows for a sequence of values ofr1, r2 tending to infinity that

M−1
g M f (r1, r2)≤ M−1

g

[

exp
[(

v2σ f + ε
)

[r1r2]
v2ρ f
]]

,

thefore

M−1
g M f (r1, r2)≤



















logexp

[

(

v2σ f + ε
)

[r1r2]
v2ρL∗

f

]

(v2σg− ε)









1
v2ρg










that is

M−1
g M f (r1, r2)≤

[

(

v2σ f + ε
)

(v2σg− ε)

] 1
v2ρg

· [r1r2]
v2ρ f
v2ρg

and

M−1
g M f (r1, r2)

[r1r2]
v2ρ f
v2ρg

≤

[

(

v2σ f + ε
)

(v2σg− ε)

] 1
v2ρg

. (26)

Analogously, we get from(26) that

liminf
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
ρg( f )

≤

[

v2σ f

v2σg

] 1
v2ρg
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and

v2σg ( f )≤

[

v2σ f

v2σg

] 1
v2ρg

, (27)

since in view of Lemma1, v2ρ f

v2ρg
≤ v2ρg ( f ) andε (> 0) is arbitrary.

Further in view of(15) , we get from(9) for a sequence of values ofr1, r2 tending to infinity that

M−1
g M f (r1, r2)≤ M−1

g

[

exp
[

(

v2τ f + ε
)

[r1r2]
v2λ f
]]

,

thefore

M−1
g M f (r1, r2)≤













logexp
[

(

v2τ f + ε
)

[r1r2]
v2λ f
]

(v2τg− ε)





1
v2λg









that is

M−1
g M f (r1, r2)≤

[

(

v2τ f + ε
)

(v2τg− ε)

] 1
v2λg

· [r1r2]
v2λ f
v2λg

and

M−1
g M f (r1, r2)

[r1r2]
v2λ f
v2λg

≤

[

(

v2τ f + ε
)

(v2τg− ε)

] 1
v2λg

.

As in view of Lemma1, we get thatv2λ f

v2λg
≤ v2ρg( f ) and asε (> 0) is arbitrary, it follows from above that

liminf
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2ρL∗

g ( f )
≤

[

v2τ f

v2τg

] 1
v2λg

that is

v2σL∗
g ( f )≤

[

v2τ f

v2τg

] 1
v2λg

. (28)

Similarly from (12) and in view of(14), it follows for a sequence of values ofr1, r2 tending to infinity that

M−1
g M f (r1, r2)≤ M−1

g

[

exp
[

(

v2τ f + ε
)

[r1r2]
v2λg
]]

,

therefore

M−1
g M f (r1, r2)≤













logexp
[

(

v2τ f + ε
)

[r1r2]
v2λ f
]

(v2τg− ε)





1
v2λg









that is

M−1
g M f (r1, r2)≤

[

(

v2τ f + ε
)

(v2τg− ε)

] 1
v2λg

· [r1r2]
v2λ f
v2λg
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and

M−1
g M f (r1, r2)

[r1r2]
v2λ f
v2λg

≤

[

(

v2τ f + ε
)

(v2τg− ε)

] 1
v2λg

.

Also in view of Lemma1, we get thatv2λ f

v2λg
≤ v2ρg ( f ) and asε (> 0) is arbitrary, therefore it follows from above that

liminf
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2ρg( f )

≤

[

v2τ f

v2τg

] 1
v2λg

that is

v2σg ( f )≤

[

v2τ f

v2τg

] 1
v2λg

. (29)

Again in view of(7) , we get from(9) for a sequence of values ofr1, r2 tending to infinity that

M−1
g M f (r1, r2)≤ M−1

g

[

exp
[

(

v2τ f + ε
)

[r1r2]
v2λ f
]]

,

therefore

M−1
g M f (r1, r2)≤













logexp
[

(

v2τ f + ε
)

[r1r2]
v2λ f
]

(v2σg− ε)





1
v2ρg









that is

M−1
g M f (r1, r2)≤

[

(

v2τ f + ε
)

(v2σg− ε)

] 1
v2ρg

· [r1r2]
v2λ f
v2ρg

and

M−1
g M f (r1, r2)

[r1r2]
v2λL∗

f
v2ρg

≤

[

(

v2τ f + ε
)

v2 (σg− ε)

] 1
v2ρg

.

Since in view of Lemma1, we get thatv2λ f

v2ρg
≤ v2ρg ( f ) and asε (> 0) is arbitrary, it follows from above that

liminf
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2ρL∗

g ( f )
≤

[

v2τ f

v2σg

] 1
v2ρg

that is

v2σg ( f )≤

[

v2τ f

v2σg

] 1
v2ρg

. (30)

Similarly from (12) and in view of(6), it follows for a sequence of values ofr1, r2 tending to infinity that

M−1
g M f (r1, r2)≤ M−1

g

[

exp
[

(

v2τ f + ε
)

[r1r2]
v2λ f
]]

,
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therefore

M−1
g M f (r1, r2)≤













logexp
[

(

v2τ f + ε
)

[r1r2]
v2λ f
]

(v2σg− ε)





1
v2ρg









that is

M−1
g M f (r1, r2)≤

[

(

v2τ f + ε
)

(v2σg− ε)

] 1
v2ρg

· [r1r2]
v2λ f
v2ρg

and

M−1
g M f (r1, r2)

[r1r2]
v2λ f
v2ρg

≤

[

(

v2τ f + ε
)

(v2σg− ε)

] 1
v2ρg

.

As in view of Lemma1, we get thatv2λ f

v2ρg
≤ v2ρg( f ) and asε (> 0) is arbitrary, therefore it follows from above that

liminf
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2ρg( f )

≤

[

v2τ f

v2σg

] 1
v2ρg

that is

v2σg ( f )≤

[

v2τ f

v2σg

] 1
v2ρg

. (31)

Hence the second part of the theorem follows from(23) , (25) , (27) , (28) , (29) , (30) and(31) .

Theorem 2.Let f(z1,z2) and g(z1,z2) be any two entire functions with0≤ v2λ f ≤ v2ρ f < ∞ and0≤ v2λg ≤ v2ρg < ∞.
Then

max











[

v2τ f

v2τg

] 1
v2λg

,

[

v2τ f

v2τg

] 1
v2λg

,

[

v2σ f

v2σg

] 1
v2ρg

,

[

v2σ f

v2σg

] 1
v2ρg

,

[

v2σ f

v2τg

] 1
v2λg

,

[

v2σ f

v2τg

] 1
v2λg











≤ v2τg ( f )≤

[

v2τ f

v2σg

] 1
v2ρg

and

max

{

[

v2σ f

v2σg

] 1
v2ρg

,

[

v2τ f

v2τg

] 1
v2λg

,

[

v2σ f

v2τg

] 1
v2λg

}

≤ v2τg ( f ) ≤ min

{

[

v2τ f

v2σg

] 1
v2ρg

,

[

v2τ f

v2σg

] 1
v2ρg

}

.

Proof.We obtain from(11) and(13), for a sequence of values ofr1, r2 tending to infinity that

M−1
g M f (r1, r2)≥ M−1

g

[

exp
[

(

v2τ f − ε
)

[r1r2]
v2λ f
]]

,

therefore

M−1
g M f (r1, r2)≥













logexp
[

(

v2τ f − ε
)

[r1r2]
v2λ f
]

(v2τg+ ε)





1
v2λg









,
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that is

M−1
g M f (r1, r2)≥

[

(

v2τ f − ε
)

(τg+ ε)

] 1
v2λg

· [r1r2]
v2λ f
v2λg

and

M−1
g M f (r1, r2)

[r1r2]
v2λ f
v2λg

≥

[

(

v2τ f − ε
)

(v2τg+ ε)

] 1
λg

.

Since in view of Lemma1, we get that
v2λ f

v2λg
≥ v2λg( f ) and asε (> 0) is arbitrary, it follows from above that

limsup
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2λg( f )

≥

[

v2τ f

v2τg

] 1
v2λg

and

v2τg ( f )≥

[

v2τ f

v2τg

] 1
v2λg

. (32)

Further we obtain from(10) and(16), for a sequence of values ofr1, r2 tending to infinity that

M−1
g M f (r1, r2)≥ M−1

g

[

exp
[

(

v2τ f − ε
)

[r1r2]
v2λ f
]]

,

therefore

M−1
g M f (r1, r2)≥



















logexp

[

(

v2τ f − ε
)

[r1r2]
v2λ f
]

(v2τg− ε)









1
v2λg










,

that is

M−1
g M f (r1, r2)≥

[

(

v2τ f − ε
)

(v2τg− ε)

] 1
v2λg

· [r1r2]
v2λ f
v2λg

and

M−1
g M f (r1, r2)

[r1r2]
v2λ f
v2λg

≥

[

(

v2τ f − ε
)

(v2τg− ε)

] 1
v2λg

.

As in view of Lemma1, we get thatv2λ f

v2λg
≥ v2λg( f ) and asε (> 0) is arbitrary, it follows from above that

limsup
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2λg( f )

≥

[

v2τ f

v2τg

] 1
v2λg
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and

v2τg ( f )≥

[

v2τ f

v2τg

] 1
v2λg

. (33)

Now from (3) and in view of(5), we get for a sequence of values ofr1, r2 tending to infinity that

M−1
g M f (r1, r2)≥ M−1

g

[

exp
[(

v2σ f − ε
)

[r1r2]
v2ρ f
]]

,

therefore

M−1
g M f (r1, r2)≥





(

logexp
[(

v2σ f − ε
)

[r1r2]
v2ρ f
]

(v2σg+ ε)

) 1
v2ρg





that is

M−1
g M f (r1, r2)≥

[

(

v2σ f − ε
)

(v2σg+ ε)

] 1
v2ρg

· [r1r2]
v2ρ f
v2ρg

and

M−1
g M f (r1, r2)

[r1r2]
v2ρ f
v2ρg

≥

[

(

v2σ f − ε
)

(v2σg+ ε)

] 1
v2ρg

. (34)

Also from (2) and in view of(8), it follows for a sequence of values ofr1, r2 tending to infinity that

M−1
g M f (r1, r2)≥ M−1

g

[

exp
[(

v2σ f − ε
)

[r1r2]
v2ρ f
]]

,

therefore

M−1
g M f (r1, r2)≥





(

logexp
[(

v2σ f − ε
)

[r1r2]
v2ρ f
]

(v2σg− ε)

) 1
v2ρg



 ,

that is

M−1
g M f (r1, r2)≥

[

(

v2σ f − ε
)

(v2σg+ ε)

] 1
v2ρg

· [r1r2]
v2ρ f
v2ρg

and

M−1
g M f (r1, r2)

[r1r2]
v2ρ f
v2ρg

≥

[

(

v2σ f − ε
)

(v2σg+ ε)

] 1
v2ρg

. (35)

As in view of Lemma1, v2ρ f

v2ρg
≥ v2λg( f ) andε (> 0) is arbitrary, we get from(34) that

limsup
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2λg( f )

≥

[

v2σ f

v2σg

] 1
v2ρg
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that is

v2τg ( f )≥

[

v2σ f

v2σg

] 1
v2ρg

. (36)

Simialrly, we get from(35) that

limsup
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
λg( f )

≥

[

σ f

σg

] 1
ρg

that is

τg ( f ) ≥

[

σ f

σ g

] 1
ρg

, (37)

since in view of Lemma1, v2ρ f

v2ρg
≤ v2λg ( f ) andε (> 0) is arbitrary.

Likewise from(3) and in view of(13), we get for a sequence of values ofr1, r2 tending to infinity that

M−1
g M f (r1, r2)≥ M−1

g

[

exp
[(

v2σ f − ε
)

[r1r2]
v2ρ f
]]

,

therefore

M−1
g M f (r1, r2)≥





(

logexp
[(

v2σ f − ε
)

[r1r2]
v2ρ f
]

(v2τg+ ε)

) 1
v2λg



 ,

that is

M−1
g M f (r1, r2)≥

[

(

v2σ f − ε
)

(v2τg+ ε)

] 1
v2λg

· [r1r2]

v2ρ f

v2λg

and

M−1
g M f (r1, r2)

[r1r2]
v2ρ f
v2λg

≥

[

(

v2σ f − ε
)

(v2τg+ ε)

] 1
v2λg

.

Since in view of Lemma1, we get thatv2ρ f

v2λg
≥ v2λg ( f ) and asε (> 0) is arbitrary, it follows from above that

limsup
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
λg( f )

≥

[

v2σ f

v2τg

] 1
v2λg

that is

v2τg ( f )≥

[

v2σ f

v2τg

] 1
v2λg

. (38)

Further from(2) and in view of(16), it follows for a sequence of values ofr1, r2 tending to infinity that

M−1
g M f (r1, r2)≥ M−1

g

[

exp
[(

v2σ f − ε
)

[r1r2]
v2ρ f
]]

,
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therefore

M−1
g M f (r1, r2)≥





(

logexp
[(

v2σ f − ε
)

[r1r2]
v2ρ f
]

(v2τg− ε)

) 1
v2λg





that is

M−1
g M f (r1, r2)≥

[

(

v2σ f − ε
)

(v2τg− ε)

] 1
v2λg

· [r1r2]
v2ρ f
v2λg

and

M−1
g M f (r1, r2)

[r1r2]
v2ρ f
v2λg

≥

[

(

v2σ f − ε
)

(v2τg− ε)

] 1
v2λg

.

As in view of Lemma1, we get that
ρ f
v2

v2λg
≥ v2λg ( f ) and asε (> 0) is arbitrary, therefore it follows from above that

limsup
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
λg( f )

≥

[

v2σ f

v2τg

] 1
v2λg

,

that is

v2τg ( f )≥

[

v2σ f

v2τg

] 1
v2λg

. (39)

Again from(6) and(9), we have for all sufficiently large values ofr1, r2 that

M−1
g M f (r1, r2)≤ M−1

g

[

exp
[

(

v2τ f + ε
)

[r1r2]
v2λ f
]]

,

therefore

M−1
g M f (r1, r2)≤













logexp
[

(

v2τ f + ε
)

[r1r2]
v2λ f
]

(v2σg− ε)





1
v2ρg









,

that is

M−1
g M f (r1, r2)≤

[

(

v2τ f + ε
)

(v2σg− ε)

] 1
v2ρg

· [r1r2]
v2λ f
v2ρg

and

M−1
g M f (r1, r2)

[r1r2]
v2λ f
v2ρg

≤

[

(

v2τ f + ε
)

(v2σg− ε)

] 1
v2ρg

.

Since in view of Lemma1, we get thatv2λ f

v2ρg
≤ v2λg ( f ) and asε (> 0) is arbitrary, therefore it follows from above that

limsup
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2λg( f )

≤

[

v2τ f

v2σg

] 1
v2ρg
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that is

v2τg ( f )≤

[

v2τ f

v2σg

] 1
v2ρg

. (40)

Thus the first part of the theorem follows from(32) , (33) , (36) , (37) , (38) , (39) and(40) .

Further from(10) and in view of(13), we get for all sufficiently large values ofr1, r2 that

M−1
g M f (r1, r2)≥ M−1

g

[

exp
[

(

v2τ f − ε
)

[r1r2]
v2λ f
]]

,

therefore

M−1
g M f (r1, r2)≥













logexp
[

(

v2τ f − ε
)

[r1r2]
v2λ f
]

(v2τg+ ε)





1
v2λg









that is

M−1
g M f (r1, r2)≥

[

(

v2τ f − ε
)

(v2τg+ ε)

] 1
v2λg

· [r1r2]
v2λ f
v2λg

and

M−1
g M f (r1, r2)

[r1r2]
v2λ f
v2λg

≥

[

(

v2τ f − ε
)

(v2τg+ ε)

] 1
v2λg

.

Since in view of Lemma1, we get thatv2λ f

v2λg
≥ v2λg ( f ) and asε (> 0) is arbitrary, therefore it follows from above that

liminf
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2λg( f )

≥

[

v2τ f

v2τg

] 1
v2λg

that is

v2τg ( f ) ≥

[

v2τ f

v2τg

] 1
v2λg

. (41)

Again from(2) and in view of(5), we get for all sufficiently large values ofr1, r2 that

M−1
g M f (r1, r2)≥ M−1

g

[

exp
[(

v2σ f − ε
)

[r1r2]
v2ρ f
]]

,

therefore

M−1
g M f (r1, r2)≥





(

logexp
[(

v2σ f − ε
)

[r1r2]
v2ρ f
]

(v2σg+ ε)

) 1
v2ρg



 ,

that is

M−1
g M f (r1, r2)≥

[

(

v2σ f − ε
)

(v2σg+ ε)

] 1
v2ρg

· [r1r2]
v2ρ f
v2ρg
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and

M−1
g M f (r1, r2)

[r1r2]
v2ρ f
v2ρg

≥

[

(

v2σ f − ε
)

(v2σg+ ε)

] 1
v2ρg

. (42)

As in view of Lemma1, v2ρ f

v2ρg
≥ v2λg( f ) andε (> 0) is arbitrary, we get from(42) that

liminf
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2λg( f )

≥

[

v2σ f

v2σg

] 1
v2ρg

that is

v2τg ( f ) ≥

[

v2σ f

v2σg

] 1
v2ρg

. (43)

Again from(2) and in view of(13), we get for all sufficiently large values ofr1, r2 that

M−1
g M f (r1, r2)≥ M−1

g

[

exp
[(

v2σ f − ε
)

[r1r2]
v2ρ f
]]

,

therefore

M−1
g M f (r1, r2)≥





(

logexp
[(

v2σ f − ε
)

[r1r2]
v2ρ f
]

(v2τg+ ε)

) 1
v2λg





that is

M−1
g M f (r1, r2)≥

[

(

v2σ f − ε
)

(v2τg+ ε)

] 1
v2λg

· [r1r2]
v2ρ f
v2λg

and

M−1
g M f (r1, r2)

[r1r2]
v2ρ f
v2λg

≥

[

(

v2σ f − ε
)

(v2τg+ ε)

] 1
v2λg

.

Since in view of Lemma1, we get thatv2ρ f

v2λg
≥ v2λg ( f ) and asε (> 0) is arbitrary, therefore it follows from above that

liminf
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2λg( f )

≥

[

v2σ f

v2τg

] 1
v2λg

that is

v2τg ( f ) ≥

[

v2σ f

v2τg

] 1
v2λg

. (44)

Moreover, we get from(7) and(9) for a sequence of values ofr1, r2 tending to infinity that

M−1
g M f (r1, r2)≤ M−1

g

[

exp
[

(

v2τ f + ε
)

[r1r2]
v2λ f
]]

,
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therefore

M−1
g M f (r1, r2)≤













logexp
[

(

v2τ f + ε
)

[r1r2]
v2λ f
]

(v2σg− ε)





1
v2ρg









that is

M−1
g M f (r1, r2)≤

[

(

v2τ f + ε
)

(v2σg− ε)

] 1
v2ρg

· [r1r2]
v2λ f
v2ρg

and

M−1
g M f (r1, r2)

[r1r2]
v2λ f
v2ρg

≤

[

(

v2τ f + ε
)

(v2σg− ε)

] 1
v2ρg

.

As in view of Lemma1, we get thatv2λ f

v2ρg
≤ v2λg( f ) and asε (> 0) is arbitrary, it follows from above that

liminf
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
v2λg( f )

≤

[

v2τ f

v2σg

] 1
v2ρg

that is

v2τg ( f )≤

[

v2τ f

v2σg

] 1
v2ρg

. (45)

Similarly, from(12) and in view of(6), it follows for a sequence of values ofr1, r2 tending to infinity that

M−1
g M f (r1, r2)≤ M−1

g

[

exp
[

(

v2τ f + ε
)

[r1r2]
v2λ f
]]

,

therefore

M−1
g M f (r1, r2)≤













logexp
[

(

v2τ f + ε
)

[r1r2]
v2λ f
]

(v2σg− ε)





1
v2ρg









that is

M−1
g M f (r1, r2)≤

[

(

v2τ f + ε
)

(v2σg− ε)

] 1
v2ρg

· [r1r2]
v2λ f
v2ρg

and

M−1
g M f (r1, r2)

[r1r2]
v2λ f
v2ρg

≤

[

(

v2τ f + ε
)

(v2σg− ε)

] 1
v2ρg

.

Since in view of Lemma1, we get thatv2λ f

v2ρg
≤ v2λg ( f ) and asε (> 0) is arbitrary, therefore it follows from above that

liminf
r1,r2→∞

M−1
g M f (r1, r2)

[r1r2]
λg( f )

≤

[

v2τ f

v2σg

] 1
v2ρg

c© 2017 BISKA Bilisim Technology



NTMSCI 5, No. 2, 252-272 (2017) /www.ntmsci.com 272

that is

v2τg ( f ) ≤

[

v2τ f

v2σg

] 1
v2ρg

. (46)

Hence the second part of the theorem follows from(41) , (43) , (44) , (45) and(46) .
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