NTMSCI 6, No. 3, 128-136 (2018) BISKKA 128

~ NewTrendsinMathemaical Science

http://dx.doi.org/10.20852/ntmsci.2018.301

On the eccentric adjacency index of graphs

Yasar Nacaroglu

Department of Mathematics, Faculty of Science and Arts ri@ianmaras Sutcu Imam University, Kahramanmaras, Turkey

Received: 7 June 2018, Accepted: 29 July 2018
Published online: 8 August 2018.

Abstract: In this paper, we present some bounds for the eccentric etjgdndex. Also we will calculate the eccentric adjacency
index of some thorny graphs.
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1 Introduction

Let G be an vertices graph with vertex s&t(G) and edge se€E(G). The degree of a vertaxin a graphG, denoted by
d(u), is the number of proper edges incidentwrA graph in which every vertex has degieis k regular.

The distance between two vertices in a graph is the lengtimeo$tiortest walk between them. The eccentricity of a vertex
uin a graphG, denoted byeg(u), is the maximum distance from u to any vertex. The radius afrmected graph is the
minimum eccentricity. The diameter of a connected graphdsmaximum eccentricity. Diameter and radius of a graph is
denoted byD = D(G) andr =r(G), respectively. The total eccentricity [1] of a graph is dienidby { (G) and is equal to
sum of eccentricities of all the vertices of the graph. Thalteccentricity is

G = es(u)
ueV(G)

whereeg(u) is the eccentricity of the vertax A central vertex in a graph is a vertex whose eccentricityedsithe radius
of the graph. A graph in which every vertex has same eccégtigcself centered graph. A pendant vertex is a vertex of
degree one.

As usual, star graph, complete graph, compete bipartitehgaad cycle om vertices is denote&,, Kn, Kmn andCy,
respectively. The minimum vertex degree and the maximuntexedegree in a graph is denoted Hy and 9,
respectively.For other undefined notations and terminofogm graph theory, the readers are referred to [7].

Gutman and Trinajstic[9,10] introduced Zagreb indicese Titst and second Zagreb indices of G are denotebl{y5)
andM,(G), respectively and defined as:

Mi(G)= § dd(u) and Mx(G)= Y dg(u)ds(v).
UeV(G) uveE(G)
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The eccentric connectivity index of a gra@is defined as [19]

§°(6) = d(u)e(u).

ueV(G)

For more results of eccentric connectivity index, we referr@ader to [16,19,22].

In 2001, Gupta et al.[8] proposed a topological descrigtat adjacency-cut distance based. Eccentric adjaceney ind
(also known as Ediz eccentric connectivity index see [4f)éaoted ag?d(G) and is defined as :

o= y 29

e(u)

3

ueV(G)

whereS, is sum degrees of vertices adjacent to verexcupta et al.[8] investigated the power of eccentric adjace
index in the estimination of anti-HIV activity. The accuyaof prediction£2¢(G) is more than ninety percent. Thus
&2(G) proposes a vast potential for QSAR/QSPR studies.

Ediz [4] investigated some mathematical properties of Eelizentric conenctivity index. Sharafdini et al.[18]
investigated the eccentric adjacency index of severaliieftlass of fullerenes. Wu et al.[21] studied the Ediz etien
connectivity index of some molecular structures. Faralar] determined Ediz eccentric connectivity index of
molecular graph circumcoronene series of benzehiidValik [14] computed eccentric adjacent index of the joiman
corona products of graphs.

In this paper we propose to investigate some mathematioglepties of this novel connectivity index. In this paper, we
will give some bounds for the eccentric-adjacency indesoAle will present eccentric-adjacency index of thorn gsaph
obtained some well-defined graphs.

2 Main results

In this section, we give some bounds for the eccentric-adieg index. After that we will obtain eccentric-adjacency
indices of thorny star graphs, complete graphs, bipartitegete graphs and cycles.

We first give the following lemma which will be used in this gap

Lemma 1.Let G bea graph. Then
S(u) = My(G).

ueV(G)

Proof. When calculating this sum, we can see that each of the defree ¥ (G) vertex is calculated in this sum up to
degree of its. So we get the following the result.

Su= 5 dudu= 5 d*(u)=M(G)

ueV(G) ueV(G) ueV(G)
Theorem 1.\W\e have for any graph
M1 (G M1 (G
1O o) < MO @

Furthermore, the equality in each inequality is attained if and only if G is self centered graph.
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Proof. SinceG be a simple connected graph of ordediameteD and radius, then By Lemma 1 and the fack e(u) <
D, we have

adG: w< w:} :Ml(G)
¢ ( ) UE%G) e(u) B UE%G) r UE%G)S(U) r

Now suppose that equality holds in (1). Thus we hefg =r for anyu € V(G). Hence the equality holds if and only if
G is self centered graph. Similarly, we get

-

Ml(G)_

ad
£4(6) = =5

The equality holds if and only i is self centered graph.
Lemma 2.[12] Let G be a graph with n vertices and m edges. Then

M1 (G) = My1(G) +n(n— 1) — 4m(n—1).

Corollary 1. Let G be a connected graph with n > 4 vertices for which the complement G is also connected. Then

£2(G) +&*(G) <M1(G) + nin—1” —2m(n—1),

2

with equality holdsif and only if G and G are sdf centered graphswith radius two.

Proof. Let M1 (G) andM; (G) be the first Zagreb indices & andG,respectively . Since both andG are connected, each
has radius at least two, and then by Lemma 2 and Theorem 1,

M1(G) + Mi(G)
2

£4(G) +€6(6) < =My(G) + =——

with equality holds if and only both iG andG are self centered, andG) = r(G_) =2.

Remark. By some basic elementary calculations, one may see thabtineds (1) are better than the results [4, Theo. 1
and Theo. 2].

Lemma 3. Radon Inequality)[17]. For every real numbers p > 0,Xx > 0,a, > 0, for 1 < k < n, the following inequality
holdstrue:

n
n )(E+l (kzlxk) p+1
> . 2
S N L
k=1
. . . X1 Xo Xn
Theequality holdsifandonly if — =~ =... = —,
€q y y a & a

Theorem 2.\\e have for any graph G
M1(G) +&%n(n—1)
{(G) ’

and the equality is attained if and only if G isa regular self centered graph.

&) >

®3)

Proof. Using (2) we get

G- 3 <m>2><zuev<e>m>2:M1<G>+21§i§jsn SOEN)
ueVv(G) e(U) o ZUEV(G) e(u) V4 (G) .
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Since any fou € V(G) S(u) > 52, we have

M1(G) + 8%n(n—1)

ad
£96) 2

By Lemma 2, In (3) equality holds if and only® is a regular self centered graph.

Remark. By some basic elementary calculations, one may see thaotiedls (3) are better than the results [4, Theo. 2].
In theorem 2, by applying(u) < n—d(u) [22] for all of u € V(G) we get the following result.

Corollary 2. et G be a simple connected graph with n verticesand & minimum degrees. Then

M1(G) + 8%n(n—1)
n2—2m

Ead(G) >

with equality holdsif and only if G isa regular self centered graph.

Lemma 4. (Chebyshev' sinequality)[13] Let a; > ap > ---a, and by > by > - - - b, bereal numbers. Then

n n n

ny abi > (Y a)(y bi),

2702 (2200
with equality holdingifandonlyifa; =ay=--- =anandby =by = --- = by,

Theorem 3.For any connected graph G on n vertices

a an(G)
£%9(G) > 206) (4)

The equality holds if and only iG regular self centered graph.

Proof. By Lemma 4, fori = 1,2,--- ,n by takinga; = S(i) andb; = e(i) we get

"2 e > (i: S(i))(.: =0 )- ()
Also by aritmetic-harmonic mean inequality, we have
n o1 n2 n2
e = - 6
280~ Ty 1O ©
i=1
As a result by (5) and (6), we have
ad an(G)
O Te

with equality holds if and only if5 regular self centered graph.

Corollary 3. Let G be a connected graph of order n. We have e(u) < n—dyy for u € V(G). Then by Theorem 3 we get

ad an(G)
&E(G) > Z_om'
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Remark. By some basic elementary calculations, one may see thaotnadis in (4) are better than the results [4, Theo.
3]. Also, if G regular self centered graph, (4) and [4, Theorem 3] bouraltharsame.

Proposition 1. Let W, and B,, denote the graphs of the pyramid and the bipyramid with n-gonal base, n > 3. Then

_ n’+12n

£ (W) and &¥(B,)=n?+8n.

Let K, — ke be the graph obtained froky by deletingk independent edges forOk < |3 ].

Theorem 4.Let G be a connected graph.. Let k be the number of vertices with eccentricity 1 in graph G. Then

M1(G) + k(2m—n+1)
2 b)

£9G) <
) . . -k .
with equality if and only if G 2 Ky v (Kp_k — nTe), where n—k iseven.

Proof. T = {vp,v1,..., W} be the set of vertices with eccentricity 1. The&) > 2,d(u) <n—2foranyueV(G)\T. By
the definition eccentric-adjacency index, we have

> S

ueV(G)\T

Since

Suy+ ¥ Svi)= Y Su),wehave S Su)=Mi(G)— T S(vi). Sowe get

ueV(zG)\T VieT ueV(G) ueV(G)\T VieT

M1(G) + k(2m—n+1)
2

£9(G) <

) ) —k .
The above equality holds if and only@& = Ky v (K,_k — nTe), wheren—k is even.

Theorem 5.Let G be a simple connected graph on n vertices with m edges. Let

A L2n—1— (in—1)2—8mJ

be the largest integer satisfying that x> — (2n — 1)x+ 2m> 0. Then

M1(G)+a(2m—-n+1)

ad
£4(6) < 5 ,

with equality if and only if G =2 KV (Kn_a— n—;ae), wheren—aiseven.

Proof. Let bek is the number of vertices with eccentricity 1 in graph G. Thiegree of these vertices Ibe- 1. Since
2m= 3 yev(e) = k(n—1) +k(n—k), so implies thak < a. Therefore by Theorem 4, we get

M1(G) +k(2m—n+1) < M1(G)+a(2m—-n+1)

ad
£9(0) < > < > ,

with equality if and only ifG = K, V (Kn—a — n—;ae), wheren—ais even.
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Theorem 6.Let G be a simple connected graph. Then
E(G) <My(G) (7)

The equality holdsif and only if G is complete graph with n vertices.

Proof. We have

o= Y WMo s su-m©).

uGc) &Y i(©)

~

Suppose that equality holds in (7). Then we hexg =r for anyv € V(G). Hence we ge® = K,. Conversely, ifG = Ky,
we haveE (K,) = My (Ky,) = n(n— 1)2. Proof is completed.

Theorem 7.Let G be a simple connected graph. Then

kn?

ad A
RG]

wherek = min(S(u),u e V(G)).

Proof. We have

S(u) k
o=y S22 Y 8)
B &~ G 80
Also by aritmetic-harmonic mean inequality, we get
1 n? n?
= > - 9
S o~ IO ©
By (8) and (9), we have
ki 2
£6)2 55

Definition 1. [11]. Let p1,p2,---, pPn be non-negative integers. The thorn graph of the graph G, with parameters
P1, P2, , Pn, IS Obtained by attaching p; new vertices of degree one to the vertex u; of thegraph G, i =1,2,--- ,n. The
thorn graph of the graph G will be denoted by G*.

Recently, various studies on thorn graphs have done by sesearchers [2,3,15,20]. Now, we will examine the eccentric
adjacency indices of some specific thorn graphs.

Theorem 8.Let S, and S, denote star graph and its thorn graph with n vertices, respectively. Then

13 1 n—-1)(2n+1 8n—15 1
Ead(sﬁ):l—zAl-FZAz-i-( )é )+ 7 p1+1—zpi

n n
where p; isthe number of pendant vertices added to the central vertex of S,. AlSO Ay = 5 pi, Ao = 5 p?.
i=1 i=1

Proof. Let §, be the thorny star graph. Then we halfe;) =n—1+p;, d(ui) =1+ pi,i =2,3,...,n,e(u1) = 2,e(uj) =3,
i=23,...,nd(uj)=1e(uj)=4,fori=2,3,..,n,j=2,3,...,pi, &uj) =3, forj =1,2,..., p1. So, we get the following
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result
ad ~ S(u) | « Sw) S(UlJ L S(uij)
¢ ﬁ*e(ul)*i;e(u.) efuy) %Z olu)
p.+1 p1+|0|+n 1+Zp1+n 1+” p.+1

[0S

13 1. (n- )(2n+1) 8n—15 1,
ETNEI
1t gfet 6 Ty Pt P

22

Theorem 9.The eccentric-adjacency index of thorny cycle C}; is given by

2A1+4n  2A1+ Ao
3/+1 3] +2°

(cy) =
n n
where A= 3 piandAx = 5 p?.
i£1 i£1

Proof. Let C;; be the thorny cycle graph. Then we halei) = pi + 2, d(uij) = 1, e(u) = [ 5] + 1 ande(u;j) = | 5] + 2
fori=1,2,..,n;j =1,2,...,pi. Thus we get

S(uu 2pi+4 22 (p+2)p 2A1+4n 2A+ A

a * S(I
G =3 o ZZ =21 RS RPN S IR IES

Theorem 10.The eccentric-adjacency index of thorny complete graph K;; is given by

5n—2 1 n(n—1)2
A1+—A2+u

ad *\

n n 2
where A; = _lei, Ay = _lei )
i= i=

Proof. Let K;; be the thorny complete graph. Let the verticeKgfare denoted by;. Also, let the vetices); in K, are
denoted byuj, i =1,2,...,n; j = 1,2, ..., pi. Therefore we havd(u;) = pi+n—1,d(uj) =1, e(u;) = 2, e(u;j) = 3 for
i=1,2,....n; =12, .., pi. Thus the eccentric-adjacency indexgf is given by

p|+n 1 5n-2 1 n(n—1)>2

gad(K: ZS(UI ZZS(:'JJ i; +ZZ =3 At 3Rt ——

Let Kmn be a complete bipartite graph with vertex $ai, Uy, ..., Um,ViVo, ..., Vo }. Let Kmn be thorny complete bipartite
graph obtained frorkm by attaching pendant verticgsandpy to u; andvi. Let the newly attached pendant vertices are
denoted byij andvy, wherei =1,2,...m; j=1,2,...,p; k=1,2,...m | =12, ... p;.

A1—|—

Theorem 11.The eccentric-adjacency index of thorny cycle Ky, , is given by

mn+4 m+4 A2+A§+nm(n+m)

ad /e * %
K A A
E ( mn) 12 l+ 12 l+ 4 3 B

m n m n
whereAr =3 pi.Aj= 3 Pl A2= 3 prandAy= 3 (p)*
i= i= = =
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Proof. The degree and eccentricity of the vertice&gf, are given byd(ui) = p; +n, d(v) = pg +m, d(uij) = d(vig) = 1,
e(u) =3,e(w) =3,e(ujj) =4,e(w) =4fori=1,2,..m j=12,...,p; k=12,..,nl=12, . p Then we have

. M b +Af +nm FA MM M P opgn MR g
£ = 3 B3 +Zp' PP bt 335 P
i= =
AL+ mA;+nm? AL HnA+nPm e ApbnAy A+ mA;
= + + +
3 3 4 4
_Mn+4 m+4 A2+A*2<+nm(n+m)

A Al
12 1t Mty 3
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