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Abstract: In this study we consider a second order linear differemgplation characterizing spherical curves according todire
frame in Euclidean 3-Spadg®. This equation whose coefficients are related to speciatiom curvature and torsion, is satisfied by
the position vector of any regular arbitrary speed spaceeciying on a sphere centered at origin. These type equatiengenerally
impossible to solve analytically and so, for approximatetian we present a numerical method based on Hermite paijais by using
initial conditions. The technique we have used is regart¢héontatrix forms of Hermite and Taylor polynomials, and tltsrivatives
together with collocation points. Our method reduces theatiem of problem to the solution of a system of algebraica@gns and the
approximate solution is obtained in terms of Hermite anddrgyolynomials. Also, a geometrical example is performedltistrative
the validity and applicability of the method.

Keywords: Curves in Euclidean Space, spherical curves, Hermite pafyals and series, matrix and collocation methods.

1 Introduction

The concept of curve defined by Euler in the plane was movediiiw&ra to the three-dimensional Euclidean space [8,
9]. Shortly after this work, the space curves of constanaditte was definited on the sphere [4]. Wong gave a global
formulation of the condition that a general curve is lie orpaeye [24, 25]. And this formula has taken place in books
written on differential geometry as a necessary and sufficiendition for a curve to lie on a sphere. Reuleaux, in his
work in the same years, showed kinematic and engineeringcappns of these curves [20]. The work by Gluck brought
into the world of geometry the high-grade curvatures of tinees in Euclidean space [10]. The explicit solvability loé t
differential equation characterizing a spherical curvetiswn and this solution is expressed in terms of the cureatur
radius and torsion of the curve [5]. Wong reached a clearatharization of spherical curves [25]. Dannon worked on
the integral characterization of curves [7]. Sezer gavegiretl characterizations of a system of differential equretilike
Frenet obtained for curves of constant breadth and sphericges and he used these characterizations to determine a
criterion for the closeness (periodicity) of a space cu p2].

On the other hand, Akgonulli obtained solution of lineé#ferential, integral and integro differential equatsowith
Hermite polynomials [2]. In the following, a Hermite collation method was given for the approximate solution of the
high-order linear fredholm integro-differential equaiso [3]. This Hermite collocation method was used to find
approximate solutions of the pantograph equation byivakgs et al [26]. In addition, this method was used for sgvin
differential-difference equations [11].

In this work, firstly, differential equations charactengiarbitrary-speed regular space curves lying on a sphetereel
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at origin in 3-dimensional Euclidean space were obtaindaenTthe solutions of these equations were studied.
Hermite-collocation method based on Hermite polynomias wsed for the solution. Since spherical curves are used to
operate various mechanisms, the results of this work carsed n field studies such as mechanical engineering, com
design and kinematics. In addition, the solutions obtaiioedhese curves in this study will fill an important gap in the
literature.

2 Preliminaries

In this section, we give some basic concepts on differeggaimetry of space curves and spherical curves in Euclidean
3-space. A differentiable function, defined as: ICR—E" for | =t:a<t < b, is called a curve defined by coordinate
neighborhood (Ig) in E". The variable¢l is called the parameter of theecurve. If the derivative d(t) /dt of this curve
differs from zero everywhere, this curve is called a regailave [10].

The velocity vector of a regular cunge(t) at t=ty is the derivative d(t)/dt evaluated at+ty . The velocity vector field
is the vector valued functionadt) /dt . The speed ofi (t) at t=ty is the lenght of the velocity vector atd , ‘a/(to)’
[18].

Theorem 1.If a is a regular curve irE® with s« > 0, then frenet formulaes

T =vseN
N/: —VvxT +VviB
B/: —VvTN

wheres is the curvature of the curve, T is the torsion of the curve and v= a’ is the speed function of the curae
respectively [19]

3 Hermite matrix-collocation method

In this section, we establish the matrix-collocation meltho solve the second-order linear differential equatiothwi
variable coefficients, which is in the form

Y &p" () =g(t), 0<a<t<b Q)
under the initial conditions

pM (@) =c, k=0,1 @

wherep(© (t) = p(t) is unknown function; Q(t) and g(t) are functions defined on the interval [a,b], anda and b are
appropriate constants.
Our aim is to obtain an approximate solution expressed is¢hies form

N
P(t)gPN(t):ZOaan(t), —w<ast<b<om A3)
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wherea, , n=0,1,2,...,Nare unknown Hermite coefficients; N is chosen any posititegar such thafl > 3 ; H, (t), n=
0,1,2,...,N, are Hermite polinomials. Hermite polynomi&lg (t) satisfy the Hermite differential equation and are given
by the form [2]

n/2 nl
H _ _1 k : 2n—2k n-2k ] 4
n(t) k;( ) o Z L et (4)

Let us assume that the functiprit) and its derivatives have the truncated Hermite series esipauwof the form 8). Then
the solution expressed bg)(and its k th derivatives can be converted to the matrix forms

p(t)= pn(t) = H(H)A and p® (t) 2 o (t) = HX () A 5)

so that

H(t) =T(t)F (6)

whereT (t) = [1t t? ... tN] and for even values of N

(—1)%0120 0 (—1)2120 (—1)2120
010 - ior 7 1101
—~1)0112
0 ( 0)!1! 0 (NO )
—1)02122 _plz Yoo
F= 0 o ! 0)!2-I - 4 ()%71)!2!
10NN
0 0 0 S
for odd values of N
e o P o
—1)0112¢ —\"27 )it
0 ( O)!l! 0 o ()NTA)H'
_ _1n\0 2
F= 0 0 : %))!22!!2 0
: : : . . 0 )
0 0 o .. CHNZ
By using5 and6, we have the matrix relations
pn(t) = T(HFA and p (t)=T™® (t)FA. @)
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Besides it is clearly seen that the recurrence relation éamthe matrix (t) andT®(t) is

T @) =T(@1)B k=012 ®)
where
100 0 0O 10 .0
010 0 0O 0 2 .0
gP—| 001 0 ,B= S :
Do 0 00 N
000 (N+1)x(N-+1) c 00 ..0 (N+1)x(N-+1)

From (7) and @), we obtain the matrix relation, f&«=0,1,2
(K) 1y — k
A (=T (1) BFA ©)

By substituting 9) into Eq.(1), we obtain the matrix equation
2
Y T ()BFA=g(1). (10)
K=o

On the otherhand, by using the collocations defined by
b—a .
t :a+T|, i=0,12...,N

into Eqg.@0), the system of matrix equations as follows:

2
> Q«(t) T () B*FA=g(t)

K=0
or the compact form
2
{3 QTBFIA=G (11)
K=0
where
Qk(to) O 0
0 Q(ty) 0
Q= . : ;
0 0 Qx(tn)
T (to) 1t tON
T(ty) 1t t,N
| T e
T('[N) 1ty INN
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However the fundamental matrix equatidri) can be expressed in the form
WA=G or [W;G] (12)

where
2

W= W] = § QTBF; mn=01,...,N
o
Note that Eq2) indicates a system of (N+1) linear algebraic equationsh winknown Hermite coefficients
an(n=0,1,..., N).

On the other hand, by means of the relati®)y {he matrix equations for the initial conditions (2) canvmetten in the
forms

VKA=cx or Vc, k=0,1 (13)

where
Vk =T (a)BF = {vko Vig - Vig }

Consequently, in order to find the solution of the problem(@)) by replacing the 2 row matixe$3) by the any 2 rows
of the augmented matrix @), we have the new matrix

~ ~ ~ 1 ~

[W; G] =Aor (W) 'A=G (14)

which is a linear algebraic system. In Et), if rankW = rank[W; G} = N+ 1, then the coefficients matrix A is uniquelly
determined and the solution of the problem (1)-(2) is otedias

pn(t)=H(t)Aorpn(t) =T(t)FA

4 Obtaining differential equation characterizing spherical curves

In the simplest sense, the concept of spherical curve isatbfis "the curve lying on a sphere” [16]. In this section, we
give a necessary and sufficient condition for an arbitrgoges regular space curve to lie on a sphere centered at.origin
Then we obtain that position vector of any arbitrary spegdila space curve lying on a sphere satisfies a second-order
linear differential equation with variable coefficients.

Theorem 2. Leta be a frenet frame curve of clagd in E3 with 0 everywhere. Thea lies on a sphere if and only if
the following equation holds.

!

{Tﬁl(}fl)/} +1x1=0.

Using this differential equation, Dannon observed an éqnalystem Frenet-like for the spherical curves 8f Ehen he
proved the accuracy of observation by moving these curveg*tf7]. With this in mind, the differential equation
characterizing spherical curves id § obtained as follows.

Let us assume that an arbitrary speed regalapace curve lies on a sphere with radius a centered at .imEhis
case, it is obvious that

a?=(C—a(t),C—alt).
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We can arrange this expression as follows.
f(t)=(C—a(t),C—a(t))—a?=0.

Now let’s get the repetitive differentiations of this f fuian. We will also use the equations given in theorem 1 for the
derivatives of Frenet vector fields. The following equasi@ne obtained:

!
)

(c—a().C-a))+{C-aw).c-a())=0= (C-a),a(g)=0
(T(t),C—a(t)=0 (15)
(T'0.c-a®)+(T®).C~a) ) =0 = wN({1),C-a(t)=-v

(N(t),C—a(t) =-1/x=p (16)

/ /

(N®.c-a®)+(N®),C-a(t))=-(1/2) =-p

(B(t),.C—a(t))=—p /vt (17)
HereC = a (t) + pN(t) + (—p'/vT)B(t) is obtained. If C is modified by taking the difference accogrio t, then
(—1/vD)p"+ (1/vD) P+ (v) p =0, (18)

This is a second-order linear differential equation withiakle coefficient, which characterizes arbitrary-spgsuesical
curves in Euclidean spade?.

5 Solution of differential equation characterizing spherical curveswith hermite collocation
method

We can arrange the equatiat] characterizing spherical curves as fallows;
Q(t)p" +Qu(t)p +Qo(t)p =0 (19)

or
A p® () =g(t) (20)

where

Qo (t) = (1/v1), Q1 (t) = (1/v1) , Qo (t) = vr,g(t) = 0.

It is clear that the equationd®) and Q0) are equal for g (t) = 0. Let us assume that this equa®&hié an approximate
solution on the interval & t < 2, under the following initial conditions,

p®(0)=¢, k=01 (21)
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and in serial form
N
rho(t) = pn (t) = zoan Hn (1), (22)
n=

and let’s takeN = 3 for the simplicity of our mathematical operations. Whet® (t) = p(t) is unknown functionQy (t)
andg(t) are functions defined on the intery@l 2r1, andcy is appropriate constarg, , n=0,1,2,3are unknown Hermite
coefficientsHn (t), n=0,1,2,3 are Hermite polinomials, which are orthogonal(efo, +0) and Hermite polynomials
are defined as follows

n/2

_ k n! n—2ksn—
Hn(t)fk;(fl) mz 2kgn—2k (23)

Our aim is to obtain an approximate solution expressed irséhies form 22). Let us present this approximate solution
and its derivatives in matrix form as follows.

p(t)= pn(t) =H(DA and p™® (1) =p{’ () =H® () A (24)
H (t) and A matrices foN = 3 are defined as follows.
H (€)= [ Ho(t) Ha(t) Ha(t) Ha(t) |
HO O = [ 1 M PO HO ]
A=laga & as]T
On the other hand, for the(t) and its derivatives defined as follows,
p(t) =H(t)B°A
p () =H(t)BA
p' (t)=H(t)B?A

B?, B! andB? matrices are clearly can be written as

1000 01 00 00 20
g_|0100] i (0020 , |0006
0010/’ 0003 |’ 0000
0001 0000 0000

Now we clearly write the matrix form H(t), by means of Hermjiglynomials defined by23), as
Ht)=T({t)F (25)

where
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The matrix F for N = 3 is calculated as

10-20
F_ 020-2
00 40
00 08
By using @4) and @5), we have the matrix relations
pn(t) = T(HFA and pl (t)=T™® (t)FA (26)

Besides, it is known that
TO@M) =T @)B, k=0,1,2
in the matrix equation46) andp is found as follows
ol (=T (t) B¥FA.
Finally, if all these expressions are used in Ef))(then the following equation is obtained:
QMTMHBF+QMTH)BF+QMTHBFA=G (27)

where ) ]
G=[go 01 9 93] =[0 000 .

On the otherhand, the following matrices are obtained, mygu$e collocation points defined ly=0, t; =2m/3, to =
4m/3, t3 =2m,in Eq.27).

Q@) 0 0 0

| 0 Qo(2m/3) 0 0
QU= 0 Qm3) o |
.0 0 0 Qo(2m) |
[Q1(0) 0 0 0 ]

| 0 Qu@m/3) © 0
AO=1 5 T 0 quwy o |
0 0 0 Qu(2m |

Q(0) 0 0 0

| 0 Q@2m3) 0 0

RM=1 0 Q@4m3) 0
0 0 0 Q2 (2m)

These matrices briefly can be written for k =0,1,2 as,

@ 0 0 0

| 0 x((@m/3) 0 0
QAO=1 4 0 Q@m3 o |
0 0 0 Q«(2m)

© 2018 BISKA Bilisim Technology
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0 0 0
(2m/3) (2m/3)* (2m/3)°
(4m/3) (4m/3)* (4m/3)°
(2m)  (2m? (2m®

_|
—
=
=
|
e

If we get as
Qa2 (t) T (t)B?F + Qq (1) T (1)BF + Qo (t) T (t)BF =W

The equationZ7) is turned to
WA=G— [W; G]. (28)

We calculate the matrix W. Then the equati@8)(is written in the form of the increased matrix. Furthermaoeobtain
an approximate solution under the initial conditions gitagn

p(0) = co (29)
p0)=c
we obtain the matrix equation of conditions as follows
p(0) =T(0)BFA= 0)
p (0)=T(0)BFA= ¢
Where @ and g are calculated as fallows.
Co = ap — 28p,C1 = 21 — 233
Here also\y andV; are calculated as follows using
Vi=T(0)B*F = [Vko Vki Vi Via } , k=0,1
equation.
Vo=[10-2012],
Vi=[020-120]
So, the expression in the form of increased matrix of mamjixation of conditions is fallows as;
V— Vol | 10-20;¢c
vl | 02 0-2;¢
ForP = l?] the following equation is obvious
1
VA=P,[V; P]. (31)

We obtainW*A = G* from the equations2g8) and (31).

Woo Wo1 Wo2 Wo3 ; Jo
1 0 -2 0 ;¢
0O 2 0 -2 ;g

W3o W31 W32 W33 ;03

[(W*; G =
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Wherew;; (i=0,3, j=0,1,2,3) obtained as fallows;
Woo = Qo (0), Wor=2Q1(0), Woz= —2Qo(m)+8Q,(0), Woz= —2Q1(0),

wao = Qo (21), wsy = 2Qq (211) +471Qq (217),
Wap = (1677 — 2)Qo (271) + 1671Q4 (277) 4 8Q, (27)
Waz = (6411 — 411)Qq (277) + (9617 — 2)Qy (211) -+ 967IQ, (271)

Furthermore, it is obvious that
0o = Wooap + Wo1a1 + Woza2 +Wozaz = 0

03 = Wapdp + W3131 + W3pa + Wazag = 0

from equation 27). Thus the elements of unknowns matbix= W* 'G* is obtained.
ao = [(Wo1 + Wo3) (CoWs2 + C1Wa3) — (W31 -+ Wa3) (WoyCo + WosC1)] /K

a1 = [— (2woo -+ Wo2) (CoWs2 + C1Wa3) + (2W30 -+ Wa2) (Wy,Co + WosC1)] /2K
a2 = [(Wo1 + Wo3) (—2CoWs3p + C1W33) + (W31 + W33) (2WgqCo + Wo3C1)] /2K
az = [(ZWOO + Woz) (*COW32 + 01W31) + (2W30 + W32) (WOZCO — W0101)]/2K

Where
K = (2wso+ Wa2) (Wo1 + Woz) — (Wa1 + Wa3z) (2Woo -+ Wop)

If we put thisa, unknowns in equatior?Q), we get following equation
p(t) =ag+2tay + (—2+4t%)ap + (—12t + 83)ag

This expression is the radius of curvature of tResgherical curve. Therefore, the functions of curvatute) and torsion
T (t) are obtained by means of this function and its derivatives.

6 Conclusions

In general, the concept of spherical curve on unit veloditywes has been studied [1,17,23,24]. Differently, in thislyg,

the sphericity of arbitrary fast curves in space is examifk@dtly, the second order linear and homogeneous diffeien
equation with variable coefficients, which characterizdstaarily fast spherical curves according to Frenet fraime
space, is obtained. Then, an approximate solution of thairdd differential equation is found by using the Hermite
matrix-collocation method. This value is the radius of @wve of the curve. Using this value, curvature and torsion
of the curve can be obtained. Integral characterizatiorspb&rical curves have been obtained [7]. However, such an
approximate solution has been presented for the first tintleisnstudy. By using the obtained equation and solution, the
state of any curve on a sphere can be easily analyzed. Fitiabywork can be extended to n-dimensional Euclidean
space.
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