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Abstract: The aim of the paper is to investigate integrals of Generalized k- Mittag-Leffler function [6], multiplied with Jacobi
polynomials, Legendre polynomials, Legendre function, Bessel Maitland function, Hypergeometric function and Generalized
hypergeometric function.
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1 Introduction

The k- Gamma function [5] defined as

" (k)& !
() = Lim MO 6 v ovker, (1)

n—ro (x)mk

where (x), x is the k- Pochhammer symbol and is given by
() =x(x+k)(x+2k)........ (x+ (n—1)k), )

k€0,x € C\kz~,n € N*. The integral form of the generalized k- Gamma function [5] is given by

(o) = / e T, 3)
0
where k € R, x € C\kz~, Re(x) > 0,
from which it follows easily that
i (Y
L=k (1), 6
and
Y
— (1) (L
(Mngs= 67 (), )

Leta,B,y € C,k € R,{Re(a),Re(B),Re(y) >0} and g € (0,1) UN, then the generalized
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k-Mittag-Leffler function denoted by GE .f (z) and defined [6], as

Y, d nq,kz
ety = 5 it 0

where () ng.k 18 the k- Pochhammer symbol given by equation (2) and I} (x) is the k-Gamma function given by equation
3).
The Generalized Pochhammer symbol (c¢f [2], page 22),

q _
(Y)nq—(;:?;,nq H(Hr )ifqu. )

2 Integrals with jacobi polynomial

The Jacobi polynomial P,Ea’ﬁ ) (x) may be defined by
I+a 11—
PP (x) = 1+ @ o ) vz (—n,1+a+ﬁ+n;1+a;2x> 8)

when o = B = 0 then the polynomial in (8) becomes the Legendre polynomial ( [2], p. 157).

P,Sa'ﬁ ) (x)From (8) it follows that is a polynomial of degree n and that
1+a),
PP 1) = U . ) ©)

Theorem 1. If ot > —1, B > —1; n,u,y€C, Re(n) > 0,Re(1t) > 0,Re(y) >0,k € Randq € (0,1)UN. Let is the Jacobi

polynomial defined in (8) and Generalized k- Mittag-Leffler function by (6) then we have

/jlx’l(l —x)*(14x)°PYP (x) GELS [2(1+x)")dx

(=1)r2nto+l L(8+hr+ 1) (8+hr+B+1)
ol F(a +n+ 1) Yo L (6+hr+B+n+1)I" (6+hr+a+n+2)

(10
—68,0+hr+B+1,0+hr+1;1

x GE! (22M)3F
S+hr+B+n+1,0+hr+a+n+2

(XN

Proof. In dealing with the Jacobi polynomial, we have

I E/fllx*(l —0)*(1+2)°PFP (x) GEL  [2(1+x)"]dx,

making use of (6), we get

+ oo X hyr
= /f&m —2)%(14x)° PP (x) Z{)(Y;%q(;[jiz) r)! L i
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Interchanging order of integration and summation, we can write above expression as

o - (’}/)rq,kzr /+l A o S+hr po,fB
Il_,;Fki(nrJru)r! =0t ()R () (1)

But we have the formula ([7] p. 52)

f+1 x( )“(1+x)5P,f"ﬁ(x)dx: (=1)29%48+1 (S 1) (atn+ DC(5+B+1)

n! I'(6+B+n+1)I'(6+a+n+2)
AS+B+1,6+1;1 (12)
xX3F
6+B+n+1,6+0+n+2
o>—1,>—1,Re(A) >—1.a>—1,f > —1,Re(A) > —1. provided
Now, by using (11) and (12) we have
_(=1)npotO+hrt L(§+hr+ 1) (5+hr+B+1)
L= "= ——L(a+n+ ) 5t por UF 6 ro a3
—A,0+h 1,0 +hr+1;1
X GES (c2h)3y | A0 T TP 1L O hr
MK S+hr+B+n+1,8+hr+a+n+2
This proves result (10).
Theorem 2. If (8) > —1,Re(y) > 0,Re(n) > 0,Re(u) >0,n,u,yeC,k€R,qe (0,1)UN
Then we have "
L (1=x)2 (1 +2)P PP (x) P° (x)GEYS (1 — %) dx
_ 285BI (aqnt ) (14p+m) v (=n) (=m),(1+p+o+m),(1+a+B+n),
- nim! r=0 T (1+p+r) T (a+r+1)(r!)?
(13)
X GE{} (22" B(1+ 8 +hr+2r,B+1).
Proof. By Jacobi polynomial, we have
+1
125/ (1-x)2(14+x)PB&F () PL° (1) GET  [2(1 —x)")dx
~1
= o (Vrgalz(1—x)""
= 1—x)°(1+x)PP%P (x)PD° i d
[, Q=P Eb @) § e T
Interchanging order of integration and summation, we can write above expression as
- (’)/)rq %4 +1 S+h
L= o 1— (1 B po:B (1) PP (x) dx.
N e o U I E AL ALCEE
Now, using (8) in above expression we get
- (Y)quzr 1+P 1+p+6+m) / +l S§+h B
L= ’ 1—x)%*hr(1 PP (x) dx. 14
A LOrtwrt ml 26 (1+p),27! L =T AP EE () d (1
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Again using (8) in (14) , we have

L=y (Vrga?” C(1+p+m)C(1+a+n) ye (=) (=m),(14+p+0+m),(1+a+B+n),
27 Lr=0 T (nr+p)r! minl r=0 T(1+p+r) T (1+a+r)2% ()2

) [HH 1 —x) 2 (1 4 x)B dx.

But by the formula

+1
/1 (1= x)" % (1 +x)" By — 22 a+BHIB(1 4ot 1 + B +1).

Then (15) becomes,

I, — 20+B+1 L(1+p+m)I (1+a+n) Yo (=n)r(=m)r(1+p+o+m) (1+a+B+n),
27 il T(1+p+r) L (1 atr)22 (1)
X GE[y ,(22") B(1+5+hr+2r,1+ﬁ).

This proves result (13)

15)

(16)

Theorem 3. If Re(ct) > 1,Re(B) > —1,Re(y) > 0,Re(n) > 0,Re(ut) >0,1,u,y€ C,k € Randq € (0,1) UN. Then the

following relation holds true

/H(l —X)P(1+x)°P*P(x)GE!?  [2(1 —x)" (1 4x)"]dx

. n kn.ul?
_ 20t (1t o)y ¢ r(1+a+p+n
( Z 1+oc),é )r GE{} (2" )B(1+p+hr+rl+0+1r).

Proof. By invoking Jacobi polynomial and generalized k- Mittag-Leffler function, we have

’35/_+11<1—x>P<1+x>“P:‘ﬁ< x) GE{y yle(1 =)" (1-+2)]dx

+1 oo 1_ hl 1r
,/ (1—x)P (1+x)°P%P (x Z qu HA+IT
r—0 ﬂr+ﬂ)r'

interchanging order of integration and summation, we get

oo (},)quzr /+1 b
L= E —_— 1—x)PH (1 +x 6+"Pna’ﬁ x) dx.
T AL L ) )

Now, by using (8) in (18), we obtain

> (Vrgad” +a,, )o(1+ o+ B +n), / +1
I » 1— p+hr+r 1 o+ gy
P Zrk(nﬂru ;0 (14 a),27r! O (1-x) (1+x) X

Making use of (16) in (19), we have

Iy = 2P Fotl (1+0a)n i (—n)r(1+0a+p+n), GEZ,
= (1+a),2r! LA

This proves Theorem 3.

(2"")B(1+p +hr+r1+0+tr).

17)

(18)

(19)

Theorem 4. If Re(or) > 1,Re(B) > —1,Re(y) > 0,Re(n) > 0,Re(1t) >0,n,u,y€C,k € Randq € (0,1) UN. Then the

(© 2015 BISKA Bilisim Technology
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following relation holds true

1
145/_+1 (1—x)P (1+x)GPO‘ﬁ( ) Eg’n“[ (1—x)"(14x)"")dx

_ 2P0+ (1 + @), i (=n) (1+0o+B+n), GETY

(o) ra @B +p+hr+rl+0—ir). (20)
r=0 rt:

n!
Proof. This Theorem can be proved on similar lines as Theorem 3.
Theorem 5. If Re(at) > 1,Re(f) > —1,Re(y) > 0,Re(n) > 0,Re(ut) > 0,n,u,y € C,k € Rand g € (0,1) UN. Then the

following relation holds true

+1
/ (1—x)P(1+x)°P%B(x) GETY  [2(1 +x)")dx

1 n knull
2”*"*‘(1+an - (I+0+B+n)r . vag i
= ,Z() 1+06)r i GE(y (227" )B(1+p+r1+0—hr). (1)

Proof. We have

]Sz/tl(l—X)p(l_Fx)cpgﬁ( )GEIZZM[ (1_~_x)fh]dx.

By using (6), we can write

[t opafo v Nrgale(1+x)7")
15_/_1 (1—x)P (1 +x)°Pf (x)r;) FZ(nr—H,L)r! dx

Interchanging order of summation and integration, we have

3 rq,kZ ! P o—hrpa,B
—x)"( F, : 2
rg’ nrﬂt r'/ (1= (1407 E 7 (x) dx (22)
Now using (8) in (22), we get
o (Vi l+o¢,, = 1+a+[3+n) / +1 .
b= ’ 1= x)P T (14+2)° " dx, 23
> Zl}(nr—hu) r;) a2 71( x)PT(14x) X (23)

using (16) in (23), we have

1+a) (—n),(14+ 0+ +n), B
I :2p+0'+1 ( n GEYq 2 h B(1+ —|—hr+r,1+(;_|_tr .
’ n! ,;) (1+a)2'r! inu(@27)B(1+p )

This proves Theorem 5.

3 Special cases

(i) If we replace 8 by A-1 and put & = 8 =p = ¢ =0 then the integral I, transforms into the

following integral involving Legendre polynomial [2],

1
Io = /j (1= )" 1P, (x) GETL, [z(1 —x)"]dx

(© 2015 BISKA Bilisim Technology
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_ar v (En)e(=m) (14 m)(1+n), 1.4 h

=2 ;) CHGIE GE[y ,(22")B(A +hr+2r1). (24)
(ii) If « = B = 0 p is replaced by p -1 and o by o -1, then I3 transforms into the following integral involving Legendre
polynomial [2],

17E/J:1(1_x)P*1(1+x)5*1P( %) GELY  [2(1—x) (1 +x))dx

2p+0’ 1 Z ) GE%

o @2 B(p +hr 1,6 +1r). (25)

(i) If «=B=0, p is replaced by p-1 and o by o-1, , then I4 transforms into the
following integral involving Legendre polynomial [2],

I E/jl(l—x)p*'(l+x)"’]P,,(X)GEZ’W[ (1—x)"(14x)"")dx

_ gpto-l Z 1+”) GEY

o @2 B(p+hr 0 —1r). (26)

4 Integral involving Bessel Maitland function

The special case of the Wright function ([10], vol. 3, section 18.1) and ([3],) in the form

O(B,b;z) =0 W1 |—;(B,b);z] = —_— 27)
(B,b;2) =0 1 [=(B,b):2] ,;)F(Bker) k!

with z,b € C,B € R when B =8, b = v+ 1 and z is replaced by the function ¢(8,v + 1;z) is defined by J¢ , which is
known as the Bessel Maitland function (c¢f [ 8], p. 352),

> 1 (—2)"

S — . _
W) =90 vtli—g) = ;)F(Sr—kv—!—l) r!

(28)

Theorem 6. Ifn,u,y€ C,Re(y) >0,Re(n) >0,Re(it) >0,k€R, g€ (0,1)UN,a— 80 > —1,a>0,Re(p+1) > 0.
Then we have the following integral involving Bessel Maitland function,

=

“ 06 7.9 o _ I'(p+or+l) 7.q
/0 I (0)GE ) (ax¥)dx = ,gor(l+v—3—5(p+ocr))GE"~ﬂ>“(Z)' (29)

Proof. We have,
195/0 PR ()GENS (x%)dx,
_ )CPJ6 . (y)qu( )r dx
/ ,Zofk(nrw)r'

interchanging order of summation and integration, we get

_yv M/w ptar 18
IQ_ZH(UV—FH)V! ) J9 (x) dx. (30)

(© 2015 BISKA Bilisim Technology
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By well known formula, ( ¢f [7],p.55)

= I'(p+1)
p o _
/0 XPJY (x)dx Ttv_06-0p) 31)
where Re(p) > —1,0 < 8 < 1. We can write (30) as
— r 1
19: Z (P+Olr+ ) 7.9 (Z)

LT(I+v-0-8(p+ar)  nu

This proves Theorem 6.

5 Integrals with Legendre functions

The Legendre functions are solution of Legendre’s differentials equation ([9], section 3.1, vol. 1)
(1— )d2 -2 d—w—l—[v(v—l—])— 20-2Hw=0 (32)
Sz T # £ o
where z, v unrestricted. If we substitute w = (> — 1)%“11 in (32) becomes
5 d%v dv
(1-27)o5 —2u+1)z+(—u)(v+u+1)y =0, (33)
dz dz

and if £ = % — %z as the independent variable, this differential equation becomes,

d%v

5(1—5)@ (1 25)(H+1) +-p+p+1y =0 (34)

d€

This is the Gauss hypergeometric type equation witha =y —v,b=v+pu+landc=pu+1.
Hence it follows that the function

w:Pf(Z):ﬁ (ii>

is a solution of (32).

l—

K 11
F —v,v—i—l;l—[.t;i—iz 1=zl <2, (35)

Theorem 7. Ifn,u,y€ C,Re(y) > 0,Re(n) >0,Re(it) >0,k €R, g€ (0,1)UNand § is non negative integer. Then the

integral involving Legendre function of first kind written as,

_ 3 O ) S+v
folxc 1(1 _x2)2 PS( )GEIZZ“( a)dx _ (=D ﬂj}(l 5+1;§l+ +v) a6
er 0 I'(o+oar) GE ’)/7 (sza).

F[ (0+m)+g !}F[1+M+%+} k,n,u

Proof. The integral involving Legendre function of first kind is
1
Iloz/ 27 (1-2) P (0)GEFL (%) dx
0

— 1 2P5 - Y)qu a)r d
—x? Z T X,
r—0 1k nr+u)r

(© 2015 BISKA Bilisim Technology
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interchanging order of integration and summation, we can write

o

(V)rgu2" /] arto—1 28 1
I :z —_——— [ X" 1 —x7)2 P/ (x)dx.
0 r:Ol—i((nr—i_“)r! 0 ( ) ( )

Above integral (36)can be solved by using the formula ( [9], section 3.12, vol. 1).

1 o-1/1_ .2\ ps (=1)8222 98 (o) (14+6+v)
Jox7 (1 =22 B () Fl3+$+8=3]r[1+§+8+3]r(1-6+v)’ (37)

where Re(c) > 0,6 = 1,2,3,..... Re(6) > 0,6 = 1,2,3, ...

Now, with the help of (32), and (36) can be written as

1
Lo=Y" (V)rgad” (=1)972279- %8 (64 0or)[(145+v)
r=0 L(nr+ur! r[3+@ el 8y r(i-s+v)

where 1,1,y € C,Re(y) > 0,Re(n) > 0,Re(t) >0,k €R,g € (0,1)UN,Re(c) > 0,Re(6) > 1. Therefore,

10— g , 3a-o-8r(i1s
Jox° 7 (1=x2)2 PO (x)GE]'E | (2x* )dx— i T
(ot gV -
XZr 0 { M+g %]F[l+(c+ar)+ Ly ]G knﬂ(z2 )

This proves result (36).

Theorem 8. Letn,u,y € C,Re(y) >0,Re(n) >0,Re(0) > 0,Re(l) >0,k €R,q € (0,1)UNandRe(d) > 1 Then the

integral involving Legendre function of first kind is

Jo 20 (1= 2) "8 PO)GELL , (2x®)dx = 12290
I'(c+ar) q _ (38)
XZr:() F[%+(o+ar)7g77]r[1+(6+a,)7g77} GEkn u(zZ a).

Proof. The integral associated with Legendre function of first kind is,

interchanging order of integration and summation, we can write,

o

1
Z nr’i"; - / X411 =% P8 (x)dx. (39)

Now, we have the formula ( [9], section 3.12, vol. 1)

1 -0
Jx 1 (1 =) PO (x)dx = —— F22 °Tle) (40)

(© 2015 BISKA Bilisim Technology
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where Re(o) >0, 6 = 1,2,3,.... Finally, by using (40) in (39), we get

1 5 6w I'lc+ar _
In=n22°"° | (otan) s ( ! (otar) 5 GE{3u(27%)
r Vv r v [
’:OF{fFT*i*Z}F{“FT*i*Q}
6 Integrals with Hermite polynomials
H,(x) Hermite polynomials ( [2], p. 187) may be defined as the following relation,
o H, (x)"
2t —17) = - 41
exp(2ir =) = Y = (“41)
valid for all finite and . Since
exp(2xt —1%) = exp(2xt) exp(—1?)
- i (Zx)ntn i (_l)nt2n
= n! = n!
n
B i N ( l)k(2x)" 2ktn
== kl(n—2k)!
By (41), we can write
H, () [%] (=1)kn!(2x)" 2 42)
X) = —_—
" & kl(n—2k)!
n Hy,(x)is a polynomial of degree precisely in x and
H,(x) =2"x" 4+ m,_»(x), (43)

Ty—2(x) 7,2 (x)where is a polynomial of degree (n-2) in x.

Theorem 9. Let 1,1,y € C,Re(y) > 0,Re(n) > 0,Re(t) >0,k € R, q € (0,1)UN,Re(c) > 0andRe(5) > 1. Then

the relation holds true,

S e Hy, (0GE] | (2x ) dx

> C2p—2hmr+1) _ya oo
L Flp—hr v 1) a2 (44)

Proof. The integral associated with Hermite polynomial can be written as,
oo L -
Iy E/ x*Pe™ Hy,(x )GE,Zg”( 2y dx

B & (1)rg k(zx )
/ 7 Hy )Zz) Ginr+mr

(© 2015 BISKA Bilisim Technology
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interchanging the order of integration and summation, we get
oo Zr oo
— Y / P2 Hy (x)dx. (45)

Now, by the formula ( [7], p. 59)

> 1,,220-P)C (2p + 1)
2p —x* — h pf
wa e Hy(x)dx =x TFp—vi1)

Hence, (45) can be written as

I _7”22”,2 r(2p—2hr+1)

r=0

GE%
T(p—hr—vr1) knut®

( 22h)'

This proves result (46).

Theorem 10. Let n,u,y € C,Re(y) > 0,Re(n) > 0,Re(u) > 0,k € R,q € (0,1) UN,Re(c) > 0,Re(6) > 1.Then the

relation holds true,

_ [T 2p Y9 (2 gy — p020—p) o I'(2p+2hr+1) 44 —2h
113_/700)5 e Hy, (x)GE}Y (o) dx = mH 2% ;)F iy Ty O a2, (46)

Proof. This Theorem can be proved on similar lines as Theorem 9.

7 Integrals with hypergeometric function

The function

= n n 7
F(a,b;c;z Z 47)

)
(¢)n n!

(a), = L IQ”(J“)") is known as Hypergeometric function ( [2], p. 45) for c neither zero nor a negative integer, in (47) the

notation is the factorial function.

Theorem 11. Let 1,1,y € C,Re(y) > 0,Re(n) > 0,Re(u) > 0,k € Rand g € (0,1) UN.Then the integral involving

hypergeometric function can be written as

< _ v+o—p,A+o0—p;(1—x
/1 P 1SR p pi(1=x) GE[S(zx)dx
= GE[Y ()25 vho—p Aol o). (48)

Proof. The integral involving hypergeometric function is,

0 _ A{ N 17
1145/ xPx—1)§'F vio—pAto—pi(l=y) GEZZ“( )dx,
1

k)

v+6—p7/l+c7—p;(1—x)] i
o; ’

(© 2015 BISKA Bilisim Technology
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Let x =+ 1,then

=)

I = Zork((}')rq,k /m o (t—l—l)r pF

nr+u)r! o;

v+o—p,A+0—p;— ]dr

oo q, = (—1)"(v —p) (A —0)r ™ o -
;}G(éi;)j,z)r!;)( )'( +G(G/)>r)r!( +0-p) /l L 1) P,

vto—pito—pi-l B(o+rp—2r—o).

)

This proves Theorem 11.

8 Integrals involving generalized hypergeometric function

A generalized hypergeometric function ([2],p.73) is defined by

. oo P n
1,0,y O 2 i (0)n 2
F, - 49)
P lﬁlvﬁza""ﬂﬁq; 1 =TTy (Bj)n !

where no denominator parameter f3; is allowed to be zero or negative integer.

Theorem 12. Letn,u,y € C,Re(y) > 0,Re(n) > 0,Re(u) >0,k € Rand q € (0,1)UN

Then the integral involving generalized hypergeometric function can be written as

/0 rx"*‘(r—x),‘f”Fq [(gp);(hqﬁax“(t—x)ﬂ GE[;  [ox"(t —x)")dx (50)

(o= IZf ¢latp) rGEyq ( ”+V)B(p+ur+(xr,6+vr—|—[3r),
where Re(a) > 0,Re(v) > o, both are not zero simultaneously.

Proof. The integral involving generalized hypergeometric function is

hs= [ 47 a=07Fy [(69): (ha)san®( =P ] G a6 d,

=

rq7kZ vr+0'71/[ ur+p71( X)W"FO'*I [ ‘ o ﬁ}
X 1—- F, i (hg);ax®(t —x)P | dx.
;;)17( nr+u 0 t pPrq (gP) ( q) ( )

Let x = st, then

o - (’Y)qucht(VJru)r ot+o—1 1 ur+p—1 vr+o—1 . .o a+p B
s = X /O (1= [(): (hg)sas @ (11— )P s

) t((x+ﬁ)rar

_ t(ﬂr(,,l i (}’)rq’k(zfv_'—u)r /l sur+ar+p71 (1 _s)vr+[ir+671 i (gp r
r—0 Li(nr+p)r! Jo =0 (hy)r r!

ds,

(© 2015 BISKA Bilisim Technology
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where

and o, B are non negative integer such that «c + 3 > 1.

Theorem 13. Letn,u,y € C,Re(y) > 0,Re(n) > 0,Re(u) >0,k € Rand q € (0,1)UN

Then the integral involving generalized hypergeometric function can be written as

e = /0 09 E, [(80): () x(— 0P| GEJ v (1 —x) ]

otp—1 Zf a+ﬁ rGE

knu@ ) B(p —ur+ar,c—vr+pr).

where f(r) is defined by (51).
Proof. This theorem can be proved on similar lines as Theorem 12.

Theorem 14. Let n,u,y € C,Re(y) > 0,Re(n) > 0,Re(u) >0,k € Rand g € (0,1)UN

Then the integral involving generalized hypergeometric function can be written as

Iy = /Otxp—la—x),‘:—qu [(89): (hg)sax® (e = )P | GELS [2¢"(r =) dx

totP— IZf ¢(ethB) ’GEy,’n“( t""V)B(p +ur+ ar,c —vr+ Br).

where f(r) is defined by (51).

Proof. This Theorem can be proved on similar lines as Theorem 12.

Theorem 15. Let n,u,y € C,Re(y) > 0,Re(n) > 0,Re(u) >0,k € Rand g € (0,1)UN

Then the integral involving generalized hypergeometric function can be written as

I = /O’xf’*(t—x),‘:*Fq [(80): (hg)sax®(t = )P | GELS [ox~(1—x)"] dx

toTP- IZf ¢(athB) ’GEM ( t“™)B(p —ur+ar,c +vr+ Br).
where f(r) is defined by (51).

Proof. This theorem can be proved on similar lines as Theorem 12.

9 Conclusion

(G

(52)

(53)

(54)

In this article we have obtained various integrals involving Generalized k- Mittag-Leffler function. If we set q=1, then

theorems established in this paper reduces for k- Mittag-Leffler function [5]. Further if we set k=1, then the results for the

function earlier given by [1] are also obtained.

(© 2015 BISKA Bilisim Technology
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